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During three auroral storms on June 30-July 1, September 12-13, and September 22-23, 1957, we have 
observed bursts of x-rays during balloon flights at 10 g/cm* depth in the atmosphere over Minneapolis. 
The x-rays have an energy of from 50 to 100 kev, an integrated intensity: from 0.03 to 0.14 mr, and a maxi- 
mum measured peak intensity of 0.4 mr/hr. One burst was observed at 47 g/cm? atmospheric depth (70 000 
ft), and we estimate that above the atmosphere this may have corresponded to 500 mr/hr for at least 
10 minutes. The current of high-energy electrons is at least 3 10® electrons/cm? sec, and probably an 
order of magnitude greater, and is therefore approximately equal to auroral proton fluxes, and to the fluxes 
observed in soft radiation at rocket heights. The x-ray bursts usually appear when a homogeneous auroral 
arc develops a strong ray structure, or when rays increase in intensity. The inferred energy and high velocity 
of the primary auroral electrons necessitates an acceleration mechanism near the earth to avoid contra- 
dictions with the commonly accepted sun-earth transit times for corpuscular beams. 


I. INTRODUCTION 

N a recent Letter’ we described a series of increases 

in the rates of cosmic-ray detectors flown on a 
balloon during an auroral storm on June 30-July 1, 
1957, at Minneapolis. Following this chance measure- 
ment, we have anticipated two further auroral storms 
and obtained similar increases at high altitude. On the 
latter of these a shielded counter selective to photons 
gave conclusive evidence that the phenomenon is due 
to x-rays. This paper will describe the three measure- 
ments in detail and examine the energy, the intensity, 
the source, and the time correlation of the x-rays. The 
specifically cosmic-ray phenomena observed during the 
International Geophysical Year (IGY) flight series will 
be described separately. The known relation between 
Forbush type cosmic-ray decreases and magnetic 
storms indicates that the solar corpuscular stream 
affects cosmic rays as well as producing various ter- 
restrial effects, and in fact we have observed cosmic-ray 
changes during one of the storms described here. 


II. DESCRIPTION OF INSTRUMENTS 
The standard IGY flight train carries a single Geiger 
counter with scalar, an integrating ion chamber, and a 
* This research sponsored by the U. S. National Committee 
for the International Geophysical Year through the National 
Science Foundation. Program assisted by the Office of Naval 


Research. 
1 J. R. Winckler and L. Peterson, Phys. Rev. 108, 903 (1957). 


nuclear emulsion pellicle. One of the flights referred to 
below (IGY-18) carried in addition a shielded Geiger 
counter selective to photons. Balloon trajectories are 
obtained by photographing the ground with a 35-mm 
time lapse camera, which also records the cosmic-ray 
data and pressure. The instrumental data was tele- 
metered for part of each balloon flight (5-6 hours), and 
the entire flight (up to 24 hours) was recorded by one 
component of the flight train. The instruments were 
carried on }?-mil polyethylene balloons? of 135 000 
cubic feet volume, and in most cases constant level 
performance was obtained at approximately 10 g/cm? 
atmospheric depth. A detailed description of the flight 
instrumentation will be given elsewhere. 

The counter has a projected area of approximately 
20 cm?, which is constant with direction to within 5%. 
Its response is thus essentially isotropic. The operating 
voltage is 1000, and the filling 10 cm argon with 
alcohol quenching vapor. The counter operates from a 
transistorized high-voltage supply and is equipped with 
a transistorized scale of 512. Construction is of brass. 

Figure 1 gives the dimensions of the three types of 
instruments used for these measurements. The photon 
counter is of 1-in. diameter copper wall and 8 in. in 
length. It is shielded by a group of six similar counters 
in anticoincidence. It has an omnidirectional projected 
Falls, South 


? Manufactured by Raven Industries, Sioux 


Dakota, and Winzen Research, Minneapolis. 
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Fic. 1. Details of detecting instruments: Upper—Geiger 
counter (brass wall). The dimensions produce an approximately 
uniform omnidirectional response. Center—shielded Geiger 
counter (copper wall). The charged-particle leakage solid angle is 
computed to be not more than 1% of the total solid angle. The 
effective wall thickness of the detector (center counter) is 3.5 mm 
on the average. Bottom—steel-walled ion chamber, containing 
argon at 7.8 atmospheres. 


area of 41.5 cm? on the basis of isotropic radiation, and 
is flown with axis horizontal. The theoretical particle 
leakage is less than 1% of the unshielded counting rate, 
Because of the extra wall thickness of the shield 
counters, the x-ray threshold of this counter is higher 
than the single Geiger unit. If the counting rate is 
compared with the single counter for various photon 
energies, the ratio (single counter)/(photon counter) 
decreases rapidly from © at 45 kev to 1.2 at 1.2 Mev. 
The cutoff of the photon counter is due to the shielding 
effects of the surrounding counters, which increase the 
effective wall thickness from 0.5 mm of copper to 3 mm 
of copper. The photon counter is also completely 
transistorized, and includes a scale of 256. 

The ion chamber is very similar to that used by 
Neher and Millikan,’ and utilizes the Zeleny pulsing 
electrometer. The chamber is filled with pure argon at 


3H. V. Neher, Rev. Sci. Instr. 24, 99 (1953). 
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approximately 8 atmospheres pressure. The absolute 
ion current is determined by measuring the collected 
charge for each pulse, and since experiments show that 
recombination effects are negligible for y rays, the net 
rate of ion production in the argon is known. The 
chamber calibrations are: Chamber No. 13, Flight 
IGY-3, 3.52X10-" coulomb/pulse; Chamber No. 16, 
Flight IGY-18, 2.03 10—” coulomb/pulse. 

The ion chamber response to x-rays and y rays has 
been measured and compared with the single counter. 
The ratio ionization/count is sensitive to the x-ray 
energy in the region below several hundred kilovolts. 

The measured responses of the ion chamber, single 
counter, and photon counter are plotted in Fig. 2, for 
various energies of photons. These calibrations are at 
present rather crude. A general purpose lab ac x-ray 
machine was available with a range up to about 60 kev 
(peak ac). The ions/count ratio and the counts/photon 
count ratio were determined with this machine (curves 
A and B, respectively, in Fig. 2) and with a Co™ source. 
The cosmic-ray ions/count ratio was determined di- 
rectly from flight data with the same instruments. The 
cosmic-ray counts/photon count ratio is computed from 
the geometry factors of the counter used in the two 
instruments, and is not at present known with very 
high accuracy, which probably accounts for the dis- 
agreement between curves A and B, Fig. 2, at high 
energy. An attempt was made to fill in the ions/count 
ratio in the region between 100 and 400 kev using a 
medical x-ray machine (Curve A’, Fig. 2), but the 
result lies considerably higher, probably due to a great 
deai of soft scattered x-rays in the hospital room. 


III. RESULTS 
A. General Features 


A typical quiet day flight is shown in Fig. 3, in which 
is plotted ion rate and counting rate vs time, for IGY-6, 
August 1, 1957. This flight is typical of the low cosmic- 
ray intensity existing during the summer of 1957 at 
Minneapolis, accompanying maximum of solar activity.‘ 
No detectable changes in rate occurred after the balloon 
reached ceiling altitude at 1230 U.T. The balloon 
remained at essentially constant altitude and geomag- 
netic latitude during the flight. The atmospheric 
cosmic-ray transition effects characteristic of omni- 
directional detectors are evident as maxima in both 
curves at about 50 g/cm?. The weak maximum in the 
ion chamber curve has appeared since the general 
decrease in cosmic-ray intensity referred to above* and 
reflects the relatively higher depletion of the low-energy 
portion of the primary spectrum. 

The three cases in which increases due to auroral 
x-rays were observed are shown in Figs. 4, 5, and 6. 
Figure 4 is the July 1 occasion reported previously,’ 
but an additional portion of the flight is shown with a 


4J. R. Winckler and L. Peterson, Nature (to be published). 
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Co® y rays. 


small disturbance at 0645 U.T. The cosmic-ray features 
of this flight (IGY-3) are very similar to IGY-6 shown 
in Fig. 3. The ratio, ions/count, is plotted above Fig. 4. 
This ratio remains constant throughout most of the 
atmosphere, and increases slowly below 50 g/cm? 
atmospheric depth (after 0240 U.T.). This increase is 
interpreted as the effects of heavy primaries at small 


depths. An increase in the fluctuation of the collecting 
time per pulse of the ion chamber is always observed at 
high altitude, which may also be attributed to the 
increase of single events of high ionization in the 
chamber, such as heavy primaries. These data are 
uncorrected for instrument calibration factors, and 
differences in plotted rates between flights are not 
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indicative of cosmic-ray changes. In Fig. 4 the x-ray 
bursts began at 0330 U.T. (2130 CST), just two 
minutes after the balloon reached its level ceiling of 
9.6 g/cm? (see Fig. 7). This initial burst, No. 1 on the 
curve, has some structure and is followed by a sub- 
sidiary peak, No. 2. Peak No. 3 seems to be distinct, 
followed by a much weaker maxima, No. 4, and a 
later burst, beginning at 0640, after a long quiet period. 

The “auroral commencement” referred to in our 
earlier Letter’ is time-coincident with the start of 
Peak No. 1 and has been identified as the development 
of a homogeneous arc into strong rays, extending to 
the zenith. Peaks No. 2 and 3 were correlated with 
marked increases in visible light intensity in the ray 
structure. The various peaks show most clearly on the 
ion chamber, but are faithfully followed by the counter 
when intense enough to be above the counting statistical 
fluctuations. 

Following this initial measurement on July 1, an 
effort was made to forecast auroral storms sufficiently 
in advance so that preparations for the balloon launch- 
ing could be made. We are indebted to Professor 
Jacques Blamont of the University of Paris for calling 
our attention to a paper by Denisse et al.5 establishing 
a correlation between the solar meridian passage of 
active sunspot regions emitting strong radio noise in 
the 150-Mc/sec region and the appearance of magnetic 
storms and associated auroras, following a time delay, 
for the sun-earth passage of the solar corpuscular 
stream, of 20 to 48 hours. Solar data for forecast 
purposes was obtained from the High Altitude Observa- 
tory of the University of Colorado and we are indebted 
to Dr. Walter Roberts and Miss Dorothy Trotter for 
frequent meridian passage forecasts. The daily 
“WASHAGI” teletype from the IGY warning center 
at Ft. Belvoir, Virginia, instituted during the IGY 
period, containing extensive solar and terrestrial data, 
has also been of invaluable assistance. 

Another measurement, IGY-15, was successfully 
made on September 12-13, 1957, during a strong aurora, 
and the result is shown in Fig. 5. Unfortunately, owing 
to the necessity of reducing the flight weight to conform 
to CAA regulations for balloon flights during overcast 
conditions, only the Geiger counter unit was flown. A 
strong burst, Peak No. 1, was observed beginning at 
0247 U.T. September 13, when the balloon had reached 
an atmospheric depth of 47 g/cm? or 70000 ft of 
altitude. Some visual notes are indicated on Fig. 5, 
made by E. P. Ney from northern Iowa, and by 
observers at Minneapolis following the clearing of the 
overcast. This aurora was characterized by strong red 
color. The homogeneous arc developed into rays at 
about the time of the x-ray appearance. Some smaller 
bursts, numbered 2, 3, and 4, were observed at 8 g/cm? 
depth. For peaks 3 and 4 no observations were made of 
specific auroral features, and the general activity was 
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ion chamber. The pressure-time curve for this flight is very similar to IGY-18 (Fig. 7). 


The balloon reached level flight at 1230 U.T. 
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Fic. 3. A typical quiet-day flight. Upper curve 





5 Denisse, Steinberg, and Zisler, Compt. rend. 232, 2290 (1951). 
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Fic. 6. Ion chamber (bottom), single counter (top), and photon counter (upper left, separate curve) response during the intense 


auroral storm of September 22-23, 1957. 


The balloon was launched about midnight C.S.T. during a lull in auroral activity, which had 


been very high in the earlier evening. For tabulated values of the bursts corresponding to the numbers, see Table I. The letters refer to 


observed auroral phenomena as follows: 


in north but activity generally decreasing overhead. (B-C) (0735 U.T.)- 
almost to horizon in east and west directions. North dark. No rays. C 


A—Flaming auroral rays reaching zenith from all points of compass. Red color. B—Curtains 


Arcs extending in narrow bands across zenith and extending 
—Extremely strong ray buildup from all directions. Intense red 


patches at 30° elevation in west. D—Red patches intense again after decrease. E—Flaming rays. No red. Activity decreased. F—Strong 


rays in northwest. Red color. Strong flaming in west. General activity increasing. G 
Following G, general intensity decreased v ith flaming rays. H—Very strong ray structure 


corona. Red color reappeared at 0945 U.T. 


Major ray buildup in west, north, and east, with 


at 30° elevation in east with intense red color. Visible against predawn sky light. 


greatly lowered. The cosmic-ray behavior during this 
flight closely resembles the previous cases. 

The third observation was made near the end of the 
intense storm of September 21-22 and September 22-23, 
following the solar meridian passage of a very large 
’ active region on September 18-19-20. A balloon launch- 
ing (IGY-17-b) was made the evening of September 21, 
but was unsuccessful. Besides the counter, ion chamber, 
and nuclear emulsions, the shielded counter selective 
for photons was included (see Sec. II). The equipment 
on IGY-17-b functioned at tree-top level throughout 
the night, but no x-ray effects were observed although 
a brilliant auroral storm continued throughout the 
night and was still visible at dawn. The apparatus 
was successfully flown again the next evening (IGY-18) 
with the result shown in Fig. 6. The balloon reached 
level flight of 14 g/cm? at 0750 U.T. At 0755 U.T. the 
first burst of x-rays occurred. In this flight the x-ray 
activity continued until 0300 U.T., or 0900 CST, well 
into the following morning. The lettered blocks under 
the curves represent intervals of rapidly increasing 
activity (cross-hatched), mostly in the form of rays, or 
of decreasing activity (open blocks). (See caption for 
Fig. 6.) In the intermediate region between blocks, 
activity was present in varied forms. For example, at 
0735 U.T. a large arc extended from horizon to horizon 
across the zenith in the E-W direction. At this time the 
northern sky down to the horizon was quite dark. This 
arc apparently did not produce x-ray bursts. The 
x-rays began again with additional strong ray buildup 
at C and D. 

The photon counter rate is plotted in the upper graph 
in Fig. 6. This instrument failed at 0830 U.T. due to 


improper thermalizing, but the data up to that time 
are considered reliable. The relative rate of increase at 
0800 U.T. of this instrument above its own cosmic-ray 
background is approximately 3:1, or larger by a factor 
of 15 than the same ratio for the unshielded counter. 
We consider this as proof that the phenomenon meas- 
ured involved x-ray photons and not particles. If the 
effect involved particles, the factor should be much 
smaller than unity, as the particle response of the 
shielded counter is negligible and the observed rate at 
high altitude is due to cosmic-ray-produced y rays. 
(See Sec. IT.) 

The largest burst occurred at 1100 U.T., and was 
associated with a major ray build-up with intense red 
color in the Eastern sector. This giant burst may be 
of the type observed at much lower altitude on Sep- 
tember 12-13. (See Fig. 3.) The large burst is followed 
by four successively weaker peaks, the last one at 
1500 U.T. The x-ray peaks seem to build up and 
decrease, with much fine structure, but with a general 
period of about 45 minutes. This periodicity may be a 
characteristic time constant of the auroral phenomenon. 
There is evidence for this periodicity also in Fig. 4. 

Nuclear emulsions flown on this flight showed definite 
evidence of x-ray exposure, with 6 rays much more 
numerous on one face of the vertical stack than the 
other. This probably indicates a localized source of the 
x-rays and will be reported later by E. P. Ney et al. 


B. Detailed Analysis 


We have measured the peak and integrated intensity 
of each numbered burst in Figs. 4, 5, and 6 for the ion 
chamber and counter above cosmic-ray background, 
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Fic. 6. Ion chamber (bottom), single counter (top), and photon counter (upper left, separate curve) response during the intense 


auroral storm of September 22-23, 1957. 


The ballcon was launched about midnight C.S.T. during a lull in auroral activity, which had 


been very high in the earlier evening. For tabulated values of the bursts corresponding to the numbers, see Table I. The letters refer to 


observed auroral phenomena as follows: 


in north but activity generally decreasing overhead. (B-C) (0735 U.T.)— 
almost to horizon in east and west directions. North dark. No rays. C— 


A—Flaming auroral rays reaching zenith from all points of compass. Red color. B—Curtains 


Arcs extending in narrow bands across zenith and extending 
Extremely strong ray buildup from all directions. Intense red 


patches at 30° elevation in west. D—Red patches intense again after decrease. E—Flaming rays. No red. Activity decreased. F—Strong 
rays in northwest. Red color. Strong flaming in west. General activity increasing. G—Major ray buildup in west, north, and east, with 
corona. Red color reappeared at 0945 U.T. Following G, general intensity decreased with flaming rays. H—Very strong ray structure 
at 30° elevation in east with intense red color. Visible against predawn sky light. 


greatly lowered. The cosmic-ray behavior during this 
flight closely resembles the previous cases. 

The third observation was made near the end of the 
intense storm of September 21-22 and September 22-23, 
following the solar meridian passage of a very large 
active region on September 18-19-20. A balloon launch- 
ing (IGY-17-b) was made the evening of September 21, 
but was unsuccessful. Besides the counter, ion chamber, 
and nuclear emulsions, the shielded counter selective 
for photons was included (see Sec. II). The equipment 
on IGY-17-b functioned at tree-top level throughout 
the night, but no x-ray effects were observed although 
a brilliant auroral storm continued throughout the 
night and was still visible at dawn. The apparatus 
was successfully flown again the next evening (IGY-18) 
with the result shown in Fig. 6. The balloon reached 
level flight of 14 g/cm? at 0750 U.T. At 0755 U.T. the 
first burst of x-rays occurred. In this flight the x-ray 
activity continued until 0300 U.T., or 0900 CST, well 
into the following morning. The lettered blocks under 
the curves represent intervals of rapidly increasing 
activity (cross-hatched), mostly in the form of rays, or 
of decreasing activity (open blocks). (See caption for 
Fig. 6.) In the intermediate region between blocks, 
activity was present in varied forms. For example, at 
0735 U.T. a large arc extended from horizon to horizon 
across the zenith in the E-W direction. At this time the 
northern sky down to the horizon was quite dark. This 
arc apparently did not produce x-ray bursts. The 
x-rays began again with additional strong ray buildup 
at C and D. 

The photon counter rate is plotted in the upper graph 
in Fig. 6. This instrument failed at 0830 U.T. due to 


improper thermalizing, but the data up to that time 
are considered reliable. The relative rate of increase at 
0800 U.T. of this instrument above its own cosmic-ray 
background is approximately 3:1, or larger by a factor 
of 15 than the same ratio for the unshielded counter. 
We consider this as proof that the phenomenon meas- 
ured involved x-ray photons and not particles. If the 
effect involved particles, the factor should be much 
smaller than unity, as the particle response of the 
shielded counter is negligible and the observed rate at 
high altitude is due to cosmic-ray-produced y rays. 
(See Sec. IT.) 

The largest burst occurred at 1100 U.T., and was 
associated with a major ray build-up with intense red 
color in the Eastern sector. This giant burst may be 
of the type observed at much lower altitude on Sep- 
tember 12-13. (See Fig. 3.) The large burst is followed 
by four successively weaker peaks, the last one at 
1500 U.T. The x-ray peaks seem to build up and 
decrease, with much fine structure, but with a general 
period of about 45 minutes. This periodicity may be a 
characteristic time constant of the auroral phenomenon. 
There is evidence for this periodicity also in Fig. 4. 

Nuclear emulsions flown on this flight showed definite 
evidence of x-ray exposure, with 6 rays much more 
numerous on one face of the vertical stack than the 
other. This probably indicates a localized source of the 
x-rays and will be reported later by E. P. Ney e¢ al. 


B. Detailed Analysis 


We have measured the peak and integrated intensity 
of each numbered burst in Figs. 4, 5, and 6 for the ion 
chamber and counter above cosmic-ray background, 








1228 WINCKLER, PETERSON, 


ARNOLDY, 


AND HOFFMAN 






































Onn 
> 2.2. 


iad 
o 


1GY- 15 


IN MILLIBARS 


Ce 
oo 


100}- 
200 


400 
600 


PRESSURE 








1000 





' 
— * 





100}- 
200 


400}- 
600 











| 
| 4 


| | 


| 





pee 
| 





1000 
0100 


0900 


0300 0500 0700 


1100 1300 1500 1700 1900 


UNIVERSAL TIME 


Fic. 7. Pressure-time history of the three auroral flights during periods of interest. 


and these are tabulated in Table I. The integrated 
intensity is simply the number of ion chamber pulses 
or the number of Geiger counter impulses generated 
by the x-ray photons alone. The peak intensity is 
expressed in terms of counting rates above background. 
The ratio of ions/count for integrated and peak 
intensity is a function of x-ray energy or mean particle 
ionization as discussed in Part I, but varies from flight 
to flight with the particular instruments used. The last 
two columns tabulate the integrated and peak intensity 
ratios normalized to the ratio for minimum-ionizing 
cosmic-ray particles observed during the ascending 
portion of the flight. 

There is a great variability in the size of the bursts, 
and for the smaller bursts the counter statistical 


fluctuations are relatively large. The final comparison 
with cosmic rays, however, shows that the individual 
bursts in one storm do not differ greatly in energy. 
IGY-15 on September 12 had only the counter so that 
energies could not be estimated. 

Table II summarizes certain quantitative properties 
of the observations. In column 7 the weighted mean 
(W.M.) is obtained according to the relation W.M. 
=ion chamber pulses/counter pulses. The summation 
is above cosmic-ray background for the entire flight. 
From W.M./cosmic-ray ratio we infer the average 
x-ray energy. From the data in Table II we proceed 
to examine several features of the x-rays as follows: 

1. Source-—We must attribute the x-rays to the 
bremsstrahlung of electrons in the high atmosphere 
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TABLE I. Analysis of x-ray bursts. 
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Peak intensity X-ray ratio 





Integrated intensity Counts/ Ratio: ion pulses/count Cosmic-ray ratio 
Flight No. Burst No. Ion pulses Counts Ion pulses/sec sec Integrated Peak Integrated Peak 
IGY-3 1 8.40 0.750 104 32.4X10°% 19.8 1.12X10-* = 1.64«10~ 5.4 7.9 
2 5.$7 0.410 104 10.4K 10% 8.0 1.36K10°% =1.30K 10% 6.5 6.3 
3 2.56 0.079 X 104 5.6X 10% a2 3.3 X10 =1.75X10- 15.9 8.4 
4 weak weak eee see eee cee eee eve 
5 1.26 0.103 X 104 4.5X 107% 1.6 1.23X10-* =2.81 10-3 5.9 13.5 
IGY-15 1 0.484 10* 16.0 
2 0.051 10* 1.8 
3 0.048 X 10* 2.8 
4 0.238 X 10* 6.0 
IGY-18 1 3.79 0.180 10* 17.7X10°% 10.4 2.11X10°% ~=1.70K 10-3 5.77 4.6 
2 4.16 0.222 10* 8.0K 1074 4.3 1.88X10°* 1.8610-3 5.4 $4 
3 2.83 0.229 108 12.4X 1073 7.6 1.24K10-% = 1.6310" 3.4 4.4 
4 1.88 0.133 X 104 6.0X 10 3.6 1.41K10-% 1.6710" 3.8 4.6 
5 2.05 0.126 10* 6.0X10"8 4.6 1.62X10°% = =1.30K10™% 4.4 3.5 
6 2.59 0.167 X 104 9.6X 107% 6.8 1.55K10°* = 1.41K10-% 4.2 3.8 
7 3.72 0.245 X 104 13.0X 10-8 8.4 1.51K10° 1.551073 4.1 4.2 
8 5.90 0.402 10* 12.5X 107% 8.4 1.47X10-% ~=1.49« 10-3 4.0 4.1 
9 4.70 0.410 10* 10.3 10-3 7.1 1.15< 10-3 1.45 10-3 3.1 4.0 
10 2.18 0.317 X 108 4.9X 107% 5.4 0.69X10% = 0.91K10™3 1.9 2.5 
11 3.99 0.491 10* 4.21073 4.5 0.81K107* 0.93 10-3 2.2 2.5 
12 74.6 5.860 X 104 107.2X107% = =&4.2 1.27X10* = 1.27«K 10-3 3.5 3.5 
13 3.88 0.283 X 104 13.0X10-% =10.8 1.34X10-% =1.20K 10-8 3.7 3.3 
14 1,71 0.184 10¢ 6.9X 10-% 9.2 0.93X10-% 30.75 10-% vB 2.0 
15 3.95 0.410 10* 10.0X 10-8 9.7 0.97 10-3 1.03 10-3 2.6 2.8 
16 3.17 0.426 10* 3.2 107% 4.6 0.74X10-* ~=—-0.70K 10% 2.0 1.9 
17 4.84 0.174 104 4.8X 10-5 4.2 2.78K10% =: 1.14K 10-3 2.4 3.1 
18 2.22 —0.218 108 7.8X 107% tee 
19-20-21 1.71 0.089 X 10* 3.4X10-% 5.8 1.92K10-* 3.02«10-3 iB 8.2 
22 1.60 0.084 X 10* 2.4X 1078 2.0 1.88 10-3 1.06X 10-3 5.1 2.9 
IGY-18 1 0.349 104 18.0 1.06 1.18 
Photon counter 2 6.8 0.98 1.32 


0.475X 104 


above the*balloon. These electrons may either be a 
part of the solar corpuscular stream generating the 
aurora when incident on the atmosphere or may be 
locally accelerated by the effects of this stream. 

2. Energy.—From Table II and Fig. 2 we estimate 
60 kev on IGY-3 and 100 kev on IGY-18. This energy 
is in terms of an ordinary tungsten target x-ray tube 
in which the given energy is the peak ac voltage 
applied to the tube. The apparent energy difference 
between IGY-3 and IGY-18 may possibly be attributed 
to the greater depth in the atmosphere of the®balloon 
on IGY-18, and the consequent “hardening” of the 


TABLE IT. Summary 





X-ray spectrum. The energy estimate from the ratio 
single-counter/photon-counter on IGY-18 seems some- 
what higher than from the ratio of ions/count, but 
because of the crudeness of the x-ray calibration this 
is not a contradiction. 

As pointed out previously,’ the sun-earth transit 
time of corpuscular streams of 20 to 48 hours represents 
a velocity of 0.01c, or an electron energy of 30 ev. The 
observed time correlation of the x-rays with the aurora 
therefore implies an electron acceleration mechanism 
near the earth. For protons, however, the transit time 
is consistent with a considerably higher energy in the 


of auroral x-ray data. 











. Weighted 
Flight total — Peak intensity mean yee | abs. Ay Seated 
Integrated intensity obser- ion X-ray ratio Mean measured in a ‘pheric 
Flight No., Ion pairs in vation pairs/sec Cosmic-ray x-ray energy atmosphere depth 
Date chamber r units Hours in chamber mr/hr ratio Kilovolts em!/g g/cm? 
IGY-3 June 30-July 1, 
1957 1.9610" 3.12 10-5 3.5 3.56X 107 0.20 6.39 =60 0.18 9.6 
IGY-15 Sept. 12-13, Estimated Consistent with 
1957 >20 at 100 kev but not 0.15 47 
10 g/cm? directly measured 
IGY-18 Sept. 22-23, 

1957 without peak 12. 3.87 10" 9.0 1.1210? 3.73 = 100 0.15 14 
IGY-18, peak 12 4.73 10" 0.67 6.80X 107 0.39 3.46 = 100 0.15 14 
IGY-18, total 8.60X10" 1.3710-4 9.0 

1.02 <0.15 14 


IGY-18, photon counter 





> 100 
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range 10-50 kev. This energy is also that observed 
directly by Meinel® in the Doppler-shifted H, spectrum 
of auroral hydrogen. The acceleration process could 
therefore be of the type of an exchange of energy 
between protons and electrons in the solar stream, as 
suggested by Kellogg,!:’ or between the protons in the 
stream and electrons in the high atmosphere. 

3. Intensity—The intensity fluctuates over wide 
limits within one storm. In Table II we list the inte- 
grated intensity for the period of the storm observed 
while the balloon was flying, in terms of total ion pairs 
in the chamber. This has been converted to roentgen 
units using the estimated energy. The conversion to r 
units is probably a low estimate as the x-rays are not 
monochromatic. The integrated intensity ranges from 
0.03 to 0.14 mr. The peak intensity recorded so far is 
0.4 mr/hr. (If the ion chamber is compared with a 
calibrated r meter on exposure to the lab x-ray machine, 
a factor of 10 greater dosage is obtained, which gives 
the value reported earlier.! This factor arises because 
of the stopping power of the 0.5-mm steel wall of the 
ion chamber.) 

The peak rate measured on IGY-15 at 47 g/cm? 
maximum depth, when extrapolated back to 10 g/cm? 
using u=0.15 cm*/g, gives a value of 4100 counts/sec, 
or 207 times the peak observed on IGY-3, and 49 times 
the peak observed on IGY-18. The intensity would 
thus be at least 20 mr/hr. An alternative possibility is 
that the energy observed on IGY-15 is much higher, 
with a correspondingly lower yw value. If one considers 
the “hardening” process in passage down through the 
atmosphere, however, one is forced again to the conclu- 
sion that the intensity at very high altitude must have 
been phenomenally high, and above the atmosphere 
may have exceeded 500 mr/hr for a period of at least 
10 minutes. 

The location of the balloon with respect to the 
specific auroral regions generating the x-rays certainly 
affects the observed intensity, and at present these 
details have not been completely investigated. 

4. Estimate of electron current-—We assume that the 
x-rays are produced by electrons incident on the high 
atmosphere. These electrons are brought to rest by 
range absorption at considerable heights above the 
balloon. We assume that these electrons have an initial 
energy characteristic of the observed x-rays, and 
determined by the laboratory calibration of the ion 
chamber and counter. This lies between 50 and 100 kev. 
The energy spectrum of the incident electrons is 
unknown, but as the x-rays produced are characteristic 
of a thick air target, electrons of all energies will 
contribute to the x-ray flux in any case. This flux is 
attenuated by the atmosphere between the point of 
production and the balloon with a mass absorption 
coefficient depending on x-ray energy. This process 
“hardens” the x-rays. We shall ignore for the present 


~ © A. B. Meinel, Astrophys. J. 113, 50 (1951). 
7 Paul J. Kellogg, Phys. Rev. 108, 1093 (1957). 
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the details of the production and attenuation process 
and compute the electron flux on the basis of the 
observed x-ray flux and characteristic energy observed 
at balloon heights. This will be a lower limit, as low- 
energy quanta produced in the bremsstrahlung process 
are undetected and ignored. 

The electron current density is 


J= [ (dE/dx) conision/ (dE/dx) radiation | 
X 2(x-ray energy flux) Xe/(energy per electron), (1) 


where ¢ is the electron charge, and the factor 2 is due 
to the fact that half of the x-rays are lost upwards on 
the average. This assumes a uniform electron bombard- 
ment over a large area above the balloon, so that x-ray 
flux is constant with lateral direction. For the ratio of 
collision loss to radiation loss we use the relation given, 
for example, by Fermi®: 


(dE; /dx) cottision/ (dE/dx) radiation > 800, ‘Ze, ( 2) 


where Z=atomic number of stopping material and 
e=energy of electrons in Mev. The x-ray energy flux 
passing through the ion chamber is 


N=)dN /dx, (3) 


where A= absorption length in argon=1/y, and dN /dx 
= observed rate of energy loss in. chamber,’in ev/g sec, 
given by 


dN igwysl rs 
2 
dz 2\¢ m 
where w=electron volts/ion pair, m=pV=mass of 
argon in ion chamber, and i=ion current. Finally, 
: 800Aiw 
~ ZEX10° 





(5) 


We use \=2.2 g/cm? for 60-kev x-rays in argon,® 
w=26 ev/ion pair, Z=7 for air, e-=0.0036 (Mev)?, 
m=123 g argon, i=22X10~ amp (peak current for 
burst 12, IGY-18), and J=5X10-" amp/cm’= 3X 10° 
electrons/cm? sec=5 ma/km*. TheJactual current 
density must be higher due to neglect of low-energy 
photons and the attenuation of the observed photons 
in the atmosphere above the balloon at a nominal depth 
of 10 g/cm?. Furthermore, in Eq. (5) we use for ¢ the 
incident energy. The average energy during the absorp- 
tion process must be lower, which increases the absorp- 
tion/radiation ratio and the final computed electron 
current. 

Chamberlain” and others have estimated the proton 
flux associated with the production of Doppler-shifted 
H, in the spectra of strong aurorae at Yerkes Observa- 


8E. Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1950), p. 47. 

9A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1935), p. 800. 

10 J. W. Chamberlain, Astrophys. J. 120, 360 (1954). 














X-RAYS FROM VISIBLE 


tory at a latitude similar to Minneapolis and find 
10’7— 10° protons/cm? sec. If one considers our electron 
flux to be a low estimate, one may conclude that there 
is an electron component in auroral storms of the same 
order of intensity and equal in energy to the proton 
component. This is consistent with the electrical 
neutrality of the gas plasma entering the earth’s mag- 
netic field from the sun. The neutral character of the 
corpuscular stream has long been postulated to account 
for the presence of particles of magnetic rigidity far 
below the cutoff rigidity predicted by geomagnetic 
theory for the latitudes at which aurorae are observed. 
For example, the storm of September 22-23 was 
observed over Mexico City, at a geomagnetic latitude 
of 29° and a cutoff rigidity of 4 Bv. 

Van Allen and co-workers," using rocket-borne 
equipment, have reported many examples of high 
counting rates above the atmosphere and have inter- 
preted them as auroral x-rays or, at very high altitudes, 
as the primary auroral electrons themselves. These 
observations are most frequent in the auroral zone, and 
for that reason the authors infer that the radiation is 
part of the aurora. The rocket counter did not show an 
increase below about 40 km. Van Allen concludes that 
the electron flux varies from 10°— 10° electrons/cm? sec, 
in very reasonable agreement with our measurements. 
The energies extend from 10-100 kev, lower in energy 
than the balloon energy range, which undoubtedly 
reflects the “hardening” with the greater atmospheric 
depth at which balloons float. The auroral storms 
observed at Minneapolis are furthermore sub-auroral 
belt phenomena representing a much higher intensity 
of disturbance, and possibly a higher average electron 
energy, than observed by Van Allen in the auroral zone. 
Since Flight IGY-18 on September 22, when we defi- 
nitely established that our observations are not charged 
particles and are most probably x-rays, we believe that 
the phenomenon is basically of the same origin as the 
soft radiation observed by Van Allen. 

Another observation of the soft radiation has been 
made by Anderson’ on a balloon flight at approxi- 
mately 10 g/cm? at Ft. Churchill in August, 1957. The 
balloon equipment was very similar to the Minnesota 
IGY apparatus. The observation was made in the 
daytime so that the auroral storm was not visible, but 
the presence of a magnetic storm and other evidence, 
including a cosmic-ray decrease associated with the 
storm, indicated the presence of a solar-produced 





ny. A. Van Allen, Proc. Natl. Acad. Sci. U. S. 43, 57 (1957). 
12K. A. Anderson, Bull. Am. Phys. Soc. Ser. IT, 2, 349 (1957). 
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corpuscular bombardment. Anderson reports that the. 
photon nature of the disturbance was established by the 
increases observed in a single counter and ion chamber, 
but not observed in a coincidence telescope sensitive 
only to charged particles. 

To account for the constant luminosity of auroral 
rays, which often extend above 300 km and encompass 
a density factor of 100 in the atmosphere, Chamberlain® 
has proposed a discharge theory of visible excitation. 
Assuming a constant electric field in the ray, the energy 
fed to the electrons at high altitude (where the mean 
free path is long) is high, and decreases for lower levels 
and smaller mean free paths. The density factor is thus 
compensated, and constant luminosity results. Cham- 
berlain estimates the mean electron energy at the 
bottom of a ray (~100 km) to be 0.32 ev and the flux 
6X 10" electrons/cm? sec. The power in an auroral ray 
is thus about 3 kw/km*. This power is of the same 
order of magnitude as that delivered by the x-ray 
electrons, or by the protons. This power seems also to 
be consistent with visual luminosity estimates by the 
Cornell group (private communication). One must 
therefore find a mechanism for feeding the availabie 
power from the incident particle stream into the ray 
discharge so as to give the effective constant electric 
field postulated by Chamberlain. 

We are at present correlating the x-ray bursts 
measured during the three storms with geophysical 
data from many IGY observations and these results 
will be described in a separate communication. 

In view of the great variability of the auroral phe- 
nomenon, one must hope for much better documenta- 
tion of single auroral storms so that the visual forms, 
x-ray and visible spectral features, luminous intensities, 
and possibly local electric and magnetic fields may be 
accurately time-correlated. Such data would justify 
more exact computations of the type referred_to and 
described above. 
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Simplified Derivation of the Binary Collision Expansion and Its Connection 
with the Scattering Operator Expansion* 


A. J. F. Srecert anp Er Teramoto 
Northwestern University, Evanston, Illinois 


The binary collision expansion for the density matrix of a system of N particles with pair interaction 
was derived by Huang, Lee, and Yang by expansion in the interaction and subsequent summation over 
terms represented by certain classes of diagrams. A simpler derivation has been obtained by the use of the 
N(N—1)/2 integral equations which relate the density matrix of the system to the density matrices of 
systems in which only one pair of particles interacts. Successive substitution of the integral equations 
into each other yields an expansion which by a trivial additional step becomes the binary collision expansion. 
Our derivation shows also that the binary collision expansion is the Laplace inverse of the coordinate 
representation of the expansion in terms of scattering operators. 
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The integral equations used here are the usual 


N a paper on the many-body problem in quantum 
mechanics and quantum statistical mechanics,’ Lee 
and Yang have presented a number of important results 
obtained by a “binary collision method’” applicable to 
systems whose interaction is the sum of pair potentials. 
This method consists essentially in the summation of 
certain classes of terms in the expansion of the density 
matrix exp(—H/kT) obtained by treating the total 
interaction energy of the system as a perturbation. 
The terms of the resulting expansion are integrals of 
products containing the coordinate representations of 
the density matrices of the one- and two-particle system 
and a matrix X, which is the product of a pair potential 
and the density matrix of the two-particle system with 
this pair potential. Since the interaction potential 
occurs only in this combination, the terms of the 
binary collision series are integrable even in the case 
of infinite repulsive potentials. 

Some of the results obtained by this method have 
since been rederived by Lee, Huang, and Yang by a 
different method,’ but the binary collision method is 
considered by these authors to be still of importance for 
the further development of the theory for the reasons 
stated in reference 3, p. 1142. It may, therefore, be of 
interest to have a more elementary and direct derivation 
of the binary collision expansion. This derivation is 
obtained, by successive substitutions, from the integral 
equations which connect the coordinate representation 
of the density matrix of a system with pair interactions 
with the density matrices of systems in which only one 
pair of particles interacts. Our derivation shows also 
that the binary collision expansion is the Laplace 
inverse of the expansion in two-body scattering oper- 
ators.‘ 


* Work supported by the National Science Foundation. 

1T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957). 

2 This method was outlined at the International Conference on 
Theoretical Physics, Seattle, September 1956, and by Huang, 
Lee, and Yang [lecture of C. N. Yang at the Stevens Conference 
on the Many-Body Problem, January 1957 (to be published) ]. 

3 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 

4K. Watson, Phys. Rev. 103, 489 (1956), Eq. (27). 


Green’s function or propagator equations, which relate 
the principal solutions of two Bloch equations with 
different potentials. They become especially transparent 
if the coordinate representation of the density matrix 
is interpreted formally as the transition probability 
density for the Brownian movement of a point in 
configuration space in the presence of absorption.® The 
integral equations then result from the simple counting 
arguments used in the theory of Markoff processes.° 


Il. 


We consider a system of N point particles with 
interaction energy V(q), where g denotes a point in the 
3N-dimensional configuration space. We define the 
function G(qgo,to|q,) as the principal solution of the 
Bloch equation 

—0G/dt=KG, (1) 
where 5 is the Hamiltonian of the system. The function 
G is understood to satisfy boundary conditions (e.g., 
vanishing on the walls of the container) or periodicity 
conditions, and the “initial” condition 

G(qo,to| g,to.) =5(g—9o). (2) 
Since, for the problems of interest, 53C does not depend 
on t, G does not depend on ¢ and ¢o separately but only 
on !—{o. 

The partition function Qw of the system at tempera- 
ture T is determined by 


— J G(q,0| q,(kT)™)dq, (3) 


for Boltzmann statistics, where dg is the volume 
element in configuration space, and by 


1 
Ov=— f LX G(g,0| Pg, (kT) dg, (4) 
lV! P 


5 See, for instance, A. J. F. Siegert, Phys. Rev. 86, 621 (1952). 

6D. A. Darling and A. J. F. Siegert, Proc. Natl. Acad. Sci. 
U. S. 42, 525 (1956), and Inst. Radio Engrs. Transactions of the 
Professional Group on Information Theory IT-3, 32 (1957); 
pp. 33 and 34, Eqs. (7) and (8). 
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for Bose statistics, where Pq is the configuration point 
obtained from g by the permutation P of all particle 
numbers and the sum extends over all permutations. 

It should be emphasized that even if G were known 
exactly, the integration required in Eq. (3), for instance, 
is at least as difficult to perform as the corresponding 
integration in the classical case if the particles have 
hard cores, since the integrand vanishes when two 
particles overlap. Individual energy levels, however, 
such as the ground-state energy, could be obtained 
without integration over all g space from G(qo,to|q,t) 
for any pair of points go, g, for which the eigenfunctions 
belonging to the desired energy level do not vanish. 

If the principal solutions G and G, of the Bloch 
equation with interaction energies V and V4, respec- 
tively (and the same boundary or periodicity condition), 
exist, they are related by the integral equations 


t 
G(gate|ad) =Gul tel a) ~ f dt’ fadGa(qutela) 
to . 


XLV (q’)—Valq’) IG(q' | 9,2), (5) 


and 


t 
G( goto gs =Galgotela)— f at f dgG(antola’s) 
to 


XLV (9q'!)— Vialg’) Galq’,t’|\9g,t). (Sa) 
Either of these integral eijuations determines G 
uniquely.’ Boundary, periodicity, and symmetry con- 
ditions imposed on G,, in both go and q, are therefore 
also satisfied by G in both go and g. 

It is convenient to introduce an abbreviated notation 
for a type of integral which occurs frequently in the fol- 
lowing calculations. We define the symbol {A ,B}q0,to:4,¢ 


by 
t 

{A,B} eo, toxa =f at f ay’ (go,to qt) B(q't’ q,!), (6) 
to 


and we shall omit the subscripts when there is no 
danger of confusion. The operation {A,B} is associative, 
so that inner parentheses can be omitted: 


{{A,B},C) ={A,{B,C}} ={4,B,C}. (7) 


7If Eq. (Sa) had also a solution G’, 
notation explained in Eqs. (6) and (7) ] 
G’=Ga—{(G'(V—Va), Ga}, 


we would have [in the 


and , 
(G’(V—Va),G} = {Ga(V — Va), G} —(G’(V —Va), Ga(V — Va), G}, 
and from Eq. (5), 
(G’(V—Va), G}={(G’ (V—Va), Ga} 

—{G'(V—Va), Ga(V—Va), G}, 
or 

{Ga(V —Va), G} ={G'(V —Va), Ga}; 
and, therefore, 
G—Ga=G'—Ga. 


Any solution of (Sa) is thus equal to any solution of (5), so that 
either equation can have only one solution. 
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In this notation, Eqs. (5) and (5a) are written as 
G=G.—{G.a(V—V.4),G}, (5’) 
G=G,.—{G(V—Va),Ga}. (5a’) 

If, specially, V is the sum of pair potentials, 

V=Le Vs, 
where the pairs are numbered by small Greek subscripts, 


and the sum extends over all-pairs, Eq. (5) yields 
N(N—1)/2 integral equations for G :f 


G=6.-{G. © Vp,6). (8) 
6 pra 


Another special case of Eq. (6) is the well-known 
equation 


G=Go—{GoV ,G}, (9) 


where Gp is the principal solution of the Bloch equation 
for noninteracting particles; and of course one also has 


G.=Go— {GV a,Ga}, (10) 
and the reverse equations corresponding to (5a). 
From Eq. (8) it follows [with V=V (qo) ] thatT 
(11) 


VG= > V.G= =. V Ga so pa { VuGa V3,G}, 


axp 
and 
—{GoV,G} = —L{GoVa,Ga} 
+ ¥ {Go,{VaGaVs,G}}. (12) 


axXs 


With the notation 


Ua =Ga—Go= — {GoV a,Ga} = —{GaVa,Go}, (13) 
one obtains, using Eqs. (9) and (10), 
G—Go=d ta— DY {taV5,G}. (14) 


axp 


Successive substitution of Eq. (8) into this equation 
results in the binary collision expansion 


G=Got)d ta— & {uaVs,Ge} 
a Bra 


+ > 


B¥a,y¥B 


{uaVa{GsV,,G,}}—---. (15) 


In the notation of Huang, Lee, and Yang, our func- 


tions are given by 


Ua(q’ ,t’|q,t) 
= Uo (axy’ rs’ ; 1,002) Il II 


j#aj,a2 j'ai’ ,a2’ 


Ui(7',3 ’ (16) 


{The symbols 2, 2Z _ , etc, 
ax~B axB,y#8 


are used for the sum over 


all indices, excluding the values a=8, y=4. Summation over 8 
only, with 8a, isindicated by 2 . 
8, 


Bra 











1234 A. FLPs 


where a, a2 and a’, az’ stand for the coordinates of the 
two members of the pair a. We have (with #?/2m=1) 


C) 
—+> Vo; ain V_)G.=0, (17) 
Oto 7 
or 
0 
—+>> a VGa, (17’) 
Oto = 
where Vo acts on the components of go, so that 
Valq’)Ga(q',t’|9,t) 
_ X (ay’ a’ ; 1,02) II II Ui(j’,j), (18) 


7#a\,a2 j’A#a1’,a2’ 


in the notation of Huang, Lee, and Yang. This shows 
that the series (14) is identical with the binary collision 
expansion developed by these authors. 

To show the equivalence of Eqs. (8) and (9) with the 
basic equations of Watson’s formalism [Eqs. (26) of 
reference 4], we define the Laplace transform of our 
functions by 


J Ae tla tot ate (gol Av(s)lQ). (19) 


to 


Since all our functions depend only on ¢—¢o, the Laplace 
transform thus defined does not depend on ¢. The 
Laplace transform of {A,B} is then the coordinate 
representation of the operator product A,B . Equation 
(9) becomes 


Gr=Gor—Gor - V G1, (20) 


and Eqs. (8) and (10) after multiplication by V.(qo) 


become 
VaGi=VaGar(1— d VpG1), (21) 
8, Bxa 
VGat= V.Gor(1 a V.Gat), (22) 


where V, is the operator whose coordinate represen- 
tation is Va(go)6(g—go). In Watson’s notation we 


SIEGERT AND E. 


TERAMOTO 


have, taking s= —E 


Gor(—E£)=—(E-K)", (23) 

where K is the operator of kinetic energy, 
Gi(—£)=—-Q(E—-K)", (24) 
VGar(—E)=—ta(E—K)", (25) 
VeGi(—£)= —1.2.(E-K)", (26) 


and our Eqs. (20), (21), and (22) become, after multipli- 
cation by (E—K) from the right, 


Q=1+(E—K) "Yo taQa, (27) 

tQea=tatta(E—K) ¥ tQe, (28) 
8. Ba 

la=VatVa(E—K)ta. (29) 


Taking the Laplace transform of Eq. (15) [with ua 
substituted from Eq. (13) ] yields 


G.= Gor—- > Got V aGat+ > Got V aGatV pGar 


Ba 


— QL GorVeGarVpGerVyGy1+--+, (30) 


B¥a,y#B 


or, with the notation introduced by Eqs. 
and (25),f 


—G_,(— E)=0(E—K)"=(E-K) 
+Da(E—K)“4.(E—K)" 


(23), (24), 


+ ¥ (E—K)"t,(E—K)-"4(E-K) (31) 
BHAa 

+ DY (E-K)t.(E—K)-ts(E—K)~1,(E—K) 
Bxa,y*B 


doses, 


Comparison with Eq. (27) of reference 4 shows that 
the binary collision expansion is the Laplace inverse of 
the coordinate representation of the scattering operator 
expansion multiplied from the right by —(E—K)"". 
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Classical Theory of Transport Phenomena in Dilute Polyatomic Gases* 


N. TaxMant 
Department of Physics, Northwestern University, Evanston, Illinois 
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A classical theory of transport phenomena in dilute gases of molecules possessing internal degrees of 
freedom is presented. It is shown that the existence of inverse collisions is unnecessary for the development 
of the theory. First-order formal expressions for the coefficients of thermal conductivity, shear viscosity, 
and bulk viscosity are given. In cases where the molecules make only elastic collisions the expressions 
found reduce to the well-known Chapman-Enskog results. The treatment is very similar to the semiclassical 
one of Wang Chang and Uhlenbeck, who treated the internal degrees of freedom quantum-mechanically 
and could thus use the fact that quantum inverse collisions exist. Their theory reduces to the present one 


in the classical limit. 


I. INTRODUCTION 


HAPMAN and Enskog (CE)! have presented a 
classical theory of transport phenomena in dilute 
gases. They treated only molecules not possessing 
internal degrees of freedom, and the extension of the 
theory to eliminate this restriction has not yet been 
given. This state of affairs arises from the difficulty 
presented by the general nonexistence of “inverse 
collisions’? in classical mechanics. Certain special 
models have, nevertheless, been treated.*-* Further- 
more, it was possible for Wang Chang and Uhlenbeck 
(WCU)® to present a semiclassical theory in which the 
internal degrees of freedom were treated quantum- 
mechanically. They took advantage of the existence of 
inverse collisions as guaranteed by quantum mechanics. 
We expect the classicul description of transport 
phenomena to be valid over a large temperature range 
for many molecules, in particular for heavy polyatomic 
molecules with nearly classical rotations. It, therefore, 
seems worthwhile to establish a classical theory, which 
is an extension of the CE theory and at the same time 
the classical limit of the WCU theory. That is the 
purpose of this paper. The results, first-order expressions 
for the coefficients of thermal conductivity, shear 
viscosity, and bulk viscosity, are presented in Sec. IV.’ 
They are given in the usual classical collision parameter 
formalism, which in principle allows direct application 
of the theory, providing we can solve the classical 
scattering problem. 


*Part of a Ph.D. Dissertation submitted to the Graduate 
School of Northwestern University, 1957. 

+t Deceased. 

1 See S. Chapman and T. G. Cowling, The Mathematical Theory 
of Nonuniform Gases (Cambridge University Press, New York, 
1952), second edition. 

2R. C. Tolman, Principles of Statistical Mechanics (Oxford 
University Press, New York, 1938). 

3 J. H. Jeans, Trans. Roy. Soc. (London) 196, 399 (1901). 

4F. B. Pidduck, Proc. Roy. Soc. (London) A101, 101 (1922). 

5 C. F. Curtiss, J. Chem. Phys. 24, 225 (1956). 

®C. S. Wang Chang and G. E. Uhlenbeck, “Transport Phe- 
nomena in Polyatomic Molecules,” Michigan University Engi- 
neering Research Institute Report CM-681, 1951 (unpublished). 
(Available on Interlibrary Loan from Michigan University 
Library.) 

7 Only simple gases will be treated for mathematical simplicity. 


II. CLASSICAL BOLTZMANN EQUATION 


We start with the task of determining under various 
physical conditions the form of the distribution func- 
tion, f(¢,0,r,1)= f, where c is the absolute linear velocity 
of the center of mass of the molecule, 2 represents the 
totality of coordinates and momenta about the center 
of mass for the classical internal degrees of freedom, r 
is the position vector to any point in the gas, and ¢ is 
the time. This distribution is defined in such a way 
that fdedQdr represents the number density of molecules 
contained in a velocity phase element de about ¢ with 
internal degrees of freedom in the phase element dQ 
about & and in a volume element dr about r at a time ?. 
By the customary arguments we get for the equation 
which f obeys for a dilute gas in which only binary 
collisions are important: 


af af _ af 
of -——+F.—= [rr ne'—s1biddede,ad,, (1) 
ot or 0 


c 


where mF is the total external force on the molecule, 
m being the mass of the molecule; g is the initial relative 
speed ; b is a collision parameter specifying the magni- 
tude of the initial orbital angular momentum; ¢ is an 
azimuthal angle about the direction of the initial rela- 
tive velocity specifying the direction of the initial 
orbital angular momentum; and, as with f, f(¢:,0,r,¢) 
is written f;, etc. The subscript 1 refers to the second 
molecule in the collision. The double-primed quantities 
refer to the initial conditions in the “corresponding 
collision’? which restores molecules to the state de- 
scribed by f. In the collision integral of (1) we are to 
think of the double-primed quantities as functions of 
the unprimed quantities, obtained in principle from the 
classical equations of motion. The coordinates and 
momenta of the two-molecule system are to be reckoned 
at some time before and after the collision when the 
molecular interaction is negligible, at “critical constel- 
lations” in the language of Tolman.’ Since classical 
inverse collisions are known not to exist in general, we 
cannot make the usual symmetry arguments that allow 
replacement of the double-primed quantities by ones 
which refer to the final conditions in the “direct colli- 
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sion,’ which removes molecules from the state de- 
scribed by f. We must, therefore, look elsewhere for 
the apparatus to express solutions to the transport 
problem. 

In (1) the classical Liouville theorem for a dynamical 
system of two colliding molecules? has been used. In 
collision parameter language, this is 


gb" db" dg"de"'de,"dQ"dQ," = gbdbd pdede,dQdQ. 


Along with WCU, we have tacitly assumed that the 
external forces do not act on the internal degrees of 
freedom.*® 


III. EQUILIBRIUM SOLUTION 


When there are no external forces, the r-independent 
solution for f= f must satisfy 


of 
<= f (/"fi"— ffebdbdedesdo, (2) 

If we now define H, a function of the time only, as 
H= { finfacio, (3) 


it is not possible by simple manipulations of (2) and 
(3) to show that dH/di<0 in the usual way.’ Instead 
we must appeal to the device of the “closed cycle of 
corresponding collisions” of Boltzmann, a chain of 
molecular collisions which has the property of repeating 
itself after a finite number of collisions. When one uses 
this concept, it can be shown that dH/di<0 and 
dH /dt=0 provided 


fo (— yi ( =) a) 
=n exp{ ——— 
QarkT ' kT 
1 /mC? 
of Eo) 
kTX 2 


where # is the number density of molecules in the gas; 
k is the Boltzmann constant; T is the absolute temper- 
ature; C is the peculiar velocity, c—¢o, with co the 
streaming velocity of the gas as a whole; and Eg is the 
energy corresponding to the internal degrees of freedom. 
Along with WCU, we have neglected in f any “sum- 
mational invariants” other than the number of mole- 
cules, the linear momentum and the total energy. We 
might have included the total angular momentum as 
well. But although its inclusion may be mathematically 
more general, it does not necessarily lead to results of 
physical interest. For example, in Pidduck’s “rough 
sphere” model its inclusion leads to a possible nonzero 





8 We have also shown, for example, how it is possible to formu- 
late the effect of a uniform electric field on a gas of polar molecules 
[Ph.D. dissertation, Northwestern University, 1957 (unpub- 
lished) ]. 
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average rotational energy at equilibrium for each 
molecule. But it is more likely experimentally that we 
are interested in the equilibrium state in which the 
average is zero. Mathematically the treatment of this 
latter condition is equivalent to having neglected the 
total angular momentum summational invariant in the 
first place. 


IV. NEAR-EQUILIBRIUM SOLUTION 
Transport Phenomena 


We may now proceed exactly along the lines of the 
WCU theory, in which the exchange of energy between 
the translational and the internal degrees of freedom 
takes place with ease. This is because it will not be 
possible in general for the “temperature” of the internal 
degrees of freedom to become very different from the 
“temperature” of the translational degrees of freedom. 
We might think of some process like the passage of a 
sound wave through the gas, exciting during each cycle 
classical rotations and translations for which we con- 
sider equilibration to take place fast enough that the 
local state of the gas may be described by a single 
temperature. 

Thus, we may write in a way that is formally similar 
to WCU the general equation of change, the hydro- 
dynamic equations, the various fluxes, the linearized 
Boltzmann integral equation, the integral conditions, 
the Ansatz for the first-order solution, etc. Along with 
WCU, we eventually obtain formal bracket expressions 
for the thermal conductivity A, the shear viscosity 7, 
and the bulk viscosity x, as follows: 


2k°T 
A=—_[AG, AQ], 
3m 


kT 
n=—[B(66-3CU), B(GC-3CU)]j, (4) 


cor’ hkT 





K>= 


[D,D], 


Ce? 


where Cg is the internal specific heat at constant volume 
per molecule, assumed temperature-independent ; c, is 
the total specific heat at constant volume per molecule, 
$k+co; A, B, and D are unknown scalar functions of 
?, «, nm, and 7, to be determined; U is the unit tensor; 
= (m/2kT)iC; and e=Eo/kT. These bracket expres- 
sions may be written in the convenient form 


[M,N]=2 f MO(N+N,—N"—N,"dr, (5) 


where 


m \?% —2 
ar=i( ) (fea) exp(-- C@?— €?— e—e)) 
2nkT 


X ghdbd pdede,dQdQ, (6) 
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and © signifies a simple product of two scalars, a 
scalar product of two vectors, or the trace of the 
product tensor, depending on the character of M and NV. 
In (5) the double-primed quantities are still to be 
thought of as functions of the unprimed ones just as 
in (1). 

At this point we must depart from the WCU treat- 
ment in that we shall be unable to make use of a 
convenient, but fortunately unnecessary, property of 
the bracket expressions which holds under the general 
existence of inverse collisions, namely, 


(M,N ]=(N,M). 


We shall, however, be able to retain the important 
result 


(7) 


[M,M }>0. (8) 


Equation (8) is necessary because, consistent with the 
second law of thermodynamics, A, 7 and x, which are 
of this form, must be non-negative. To understand 
these points we digress from the present development 
to consider the properties of the bracket expressions. 
Using the Liouville theorem and the principle of 
conservation of energy, we are permitted to write 
from (6) 
dr’ =dr. 


(9) 


Then (5) may be rewritten 
[M,NJ=2 [ Mo(W+N.—N"—Ni")de", (10) 


where the unprimed quantities are now thought of as 
functions of the double-primed quantities, obtained in 
principle from the classical equations of motion. Let 
now the final state of the direct collision of Sec. II be 
denoted by single-primed quantities. But the single- 
primed quantities through the equations of motion are 
exactly the same functions of the unprimed ones as the 
unprimed quantities are of the double-primed ones. 
Hence, (10) may be rewritten 


[M,N]=2 J M’O(N’+Ny'—N—N))dr, (11) 


where the single-primed quantities are thought of as 
functions of the unprimed ones. This last manipulation 
may be looked upon as either a formal change of 
variables or a physical translation along the closed 
cycle of corresponding collisions of Sec. III. It should 
be noted that we have removed all reference to the 
corresponding collision and have now to deal with the 
direct collision. By symmetry, (11) may be rewritten 


[M,N ]= f (+40 (W'+N= N= Nir. (12) 
However, there appears to be no way open for us 


without the general existence of inverse collisions to 
write from (12) the expression from which (7) and (8) 


DILUTE POLYATOMIC GASES 1237 


would follow, namely, 


(M,N ]=3 | (M’+M,/—M-M)) 


© (N’+N,’—N—N),)dr. 


Thus, it is necessary to appeal elsewhere for the proofs 
of these relations. We again call upon the closed cycle 
of corresponding collisions. 

Let us consider first the proof of (8). Let 


M+M,=%, 
M'+M =x», 
M"+M,"=x,. 


Then translating along the closed cycle of corresponding 
collisions of length s, say, we could write s equal 
expressions for [M,M ] just as in (11): 


[M,M ]= xo (x2—41)dr 


= xo (x3— x2)dr’ 
= fxo (xy ov x,)dr”. 


Here x2 is a function of the variables of x;, «3; of the 
variables of x2, etc. But by the connectivity of the 
chain we could always express the variables of x, 


(13) 


(i=2, ---, s) in terms of those of x;, and we could 
write by repeated application of (9) 
dr=dr'=---=dr". (9’) 
We may then write, on combining (9’) and (13), 
[u,M=- f [no (2-21) +430 (x3— 42) +--- 
s 
+210(%1—2%,) }dr. (14) 


But in all cases, 


X;,Oxj=XjOXN, i, = ) re 


Thus, 
1 

[M,M } = ~ fcc = X2) © (x1 ee X2) + (x9 — X3) © (%2— X3) 
Ss 


+++: +(x,—21) 0 (4-21) dr 20 


in all cases. 
Let us consider in a similar way the possible proof 
of (7). Let 
N+™i=%1, 


N'+ N,’ =Y2, 


N"+ N,"=4.. 
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The two brackets [M,N] and [N,M] become, in a 
way similar to (14), 
a—y2)+-- 
pene 
rN. =_ f [y2© (x2— 21) +y3O (x3—22)+ - -- 
: +910 (a1—- 


[M,N }=- = fino y1) +250 (y 


X,) |\dr. 


We see that the integrands would not in general be 
equal for MN except for s=2 for which case inverse 
collisions exist. If the integrands are not the same, it is 
not likely that we could show the integrals to be equal, 





Co 
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although this, of course, constitutes no proof. At any 
rate it appears that in what follows we will have to 
distinguish between [M,N] and [N,M]. This is the 
basic difference between the present treatment and 
that of WCU. 

First approximations to (4) may now be found by 
breaking off double power-series expansions in @?— 
and e—co/k after the first few terms. Along with 
WCU, we do not justify that such expansions would be 
convergent. Then, the uniform center-of-mass motion 
and the arbitrary direction of the initial relative 
velocity may be integrated out of the formulation. We 
obtain finally the transport coefficients in terms of a 
binary collision in the relative system as follows: 


3RT feo? 5 Seca 25 
\= ( xy“ p42) /(xz-Y7) 
2m\B Mm bk 4 


with 


15 


2 1 
X= (— 4) (fe a) Sv sin?y + (¥ cos*y + ry - a ae (a0) exp(—7*— «1 — €2)y'bdbd gd yd,dMp, 
4 


kT 
Y --5(— ‘) (fe -ran) ‘fea — 7”) Ae+ (Ac)? ] exp(—7’— €1— €2) 2bdbd pdydQydQ2, 


ot kT\3 8 Co 
Yy=— 10(—) ( fa) f(e-2)s exp(—7?— €1— €2) 2bdbd pdydQidQ2, 
™m k 


kT\3 8 Ca 
= s(—) (fe «t) J (0-2) nate eo’) — 7’ (€1— €2) cosx | exp(—y?— €e1— €2) y*bdbd gdydQ dQ ; 
™m k 


1 8 


--—__( f ean) for sin?y — (2+? sin?x) Ae ] exp(—7?— €1— €2) *bdbd gd ydQ,dN ; 


n 5(xmkT)! 


a 4c,k 





Here y?=(m/4kT)g’; x is the scattering angle, the 
angle between the initial and final relative velocity 
vectors expressed as a function of the initial conditions; 
the primes denote quantities after collision which must 
be expressed as functions of the initial conditions; 
Ae=e)' + €:'— €1:— €2=y’—”; and the now more appro- 
priate subscripts 1 and 2 represent the first and second 
molecules, respectively. Some of the expressions may 
be put into slightly different but necessarily equivalent 
forms by using one or the other of (11) and (12); in 
every case we have chosen the more concise form. 

By putting y=’ and co=0,° we obtain the usual 


® It is necessary to set co=0, since the elastic collisions do not 
allow the internal degrees of freedom to take up heat energy. 


3¢a 
(fe wo) f(s" — ae aan —(Ae)? exp(—7— e1:— €2) y*bdbd gd ydQ1 dQ». 
kK Ci? co? (wmkT)} 2k k 


first approximations t to the CE theory ; ig 
15k 
A\=—4, 
4m 
1 167 


gy or sin*x exp(—7’)y"bdbdy, 
7 OTM 


x=0. 


This theory may then be regarded as the extension of 
the CE theory to treat molecules possessing internal 
degrees of freedom. It is also necessarily the classical 
limit of the WCU theory.”” The emphasis now appears 


10 See Sec. V. 
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to be on the difficulty of the solution of the classical- 
mechanical scattering problem for any assumed mo- 
lecular model and not on the difficulty of the non- 
existence of a general statistical mechanical theory. 
Although we have not considered these matters in 
detail, we forsee little difficulty in extending the theory 
to mixtures so as to describe diffusion phenomena, nor 
in going to higher orders of approximation than the first. 


V. RELATION BETWEEN THE CLASSICAL AND 
QUANTUM TRANSPORT THEORIES 


As in the usual generalization of the classical CE 
results to those of quantum mechanics, in our formula- 
tion we formally replace bdbdy by o;;4:(g,x,¢)dw and 
the integrals over the initial conditions by sums over 
the variety of now possible final states as well as over 
the initial states. o;;.4:(g,x,¢) is the differential scat- 
tering cross section for a transition in which the mole- 
cules are initially in internal states i and j and end up 
finally in internal states k and /, when the initial 
relative speed is g, the final azimuthal angle is ¢, and 
the scattering angle is x. The symbol 7 represents the 
totality of quantum numbers required for the specifi- 
cation of the initial internal state of the first molecule, 
j for the initial internal state of the second molecule, 
etc. ; dw is the element of solid angle about the direction 
in which the scattering occurs. 

There remains one significant difference between our 
formally generalized results and those of WCU: inverse 
collisions will always exist in the quantum-mechanical 
formalism. Thus, we are allowed to perform the mathe- 
matical manipulations that give us (7). Although we 
have shown (7) to be unnecessary, it nevertheless 
proves convenient in expressing certain of the final 
results of WCU in more symmetrical forms. WCU 
could have calculated the bracket expressions just as 
we have, so that the results would have been formally 
the same. Since it essentially makes no difference 
which of the number of equivalent ways WCU use to 
calculate the bracket expressions, we may still regard 
the formally generalized theory as that of WCU. 

There might appear to be yet some confusion, if we 
enquire into the nature of the quantum inverse collisions 
in the classical limit. That classical inverse collisions 
do not exist in general is well-known. A simple example 
of this which is often considered is the collision of a 
smooth rigid sphere with a rigid wedge of equal mass. 
The collision is shown schematically in Fig. 1. The 
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Ok. 


DILUTE 


(> fon GOES DIRECTLY TO 


A 


ro 
hs * DOES NOT GO DIRECTLY TO = (> 


c D 


a F C) DOES GO DIRECTLY TO \_ | (} 


E F 


Fic. 1. Inverse collisions in classical and quantum mechanics. 
A-—B represents a direct collision; C-+D represents a classical 
inverse collision which cannot be directly achieved; E—-F repre- 
sents a quantum inverse collision which can be directly achieved. 


bodies collide along the line connecting their centers 
of mass, and we shall assume them not to be rotating. 
A represents the initial state in which the wedge is at 
rest and the sphere is moving. B represents the final 
state in which the sphere is at rest and the wedge is 
moving. It is, of course, not possible to achieve the 
inverse collision which C and D represent. 

If this is so, in what sense is it possible that quantum, 
or more precisely, semiclassical inverse collisions exist? 
For a quantum description of the collisions we would 
have to give up some of the precise knowledge of the 
system inherent in the classical description. Since we 
know exactly the spin angular momenta of both bodies, 
we must give up entirely any knowledge of the angular 
orientations of the bodies. Then, if the orientations are 
irrelevant, we have little trouble in constructing an 
inverse collision as shown in £ and F. It is in this 
sense that inverse collisions for classical molecules 
exist in quantum mechanics. 
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The course of the changes produced by exposure in nuclear 
reactors and the subsequent alteration of the radiation-induced 
property changes caused by heating were followed by measuring 
the dilatation, refractive index, rotatory power, and birefringence. 
The fast-neutron dosages determined by a comparison of radiation 
damage in several substances are used to give a consistent scale for 
presenting the effects seen from the initial changes to nearly the 
saturation state, despite the many irradiation facilities used for 
the work. The property changes resulting from heating specimens 
irradiated to various extents are given. The damaging phenomena 
are explained in terms of the interaction of the scattered atoms 
with the silica structure, and the annealing phenomena in terms of 
the behavior of the anticipated structural changes. On the basis 
of the effect of displaced atoms and thermal spikes on solid struc- 


INTRODUCTION 


HE fast-neutron-induced changes in vitreous silica 

and quartz have been the subjects of a number of 
papers to which the reader wishing to learn the historical 
development of the subject is referred.'-“ In these 
papers it has been clearly established that when quartz 
is irradiated with fast neutrons, it gradually becomes 
disordered into an amorphous form which is indis- 
tinguishable from the end product of the irradiation of 
vitreous silica and which is somewhat different from 
ordinary vitreous silica. The several investigators of 
these neutron-induced changes have studied different 
properties over restricted dosage ranges and have per- 
formed the irradiations in different reactor facilities. 
Because of the difficulties in determining the effective 
flux and the general confusion which has existed in this 
subject’® over a period of years, it has not been possible 
to correlate adequately the neutron dosage required to 
obtain the effects they reported. In addition, there have 


* Based on work performed under the U. S. Atomic Energy 
Commission. 
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4 W. Primak, “A Summary and Bibliography of Some Research 
on Radiation Damage in Ceramic Materials Performed at the 
Argonne National Laboratory,” Argonne National Laboratory, 
Lemont, 1953 (unpublished). 

5M. Wittels, Phys. Rev. 89, 656 (1953). 

6 Primak, Fuchs, and Day, Phys. Rev. 92, 1064 (1953). 

7 Primak, Fuchs, and Day, Bull. Am. Ceram. Soc. 33, 25 (1954). 

8M. Wittels and F. A. Sherrill, Phys. Rev. 93, 1117 (1954). 
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18 There are a number of papers relating to color changes which 
are not referred to since the relation of the color changes to the 
disorder is usually not treated. 

4@W. Primak, Bull. Am. Phys. Soc. Ser. IT, 1, 136 (1956). 

‘© W. Primak, Nuclear Sci. and Eng. 2, 320 (1957). 


tures there are delineated a number of classes of radiation damage 
among insulators. For one of these, silica is taken to be the 
prototype. Thermal spikes cause the displaced atoms to be ac- 
commodated by a local deformation, which is depicted as analo- 
gous to the rapid inversions in which a minor reorientation of the 
Si-O tetrahedra occurs without extensive disruption of the struc- 
ture. The resulting gradually accumulating disorder is considered 
the basic formulation of a metamictization for which the damaging 
of quartz thus becomes the simplest example. The same basic 
processes are considered to take place in vitreous silica; but since 
the substance is already disordered, the changes which take place 
are minor, the slight compacting of the structure evidently 
representing mainly the partial freezing-in of a high-temperature 
state produced by the thermal spike. 


been gaps in our knowledge of the behavior over the 
whole dosage range. 

Results published by this author and his co-workers®"" 
covered the initial effects, one irradiation at about 
5X10" n/cm’, and one irradiation performed at a some- 
what higher temperature, but extending to saturation or 
near-saturation. All of the annealing data they have 
published (except an abstract of an oral paper") refer 
to specimens from one irradiation at about 5 X 10" n/cm?. 
A peculiarity (“anti-annealing’”’) in the annealing of the 
density changes appeared in the temperature range 
below 600°C, but optical properties were not measured 
precisely enough to note such detail; and it was ex- 
pected from the general course of the property changes 
induced by the radiation that this peculiarity would be 
dependent on the amount of radiation-induced property 
change present before annealing. The work of Wittels 
et al. has covered mostly x-ray and some density de- 
terminations, and over a range of dosages starting con- 
siderably beyond the range of the low dosages investi- 
gated by this author and his co-workers, and extending 
to about 10” n/cm*, leaving another gap between his 
most extended irradiation and saturation, a region for 
which, because of the extensive disorder, x-ray in- 
vestigation is not the most suitable one. There are only 
a few annealing observations published by Wittels e/ al., 
and some of these are controversial. The dosages for 
Berman’s specimens are not known, and even their 
relative values are uncertain, having been based on 
thermal neutron fluxes and reactor operating data in 
several different reactor facilities, data which are no- 
toriously unreliable’® for estimating the neutron flux 
responsible for radiation damage in substances like 
quartz. 

The individual observations of the neutron-induced 
changes in quartz and vitreous silica which have been 
published leave too many gaps to give a picture of the 
range of the phenomena. The subject has become of 
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FAST-NEUTRON 


TABLE I. Irradiation data. 





Irradiation 
reference 
No. Reactor Exposure 
i ae none 
50 Hanford 289 Mwd/aT 
51 Hanford 296 Mwd/aT 
52 Hanford 638 Mwd/aT 
53 Hanford 1060 Mwd/aT 
106 MTR (L-43) 2X 10” m4),/cm?* 
107 LITR (C-29) 785 006 kwh 
108 LITR (C-28) 353 551 kwh 
111 CP-5 13 649 kwh 
1114-117 CP-5 


29 420 kwh 


* The time integral of the damaging flux as described in the text. 


INDUCED CHANGES 


IN QUARTZ 


Dosage* 





10!8 n/cm? Specimens reference No. 
none 868, 430, 836, 837, 835, 867 
49> 764, 765, 766, 767 
50> 760, 761, 762, 763 
108» 410, 752, 753, 754, 755 
180» 430, 756, 757, 758, 759 
~300 371, 768, 378, 770 
7.9 671, 666, 665 
11 670, 669 
0.57 683, 684 
1.17 


683’, 684’ 


> These were used to construct the figures. A dosage 6% greater might be a better value.'5 


special interest since controversies concerning the ex- 
planation of the effects have arisen.'® In the present 
paper, results are reported for specimens which were 
irradiated for dosages covering the whole range of the 
effects, and a particular attempt was made to secure 
dosages at which our knowledge was deficient. The 
effects observed when specimens irradiated at these 
various dosages were annealed are also reported. Be- 
cause of the large number of measurements which were 
required, the properties selected for systematic measure- 
ment were several which could be measured precisely 
and quickly. These were dilatation, refractive index, 
rotatory power, and birefringence. 


EXPERIMENTAL 
Specimens 


Quartz.—These were cut or broken from natural 
quartz of optical quality, presumably Brazilian. Group 
(A): The specimens 836, 764, 760, 752, and 756 were 
strips about 3 cmX6 mm X1 mm, the long axis parallel 
to the c axis within 1°, with a line ruled near either end 
of one broad face. The broad faces were polished and 
originally were flat to several fringes per cm, parallel to 
5-20 fringes per cm. After irradiation, specimens 764, 
760, 752, and 756 were ground and polished on one face 
to improve the flatness and the parallelism was made 
poorer. Group (B): The specimens 837, 765, 761, 753, 
and 757 were strips about 3 cmX6 mm X1} mn, the 
long axis perpendicular to the ¢ axis within 1.5°, with 
a line ruled near either end of one broad face. The broad 
faces were polished and originally were flat to 1 fringe 
per cm and parallel to about 20 fringes per mm. After 
irradiation, specimens 765, 761, 753, and 757 were 
ground and polished on one face to improve flatness. 
Group (C): The specimens 430, 666, 670, and 371 were 
disks 7-mm diameter by 3 mm thick, faces polished, 
flatness 14 fringes per cm, parallelism 10 fringes per cm. 
Group (D): The specimens 868, 683, 410, 430, 671, and 
768 were small fragments (3-3 mm across) of irregular 


shape. 





16 P. G. Klemens, Phil. Mag. 1, 938 (1956). 


Vitreous Silica.—Group (E): The specimens 835, 665, 
669, 867, and 378 were cut from commercial plates of 
optical quality (not of homogeneous refractive index) 
presumably made by fusing natural quartz. They were 
about 2 mm thick and 3-2 cm on edge. The polished 
faces were flat to several fringes per cm. Group (F): 
The specimen 770 was a fragment broken from a disk of 
unknown source. Group (G): The specimens 766, 767, 
762, 763, 754, 755, 758, and 759 were specially prepared 
plates 3 cmX6 mm X 1} mm with a line ruled near either 
end of one broad face; the broad faces were polished and 
were mostly flat to 5-10 fringes per cm, and their 
parallelism varied considerably but most were 5-20 
fringes per cm. After irradiation, specimens 767, 763, 
755, and 759 were ground and polished on one face to 
improve flatness. 


Irradiations 


The irradiation data are given in Table I. The ir- 
radiation reference numbers are consistent with those 
reported in other papers of this author. The dosage is 
that described elsewhere’; it is the time integral of the 
neutron flux which, distributed over a two-decade range 
of energies as k/E (k a constant and E the energy of the 
neutron) at energies at the upper end of the abundant 
part of the pile neutron spectrum, approximates the 
neutrons responsible for the damage; it was obtained by 
comparison of damage found in other samples (usually 
diamond or graphite) present in the irradiation, or 
interpolated from other studies in the same irradiation 
facilities. The following notes give additional description 
of significance in describing the irradiations. 

Hanford Irradiations—These were performed in the 
test holes of the Hanford reactors. The samples were 
wrapped in aluminum foil, several of the flat samples 
being wrapped together. They were inserted into }-in. 
aluminum tubes (the single casings as described by 
Primak, Fuchs, and Day'’). These single casings lay in 
a larger aluminum tube, the test hole, which was water 
jacketed.'” The temperatures of the samples are esti- 
mated to have been below 60°C. The first post-irradia- 


17 Primak, Fuchs, and Day, Phys. Rev. 103, 1184 (1956). 
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tion measurements reported here were inaugurated 
more than two years after the conclusion of the irradia- 
tions. The exposure is the number of megawatt days of 
energy expended by fission per ton by the fuel rods 
adjacent to the sample. 

LITR Irradiations.—These were performed in lattice 
positions of the Oak Ridge National Laboratory LITR 
reactor. Hole C-28 was an empty lattice position; hole 
C-29 was within a fuel element. The samples were 
placed in a perforated can and hence were in contact 
with process water (the reactor coolant). This water is 
estimated to have been at about 50°C; but since it was 
not subjected to forced circulation it may have been at 
slightly higher temperatures locally. The exposure is 
given in terms of the fission energy expended by the 
whole reactor during the irradiation. 

MTR Irradiations.—These were performed in empty 
lattice positions and near the center-line of the Materials 
Testing Reactor. Samples were placed in perforated 
aluminum cans and were in contact with process water 
which was circulated through the reactor. Sample tem- 
peratures are estimated as having been below 40°C. The 
exposure is given in terms of the thermal neutrons esti- 
mated to have traversed the samples during the 
irradiation. 


Measurements 


Density.—The densities were all determined by float- 
ing the sample in a liquid mixture whose density was 
approximately that of the sample (methylene bromide— 
propyl! alcohol for densities near that of vitreous silica, 
bromoform—hexanol—pentanol for densities near that 
of quartz). The temperature of the mixture was adjusted 
until the density of the sample was nearly matched, and 
the density of the liquid was then determined by one of 
the following methods: (i) flotation of a standard sample 
in the liquid and use of the temperature coefficient of 
volume expansion of the liquid as determined with a 
dilatometer (0.000864 cm*/deg for the bromoform- 
hexanol-pentanol mixture, 0.001112 cm*/deg for the 
methylene bromide-propanol mixture); these density 
determinations were reliable to only about 1/3000 be- 
cause the composition of the liquid altered between 
determinations; (ii) weighing a 6.8-m]l bob suspended in 
the liquid from an analytical balance; bob volume cali- 
brated by weighing the bob in water; surface tension 
correction for suspension wire applied; flotation tem- 
peratures adjusted to several hundreths degree ; densities 
reliable to 1/20000; or (iii) use of a 5-ml Ostwald 
pycnometer in the usual manner ; pycnometer calibrated 
by weighing water; densities reliable to 1/5000. 

Linear Expansion.—(iv) The distance between the 
ruled lines of the samples in Groups (A), (B), and (E) 
were determined with a Gaertner model M1205C com- 
parator fitted with the photoelectric setting device 
described by Tomkins and Fred.'* The steel comparator 


18 F, §. Tomkins and M. Fred, J. Opt. Soc. Am. 41, 641 (1951). 
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screw was calibrated at the National Bureau of Stand- 
ards, at 20°C. Since most measurements were made at 
25+1°C, a correction of +1/20 000 was applied to the 
readings. The readings of length of the samples on a 
particular part of the screw were usually reproducible to 
better than 1/30 000 for the length of these samples. 
However, successive readings of lengths were not quite 
so reproducible and are considered reliable to about 
1/10 000. 

Refractive Index.—-Two methods were used. (v) Some 
of the refractive indices were determined with an Abbé 
refractometer. These are probably not reliable beyond 
the third decimal place. (vi) Most of the refractive 
indices were determined with a spectrometer arranged 
as a Pulfrich refractometer.” This method can give 
indices of refraction to better than the fourth decimal. 
(vii) However, in many cases the surfaces of plates were 
not sufficiently plane to obtain this accuracy and hence 
can be considered as only somewhat more reliable than 
the third decimal. 

Rotatory Power.—This was measured in one of three 
ways: (viii) using a conventional petrographic micro- 
scope; readings reliable to 1°; (ix) using a petrographic 
microscope fitted with a Laurent half-shade device and 
an eyepiece analyzer reading to 0.05°; determinations 
reliable to 0.2°; (x) using a conventional polarimeter; 
determinations reliable to 0.1°. 

Birefringence.—(xi) Relative retardations less than 
250 mu were determined by a method (attributed to 
Wiedemann by Pockels”) using the petrographic micro- 
scope arranged as described by Primak, Delbecq, and 
Yuster.”" These readings are reliable to about 3 my in 
regions of uniform retardation and about 5 my else- 
where. (xii) Retardations up to 2500 my were deter- 
mined with a graduated quartz wedge (American Optical 
Company) used with a petrographic microscope. These 
readings are reliable to 10 my. (xiii) Retardations above 
2500 mu were determined by method (xii) except that 
suitable additional retardation plates (whose retarda- 
tion was measured by method (xii) were inserted in the 
optical train. These determinations are reliable to 
about 25 mug. 


Annealings 


All of the annealings reported in this paper were step 
annealings. The sample was heated at the desired tem- 
perature for a period of time of order of magnitude 10° 
sec. It was then cooled, measured, and the heating re- 
peated at a higher temperature. Different heating ar- 
rangements were employed in different temperature 
ranges. 

(xiv) Some annealings below 260° were performed by 
placing samples in a basket which was inserted into a 
petroleum oil or silicone oil (Dow Corning 550) bath 


19W. Primak, Anal. Chem. 29, 1237 (1957). 

*®F. Pockels, Lehrbuch der Kristailoptik (B. G. Teubner, 
Leipzig, 1906), p. 227. 

21 Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 








FAST-NEUTRON-INDUCED CHANGES 


TABLE II. Physical properties of various specimens. 


IN QUARTZ 




















Length Refractive index Relative 
Specimen Original Irrad. Expansion Density Ordinary Extraordinary Thickness retardation Birefringence 
No.* (microns) (microns) (%) (g/cm*)>.« (wp) (ep) (mm) (my) (mu/mm) 
836 1.5443 1.5533 1.003 9115 9088 
764 27 952 28 046 0.336 2.5362 (26.1) 1,029 5585 5429 
760 27 959 28 053 0.338 -2.6473(27.5) 1.5262 1.5321 0.999 53054 53104 
752 27 877 28 356 1.718 2.2134(23.0) 1.4904 1.4913 1.060 1075¢ 1014° 
756 27 963 28 832 3.106 2.2054(26.1) 1.4701 0.99 904 914 
Rotatory 
Rotation power 
(deg) (deg/mm) 
837 1.51 32.8 21.8 
765 27 962 28 500 1.925 2.5380(25.4) 1.52 24.5 16.1 
761 27 957 28 497 1.932 [2.6471(27.5) 1.5198 1.5258 1.52 24.7 16.3 
753 27 929 29 304 4.923 | 2.2049 (26.4) 1.4966 1.52 3.80 2.5 
757 27 912 29 689 6.366 [ 2.2128 (23.3) 1.4697 1.57 <0.02 0.013 
666 2.6378! 3.05 65.55 21.49 
670 2.6333! 3.05 65.4 21.45 
835 1.4585 
766 27 828 27 575 —0.906 2.2638 (24.9) 
767 27 959 27 707 — 0.903 2.2642 (24.8) 
762 27 907 27 656 — 0.900 2.2637 (25.1) 1.4698 
763 27 955 27 703 —0,903 [2.2034(27.4)] 1.4698 
754 27 848 27 707 —0.865 2.2617 (26.1) 1.4692 
755 27 872 27 632 -0.861 [2.2031 (27.5) ] 1.4692 
758 27 879 27 658 —0,793 2.2578(27.8) 
759 27 931 27 703 0.816 1.4686 


[2.2032(27.6)] 


® Specimens 836, 837, 835 unirradiated. See Table I. 

> Temperature (°C) of density determination in parentheses. 
¢ In brackets—after heating to 1100°C. 

4 After annealing at 168°C. 

* At a particular point on the specimen. 

{ By method (i); others by method (ii). 


whose temperature was controlled to several hundredths 
of a degree. The annealing time is given as the time the 
samples dipped into the bath. The temperature was 
read with a mercury-in-glass thermometer and is prob- 
ably reliable to 1°C. 

(xv) Some annealings were conducted by placing a 
sample in a density tube which was placed in contact 
with a nickel block lying in an electrically heated 
tubular furnace whose temperature was controlled by a 
Brown Electronik strip chart automatic potentiometer 
recorder controller. Temperatures were controlled to 
+5°C. Temperature was read with a platinum —10% 
rhodium couple (the same one used in previous work") ; 
but since the thermocouple was not especially cali- 
brated, readings can be considered reliable to only about 
5°C in the upper temperature ranges. All cold junctions 
were placed in an oil bath thermostated to within 
0.3°C at about 37.5°C, as read on a 0.1 degree mercury- 
in-glass thermometer. The time given for these an- 
nealings was the time of contact of the sample with the 
nickel block and probably represents the true annealing 
time to within 5%. 

(xvi) Some annealings were performed using method 
(xv) except that temperature regulation was refined by 
the use of Gouy modulation of the regulating thermo- 
couple.” Temperatures were controlled to better than 
1°C, 

(xvii) The specimens were placed into a 10-mm 


*” W. Primak, Rev. Sci. Instr. 27, 877 (1956). 


vitreous silica tube into which was then inserted a 
platinurn —10% rhodium thermocouple connected to a 
second automatic recording potentiometer. The tube 
was heated as described in method (xvi). The time of 
annealing given is that for which this auxiliary thermo- 
couple was within 5°C of the control temperature. At 
temperatures above 600°C enough current was induced 
in the thermocouples to cause the control temperature 
to skip noticeably when the automatic potentiometer 
calibrated itself; by 973°C this amounted to at least 
3 deg. 

(xviii) For annealing temperatures in excess of 1000°C 
a platinum-wound furnace without a nickel block was 
used, and it was regulated by hand by using a variable 
transformer. 


Results 


The properties of unirradiated and irradiated speci- 
mens are given in Tables II and III. The quartz 
specimens in Groups (A) and (B) and the vitreous silica 
specimens in Group (G) were originally prepared for 
length measurements and presented special problems in 
measuring the optical properties. Some of the specimens 
were not flat enough for index of refraction measure- 
ments [see (vii) above ]. After irradiation some of these 
specimens were ground and polished and may have been 
heated to about 150°C for several minutes when they 
were set in wax for the purpose. Specimens 761 and 763 
were studied extensively, and it was concluded that 
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DAMAGING NEUTRONS (10'8 neutrons /cm? ) 


Fic. 1. Change in density of vitreous silica on irradiation in 
nuclear reactors: open circles—calculated from the expansion; 
solid circles—from density determinations; crossed circles—from 
the expansion measurements given in reference 9; half-open circles 
give correct relative densities of what was originally a quartz 
sample (vertically divided circle) and a vitreous silica sample 
(horizontally divided), the solid circle at this dosage is from an 
accurate density determination made about two years later. The 
dosage at (a) is estimated at 250 to 400 on the scale. 


their indices of refraction were not uniform. Confirma- 
tion of this was found in measurements of birefringence 
of simultaneously irradiated specimens 764, 760, and 
762. The birefringence [methods (xii), (xiii)] varied 
from one part of these specimens to another by several 
hundred my/mm. In the case of specimen 762 it varied 
from 800 to 1300 mu/mm, about 50% of the total 
birefringence. For these specimens the data given in the 
tables and graphs are for a particular marked point on 
the specimen. The birefringence measured here may not 
correspond to that obtained from the refractive index 
measurements [method (vi) ]. Further evidence of non- 
uniformity was found in measurements of rotatory 
power. Under crossed Nicols specimens 765 and 761 
showed evidence of biaxiality. When examined by 
method (xi) (birefringence), specimen 761 was seen to 
be greatly strained symmetrically. The edge showed a 
retardation of 35 mu/mm and the center (slow axis at 
right angles to the slow axis for the edge) a retardation 
of 20 mu/mm, with a neutral zone between. The sign 
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DAMAGING NEUTRONS (10'8 neutrons /cm?) 


Fic. 2. Change in density of quartz on irradiation in nuclear 
reactors: solid circles—from density determinations; open circles— 
calculated from the expansion; half-open circle—point corre- 
sponding to similar half-open circle of Fig. 1; crossed circles—from 
the expansion measurements in reference 9; cross—from the 
density given in reference 9; % ’s—from Wittels and Sherrill.* The 
dosage at (a) is estimated at 250 to 400 on the scale; the density 
change at (6) corresponds to unirradiated vitreous silica. 
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of the birefringence was such as would have been pro- 
duced had the central region been in tension: that is, if 
the edge had undergone a greater dilatation than the 
center. The photoelastic effect in quartz was determined 
to be of such a magnitude that the tension of the central 
region must have been about 800-900 psi. 

Figures 1-6, in which are plotted the property changes 
as a function of dosage, are mostly self-explanatory. 
Because of the large property change, the use of the 
differential expressions 

Ap AV 


Po Vo 


Aa Ac 
i Se 
do Co 


(where p is the density, V is the volume, c and a are the 
respective lengths parallel and perpendicular to the 


TABLE III. Density and refractive index of several specimens. 


Density* 
Specimen Temperature Density Refractive 

No.» (°C) (g/cm?) index 
867 27.7 2.2033 

496 27.1 2.6481 

868 27.0 2.6483 

410’ 27.1 2.3100 

410” 26.5 2.3114 

410’” 25.4 2.3138 

430’ 27.7 2.2615 

430” 27.5 2.2623 

430’ 27.5 2.2624 

371 24.8 2.2552 1.4678 
378 25.1 2.2546 1.4671 
683 2.6473 

683’ 2.6495 

665 2.2273 1.4643 
669 2.2341 1.4647 
684 2.2055 

684’ 2.2077 





® Specimens 683, 683’, 665, 669, 684, 684’, density determined by method 
(i); remaining ones, by method (ii). 

> The marks on 410 and 430 refer to particular fragments taken from vials 
marked 410 and 430, respectively. Specimen 683 after irradiation 117. 
Specimen 683’ after irradiation 117 +124. Specimens 867 and 430 were not 
irradiated. 


c axis, the subscript 0 refers to the unirradiated state, 
and the A refers to the difference of the irradiated state 
from the unirradiated one) gives a large error; hence the 
relations 
AV Aa Ac Aad Aadc AatAc 
6=- "Aine iy Re —, 


Vo % & ae Alo ay°Co 


Ap 1 —6§ 

role 

pa Vv] 146 
were used to construct Fig. 2. For convenience in 
describing the remaining results and discussing them, 
the disordering will be divided into 3 stages with rather 
indefinite boundaries at the dosages 5010"* and 110 
10'* neutrons/cm*. These stages will be referred to by 
the Roman numerals I, IT, and ITI, and the initial and 
later portions of each stage will be referred to by the 
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Fic. 3. Nuclear-reactor radiation-induced linear expansion of 
quartz cut parallel (solid circles) and perpendicular (open 
circles) to the optic axis. For the initial changes see Primak, Fuchs, 
and Day,® but note that their expansions are mislabelled. 


capital letters A and B (e.g., for “ITB” read “in the 
later portion of the intermediate stage’’). This is done 
not with the intention of implying any discrete phe- 
nomena, but to avoid having to pick out a particular 
point in what will be depicted as a continuum of states, 
in which different phenomena become apparent in 
rather indefinite overlapping regions. The changes in 
properties which occurred on heating the irradiated 
specimens are described below. 

The density changes resulting from heating [by 
method (xv) | a specimen of irradiated quartz from IA, 
a specimen of irradiated quartz from IIIB, and a 
specimen of vitreous silica irradiated simultaneously 
with the latter are shown in Figs. 7(a) and (b). The 
specimens were heated separately for }-hr intervals in 
rotation and hence may not have been annealed at 
exactly the same temperatures. Density determinations 
were made by method (i). 

The changes in expansion, refractive index, rotatory 
power, and birefringence of suitable specimens of ir- 
radiated quartz from Groups (A) and (B) and irradiated 
vitreous silica from Group (G) resulting from heating 
were determined for specimens of three different ir- 
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Fic. 5. The behavior of the refractive index of quartz on 
irradiation in nuclear reactors. The dosage at (a) is estimated at 
250 to 400 on the scale. 


radiation dosages: IB, IIIA, IIIB. Specimens were 
inserted in the heating bath or furnace for approxi- 
mately half-hour periods. An attempt was made to 
employ successive temperatures which had a fixed ratio 
on the absolute scale. The nine specimens were heated 
simultaneously at each of the successive temperatures 
(°C) 125, 165, 208, and 258 for 30 min by method (xiv). 
They were heated in groups of three specimens at the 
next series of temperatures by method (xvii). At the 
temperatures (°C) 312, 368, 432 they were within 5° of 
the stated temperature for 26 min; at 501, for 27 min; 
at 579, six for 28 min and three others for 32 min; at 662, 
for 27 min; at 756, for 27 min; at 859, six for 28 min and 
three for 30 min; at 972, for 28 min. Three of the 
specimens reached a temperature of 974°C. during part 
of the annealing at 972°C. At 1100°C (nominal) method 
(xvii) was used : the first group was at 1095+3°C for 21} 
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Fic. 6, The behavior of the rotatory power of quartz on irradiation 


Fic. 4. The behavior of the refractive index of vitreous silica on in nuclear reactors. 
irradiation in nuclear reactors: open circles—vitreous silica; 
crossed circle—datum from reference 9; solid circles—data for 


quartz. The dosage at (a) is estimated at 250 to 400 on the scale. 


t Note added in proof.—In the figure captions this is referred 
to as ITA. 




















1246 WILLIAM PRIMAK 



















































































2.6349 -—y T T T T T T T T r T T T T T T T se 
L --34(0) 
° 00 2 Po 
L ad J 28 500 | 00 o°o° ° 
= - 4 
H 
5 26345 = 4 ° 
> 28 400 F- 1 
= 4 
hd i 
z r 4 4 
3 q ° - 
e ° 
2.6340 |- ° 4 £ 26300F 
A 
° 4 € 
) — 
ee. es ee See ae ee A ee oe 
1 2 3 a 5 € ? 6 9 10 = 
ANNEALING TEMPERATURE (10% aeg C) 2 28 200 - ® 
(a) a 
bs 7 j 
2.2600 T T T T T 7 T T T T 28100 . ° | 
e | 
(8)F== 6 Lee} eooee ® ° 4 
a 6 _ ° 
28 000 + e 
q . | | 
~ 2200r- _ SY st Say See Saas eee DEEP De aS 
5 8 mcr 2 3 4 8 € 7 6 8 
ANNEALING TEMPERATURE (102 deg C) 
> + 4 
i (d) 
o . 
z co 
i 
© 2.2200 + o 4 
° 
r 4 29100 rrry7 T | ns eS ROE | T T t T T] 30100 
=-4(0) 5 4 nm 
2.2000 LL. ! i J l } i l n Pd 3 | 2 
1 2 3 4 5 € ? « r 10 ra « 
ANNEALING TEMPERATURE (10% aeg 6) ¢ 28 900 F- . ~| 29900 : 
= L 
(b) 8 L J x 
7 
> ' t ' T tT T ' T | ies a”. - 
° = a , Ss 
27950 4 27880 = 26 700 “ { 29 700 : 
- s ° S 
+ = 4 £ r . é 
eo r - 27850 x bd " 
= 
e e 2 26 500 -- . ~{ 29500 * 
- 27900 . 4 © a ° z 
La) ~ a ° 3 
£ ° se? 
- e : ee, eee —" ° 
F3 a ¢ + 27800 = 28300 Laalio op © 1 1 1 n L n a ase 
£ 4 — SS + Se Ye 2 FS Ss Ow 
ro 
& 27850 + > 4 ™ ANNEALING TEMPERATURE (10% deg Cc) 
? ~~ (e) 
° 
o e 
¢ = + 27750 2 
© 2 
S € 
= 27800} , 4 - 
= = 
x & ' 
= 4 29100 pa ot oo oor ort 7 10 000 
2 > 8 4 27700 4 > ‘ : . 7) 
2 : 
3 23 r _ = 23 
se Sf 
27750 + ry 5 q. —— ie 
~§ 26900} * © 29800 ~ § 
x £ . . oO x Ls 
. - 3 eel ooo e © = 5 $ 
s a3 4 27650 25 col coo ® © ze 
ke 
neh! Hy A 
Put j _— i —_— —_— ee. aL oe ee ! i a ee ee Se lM 
27700 9 27630 28 700 29 600 
“ (Cy 2 - @& 3 8 7 8 9 0 Wa) {cd (8xC) 1 2 $6 6 s 6s ? : = 
ANNEALING TEMPERATURE (i02 deg C) ANNEALING TEMPERATURE (10*~deg. C) 
(c) (f) 


Fic. 7. The properties of irradiated vitreous silica and quartz after heating to successively higher temperatures for approximately 
half-hour periods. In each case the point or value at (A) is the property before irradiation; at (B) the property after irradiation but 
before annealing; at (C) the property after polishing one face (if this was done; some heating resulted when the sample was set in wax); 
at (D) the accepted value of the property of unirradiated material. (a) Density of irradiated (early stage) quartz specimen 671. (b) 
Density of irradiated (very late final stage) quartz specimen 768 (solid circles) and of simultaneously irradiated vitreous silica specimen 
770 (open circles). (c) Lengths of vitreous silica specimens 763 (open circles), 755 (solid circles), and 759 (crosses). (d) Lengths of 
irradiated (late in early stage) quartz specimens 760 (parallel to c axis) (solid circies) and 761 (perpendicular to c axis) (open circles). 
(e) Lengths of irradiated (early final stage) quartz specimens 752 (parallel to c axis) (solid circles) and 753 (perpendicular to c axis) 
(open circles). (f) Lengths of irradiated (late final stage) quartz specimens 756 (parallel to c-axis) (solid circles) and 757 (perpendicular 
to c axis) (open circles). (g) Refractive index of irradiated vitreous silica specimens 763 (crosses), 755 (triangles), and 759 (%’s), and 
irradiated (late final stage) quartz specimen 757 (circles). (h) Ordinary refractive index (open circles) and extraordinary refractive index 
(solid circles) of irradiated (early intermediate stage) quartz specimen 761 and simultaneously irradiated quartz specimen 760 (ruled 
circles). When two of the same points are given for the same annealing, they represent the refractive indices corresponding to the ex- 
tremes of the indefinite zone of total reflection in the Pulfrich method of determining the refractive indices. (i) Refractive index of 
irradiated (early in final stage) quartz specimen 753. For the significance of the two points at the same annealing temperature, see (h). 
(j) Rotatory power of irradiated (early intermediate stage) quartz specimen 761. (k) Rotatory power of irradiated (early final stage) 
quartz specimen 753. (1) Birefringence of irradiated (early intermediate stage) quartz specimen 760. (m) Birefringence of irradiated 
(early final stage) quartz specimen 752. 
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min, the second group at 1099+3°C for 25 min, and the 
third group was at 1098+6°C for 22 min. Graphs of the 
properties which were measured after these heatings are 
presented in Figs. 7(c) through 7(m). Some of the 
observations are not easily represented in graphical 
form. Specimen 761 (strained, comments above) de- 


veloped a crack during the heating at 662°C. The crack 
originated at one end in a small chip which was originally 
introduced by a pair of forceps used to handle the 
specimen. The crack terminated in a star formed at 
about 3 the length of the specimen. The strain was 
redistributed about the crack ; but there was no evidence 
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of any annealing of the strain after this heating, after 
any of the previous heatings, nor after the next one. 
However, after the heating at 859°C the strain, as 
indicated by the birefringence, had nearly vanished. 
After the first few heatings the specimens were cleaned 
in hot sulfuric acid—chromic acid cleaning solution to 
remove organic material which could char on the speci- 
mens during the heating and interfere with the optical 
measurements. In this operation performed before the 
1100°C heating, the specimens were chilled too sud- 
denly, and specimens 760 and 761 each broke into 
several pieces. These were heated and the properties 
which could be measured on the pieces were determined. 
Computation of the birefringences and rotatory powers 
from the retardations and the rotations required the 
specimen thickness. This was measured after the 1100°C 
heating, and the thickness after the other heatings was 
computed from the fractional length changes of the 
specimens of orientation perpendicular to these and 
which were irradiated simultaneously. Accordingly, 
these thicknesses (and hence also the birefringence and 
rotatory power) possess a consistency which exceeds 
their accuracy. The densities were determined after the 
1100°C heating and are entered in Table II in brackets. 
These specimens had been ground and polished flat on 
one side before the heatings. As the heatings progressed 
they became warped to an extent which made precise 
determination of the refractive indices of some of them 
difficult. 

The following x-ray diffraction observations were 
made. No sign of powder lines were detected in a 
Weissenberg picture of a fragment of specimen 761 
subsequent to the 1100°C heating. A powder pattern of 
another portion of specimen 761 subsequent to the 
1100°C heating was sharp and indistinguishable from 
that of a sample of unirradiated quartz. Specimen 645 
was material which had been subjected to the differ- 
ential thermal analyses (DTA) described elsewhere.’ Its 
powder pattern (subsequent to the DTA) possessed 
diffuse lines. A small portion of specimen 645 was heated 
to 1100°C for } hour, and the powder pattern of the 
heated material possessed sharp lines and was indis- 
tinguishable from that of unirradiated quartz. Forward 
reflection cassette pictures were taken of the specimens 
752 and 756, both subsequent to the 1100°C heating; 
and they were compared with a similar picture of an 
unirradiated specimen of vitreous silica of the same 
shape. The pictures were all of amorphous substances, 
but showed some slight differences. That of specimen 
756 showed a slightly heavier halo than that of the 
comparison sample, and that of specimen 752 showed 
evidence of some “‘pseudo-crystalline” aspect as mani- 
fested by some slight low-angle streaking due to the 
white x-ray radiation. 


WILLIAM PRIMAK 


DISCUSSION 


The several hypotheses which have been suggested in 
the past**.*.16.5 to account for the behavior of particular 
properties, or the property changes in a portion of the 
range of the disordering phenomena, do not account for 
the observations presented in this paper. This discussion 
will be directed mainly to the presentation of a theory of 
the structural changes accompanying the atomic events 
of the damaging and the annealing, consonant with the 
present observations and with other published data. 


Effects in Vitreous Silica 


The changes observed in vitreous silica are examined 
first because they seem to follow a simpler course both 
on irradiation and on annealing, and because similar 
phenomena must occur in quartz when it has become 
considerably disordered. The rapidity with which the 
property changes take place in vitreous silica (Figs. 1-6) 
is their most prominent feature. [f the effects were to be 
attributed to atomic events initiated by the scattering 
of neutrons, then from a comparison of the property 
changes observed in vitreous silica and graphite with 
variously moderated neutrons it was concluded’ that 
most of the observed damage was to be related to 
energetic silicon and oxygen atoms dissipating about 
10* ev in elastic collisions in a small region.™ If these 
events may be considered to produce changes which are 
largely nonannealing at the irradiation temperatures, 
then the saturation period (1—e~) occurs at about 
1.210" damaging neutrons cm~* (from Fig. 1), and 
from previous calculations this indicates™ that about 
4X10‘ atoms are involved in the “severely damaged 
regions.”’ These regions are therefore at temperatures in 
excess of 2500°C at such times, and their lifetime is 
~10~-" sec. At these temperatures the requirements of 
bonding distances and angles arising from coordination 
and charge distribution must be less severe than at lower 
temperatures. Only the slightest deformation of the 
Si-O tetrahedra are possible, but greater deformation of 
these configurations with respect to each other can 
occur. This seems to occur in such a way as to make the 
structure more compact with respect to the Si-O 
tetrahedra, to compensate for the thermally increased 
Si-O distances. This compacted structure must then be 
frozen in as the thermal spike chills. 

There are several data which support the above 
hypothesis directly. Lukesh” investigated the change in 
the x-ray diffraction pattern resulting from irradiation 
of vitreous silica. If his results are compared with the 
analysis of the pattern made by Warren ef al.,”* it is 
evident that the major changes found by Lukesh corre- 
spond to increasing the range of the distribution of first 
Si-Si distances and decreasing their mean value, and to 


28 W. Primak, Phys. Rev. 98, 1854 (1955). 

** W. Primak, Phys. Rev. 103, 1681 (1956). 

hoy example as quoted by B. E. Warren, J. Appl. Phys. 8, 645 
(1937). 
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decreasing second Si-Si distances to an even greater 
extent. This is shown by the shift of the first peak which 
corresponds to first Si-Si distances. This peak is shifted 
to a value corresponding to an Si-Si distance smaller 
than that observed in cristobalite, as indeed might have 
been expected, since the irradiated glass is of about the 
density of cristobalite while being a disordered material. 
At siné/A=0.35 there is a peak in vitreous silica corre- 
sponding to second Si-Si distances which is partially 
resolved from an O-O peak at siné/A=0.40. On irradia- 
tion, the Si-Si peak is shifted into the O-O peak, and the 
two peaks appear more nearly like one peak in the 
irradiated material. The peaks corresponding to O-O 
distances which are seen are those for neighbors, and 
they seem relatively unaffected, as the hypothesis re- 
quires, for the deformation is mainly in the nature of 
adjoining tetrahedra being bent or twisted with respect 
to each other. Further support for the hypothesis is 
found in the course of the annealing reported here and 
in previous papers.’:' The properties change on annealing 
and gradually revert to those of ordinary vitreous silica. 
Some earlier work" seemed to indicate a frequency 
factor of 10° per second. Some newer work, results of 
experiments intended to determine the frequency factor 
directly,** has indicated it to be somewhat larger, 
perhaps 10" per second, and has indicated that the 
processes are first order. These results seem to accord 
better with the relaxation of locally strained bonds than 
with diffusion phenomena. 

The major contribution to the refractive index of 
silica is made by the oxygen ions, for their refractivity 
[R= (n®—1)/p(n?+2), where n is the refractive index 
and p is the density | is 2 orders of magnitude greater 
than that for the silicon ions.”’ The refractivity as a 
function of dosage (Fig. 8) decreases slightly, from 0.124 
to 0.1232, in the period where the density increases by 
some 2%. Since the nearest oxygen distances do not 
seem to alter, the effect is to be attributed to a small 
change in the polarizability of the oxygen ions by the 
silicon ions. An effect of this kind is well known.** The 
change in the refractive properties of vitreous silica for 
variously caused dilatations (AV/V» where V is the 
volume) can be compared. For a thermal dilatation 
VoAR/AV is 2.0; for an elastic dilatation® it is about 
0.034; for the total change in the early stages of the 
irradiation it is 0.02; and for the total change found very 
late in the irradiation it is about 0.02. The same effect 
can be seen in considering — VoAn/AV: for a thermal 


dilatation™ it is 8; for an elastic dilatation” it is about. 


0.34; for the total change in the early stages of irradia- 
tion it is about 0.45, in the intermediate stages 0.40, and 
in the late stages 0.37. The final alteration thus seems to 


26H. Szymanski and W. Primak (unpublished). 

27H. Mueller, J. Am. Ceram. Soc. 21, 27 (1938). 

2S. Glasstone, Textbook of Physical Chemistry (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1940), p. 530. 

2” W. Primak and D. Post (to be published). 

%® R. B. Sosman, The Properties of Silica (Chemical Catalogue 
Company Inc., New York, 1927). 
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Fic. 8. The behavior of the refractivity of quartz (open circles) 
and vitreous silica (solid circles) on irradiation in nuclear reactors. 
The cross is the value obtained when using an erroneous density as 
described in the text. 


be approaching a compacting of the structure rather 
than an ordering or disordering. 

The appearance of an early maximum change in the 
properties of vitreous silica, followed by a small de- 
crease, might be explained either by the inhomogeneity 
of the compacting being gradually removed, or by a 
slight local ordering in the original compacting being 
disordered as atoms are displaced and accommodated. 
The time scale of the events favors the latter ex- 
planation.” 


Effects in Quartz 


That the phenomena involved in the disordering of 
the quartz are very much more complex than those in- 
volved in vitreous silica can be seen immediately from 
the behavior of the expansions. From the facts that the 
final product has the same density as vitreous silica, is 
optically isotropic with the same optical properties, 
anneals in the same manner, and gives on annealing a 
product with the same properties, it must be concluded 
that this final product of the disordering of quartz on 
irradiation is isotropic and vitreous, and it therefore has 
an axial ratio unity. The gradual transition of an 
anisotropic body to an isotropic body will here be 
termed an “‘isotropization” to distinguish such a course 
from the actual change to an amorphous body, which 
among natural substances disordered by their own 
radioactive content has been termed a metamictization. 
If the isotropization were to proceed as a homogeneous 
deformation (i.e., a scalar-tensor effect, e.g., like the 
thermal dilatation) then it could be described by two 
constants, the radiation expansion along the c axis and 
the radiation expansion perpendicular to it. The total 
expansions 1+(Ac/co) and 1+(Aa/ao) for such an 
isotropization, involving the observed volume change of 
17.4% and the known original axial ratio 1.1, are easily 


31 It would seem from the results presented here that the state- 
ments of Wittels and Sherrill® on the crystallization of vitreous 
silica are incorrect. They may have observed either (a) a 
devitrification, probably accelerated by surface impurity, or (b) 
the crystallization of partially disordered irradiated quartz. 
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Fic. 9. Behavior of ratios of the radiation-induced expansions 
perpendicular and parallel to the optic axis of quartz. Full line: 
open circles—axial ratio computed from the expansion parallel and 
perpendicular to the original optic axis, i.e., 1.10 x/y; *’s— 
Wittels’ data” for the axial ratio; crosses—Wittels’ data® for the 
axial ratio plotted at dosages which in the work reported here 
correspond to the density changes reported by him. Note added in 
proof.—M. C. Wittels [Phil. Mag. 2, 1445 (1957) ] received while 
this article was in press, shows that in IT there is a large difference 
between the density measured directly and that obtained from 
the x-ray diffraction peaks assuming the symmetry of quartz. 
Accordingly, Wittels’ axial ratios obtained from the latter kind of 
data are probably inappropriate for this graph. Dot-dash line: 
solid circles 1.10 x/y*. Dotted line: half-open circles—ratio of the 
expansions perpendicular and parallel to the original optic axis, 
i.e., (y—1)/(x—1). The quantities are defined as follows: x=1 
+ (Ac/co), y=1+ (Aa/ao), where Aa/ap and Ac/cy are the fractional 
expansions perpendicular and parallel to the original optic axis, 
respectively. 


computed as follows: 


[1+ (Aa/ao) P[1+ (Ac/co) ]=1.174, 
1+ (Aa/ao)=1.1[1+ (Ac/co) ], 


and the solutions [1+ (Aa/ao) ]=1.088 and [1+ (Ac/co) ] 
=0.990 are obtained. Thus, such a homogeneous de- 
formation requires an 8.9% expansion perpendicular to 
the c axis and a 1.0% contraction along the c axis. 
Indeed, if no expansion or contraction along the c axis 
were to occur, isotropization by a homogeneous de- 
formation would require a 21% volume increase, 1% 
more than is required to give the density of unirradiated 
vitreous silica. Since in fact the final expansion observed 
along the c axis is about half that observed perpendicu- 
lar to the ¢ axis, it is obvious that an homogeneous 
deformation is not involved. 

The radiation expansion of quartz was investigated 
earlier® parallel to the c axis and perpendicular to it, in 
the initial stages of irradiation, for the period involving 
about 0.025% to 0.12% change in density. The ratio of 
the fractional expansions P= (Aa/ao)/(Ac/co) was ini- 
tially about 2 and was increasing appreciably so that at 
the end of this period it was about 2.3. This may be 
compared with the similar properties, the ratio of the 
linear compressibilities and the ratio of the thermal 
expansions, whose respective values” are 1.43 and 2.0. It 
would thus seem that initially the radiation damage of 
quartz behaves as if random disorder is being introduced 
into the crystal. Then the expansion perpendicular to 
the c axis continues to increase at a somewhat increasing 
rate, while the rate of expansion along the ¢ axis declines 
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somewhat. Thus P increases in value, eventually reach- 
ing a value between 5 and 6 at a dosage between 40 X 10'* 
and 60X10!* neutrons/cm*, as shown in Fig. 9. 

The work of Wittels ef al.8* shows that during all of 
I the material preserves its crystal symmetry in some 
degree, and it may be imagined that the large rise in P 
is an indication of some conformity to the axial re- 
quirements of a homogeneous deformation. However 
Klemens” analysis of Berman’s* thermal conductivity 
data shows that the disorders involved are a mixture 
both of small disordered regions and much larger ones.” 
The accumulation of the latter (which would seriously 
affect the crystal symmetry) suggests a mechanism for 
explaining the later anomalies of the axial expansions. 

The thermal spikes which seem to play so dominating 
a role in the irradiation of vitreous silica should be 
equally present here according to the ordinary con- 
siderations of the flow of heat, contrary to some sug- 
gestions made earlier.* At the temperatures which were 
shown to be significant in the discussion of the role of 
thermal spikes in vitreous silica, the thermal con- 
ductivity of quartz and vitreous silica must be nearly 
the same.* If vitrification could proceed in such thermal 
spikes, then, as soon as they became effective, dis- 
ordering would be virtually completed by a dosage of 
30X10'8 neutrons/cm?. No such phenomenon is ob- 
served in the disordering of quartz, and hence it is 
concluded that the region of the thermal spike does not 
become vitrified, even though its temperature is far 
above the melting point for a time several orders of 
magnitude longer than the atomic vibration period. 
This is not entirely surprising. The viscosity of liquid 
SiO, is very great even at ordinary pressures, and it is 
difficult to obtain homogeneous vitrification even in the 
meiting pot. A failure to obtain a vitrification (which 
would be of the nature of the sluggish transformations) 
in the thermal spike under conditions of pressure which, 
from Le Chatelier’s principle, would favor the crystal- 
line form is not, therefore, surprising. On the other hand, 
one might expect that the behavior hypothesized for 
vitreous silica may occur here too: a phenomenon which 
is analogous to the rapid inversions in quartz. This is the 
relaxation of the firmness of the binding permitting the 
Si-O tetrahedra to slightly alter their relations with re- 
spect to neighboring tetrahedra. The effect in the 
disordered quartz would be to alter the local configura- 
tion about an individual atom. How the order at a 
particular point would be affected would depend on the 
phasal relations of the local configurations to each other, 
and these might be improved or worsened in particular 
cases, but statistically would, of course, lead to vitri- 


® This distribution is related to the product of the distribution 
of scattered atoms and the pile neutron distribution, not to the 
distribution along the range of the scattered atom as depicted by 
Klemens.!* The range of the scattered atom is so short that it 
effectively forms only one cluster in general. 

3 W. Primak, Phys. Rev. 98, 1854 (1955). 

% See C. Zwikker, The Physical Properties of Solid Materials 
(Pergamon Press, London, 1954), Figs. 9-28, 
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fication. Here the displaced atoms (in the sense used by 
Seitz) play a role which they cannot play in vitreous 
silica. The latter is a random network with no phasal 
relations between the local configurations, and hence the 
displaced atoms are accommodated with little alteration 
to the statistical order. However, when the local con- 
figurations of the partially disordered quartz accom- 
modate displaced atoms, the phasal relations between 
the local configurations are altered ; the x-ray diffraction 
pattern due to the high-index planes vanishes eventually ; 
and all that remain are the diffuse maxima, a lattice 
with disorder ‘frozen in” (analogous to the maxima of 
the temperature diffuse scattering). The materia! is now 
in II. This view of the gradual, almost uniform, dis- 
ordering of quartz, to which one is led by comparing the 
behavior of several of the properties and by comparing 
the time scale of the changes in quartz and vitreous 
silica, avoids all the difficulties of enormous macroscopic 
strains which Klemens'* has hypothesized. 

The material in IA anneals simply over a broad range 
of temperatures suggesting a broad activation-energy 
spectrum for annealing of the disorder. In IB complex 
behavior appears. Some properties of the material 
(notably the refractive index) remain stationary until a 
fairly elevated temperature is reached [about 500°C for 
the case given here, Fig. 7(h) |. Other properties like the 
birefringence, the rotatory power, and the x-ray diffrac- 
tion patterns® begin to return to those of quartz at a 
lower temperature (about 350°C for the cases given here). 
The density and axial expansions [ Figs. 7(a)(b)(d)(e) (f) | 
show an effect which has been termed ‘‘anti-annealing”’ 
by some*®: an alteration toward the properties of dis- 
ordered material at lower temperatures; then at higher 
temperatures the properties alter to those of quartz. 
This inversion from “anti-annealing” to ‘‘annealing” 
occurs at different temperatures for the respective axial 
expansions. The anti-annealing at the lower tempera- 
tures seems to be nearly the same for both axial ex- 
pansions, and if it is assumed to be an isotropic expan- 
sion and independent of the negative aeolotropic axial 
expansion observed at higher annealing temperatures, 
then the inversion temperature will be lower for the 
greater negative axial expansion as was found. On the 
basis of this reasoning it was suggested’* that these 
observations were to be explained by a phase separation, 
one phase being deformed crystal quartz, and the other 
phase being amorphous silica within the crystal. The 
fraction of each can be calculated if it is assumed that 
the amorphous material is that observed in the irradia- 
tion of vitreous silica and if its annealing behavior is the 
same. Then from the annealing expansions shown in 
Fig. 7(d) using the vertical scale of the figure as a unit 
of length, the axial expansions of 100 units parallel to 
the ¢ axis and 500 units perpendicular to it represents a 

36 E.g., G. R. Hennig and J. E. Hove, Proceedings of the Confer- 


ence on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1957), Vol. 7, paper 751. 
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volume change of 1100 units cubed on total annealing, 
corresponding to a dilatation of 4% and hence caused by 
27 500 units cubed of quartz. For about 4 the annealing 
range of vitreous silica" the linear expansion is 50 units, 
hence corresponding to a volume change of 450 units 
cubed. If there is a 2% expansion on annealing, there 
are involved 22000 units cubed of amorphous silica. 
Even with the reasoning given by Klemens,’*® allowing 
a 10-15% dilatation, 10-20% of the body would have to 
be amorphous. This is unreasonable in view of the fact 
that, after total annealing, the properties are so closely 
those of ordered quartz. Neither does it correspond to 
the behavior of the other properties. According to this 
hypothesis, the refractive index would be expected to 
decrease because of the expansion and the decreasing 
ultraviolet absorption, but it does not change; the 
rotatory power and birefringence, since they are given in 
per unit length of the specimen in Figs. 7(j) and (I), 
would be expected to decrease, and they increase in- 
stead. Thus, the hypothesis of the presence of two phases 
must be abandoned. Instead it is suggested that during 
annealing there are readjustments of the kind that occur 
in the rapid inversions of silica, small movements of the 
silicon-oxygen tetrahedra with respect to each other. 
These improve the long-range order and make only 
small changes in the local configurations. Thus the 
thermoelastic phenomena in the thermal spike seem to 
accommodate the disorder by favoring a closer packing 
of the local configuration sacrificing some long-range 
order, while slow annealing at low temperatures favors 
a little greater long-range order at the expense of lesser 
packing in the local configuration, and a small dilatation 
of the solid results. Because of the increase in long-range 
order, the birefringence and the rotatory power in- 
crease. The increased polarizability of the oxygen ions 
must about compensate for the alterations in the ab- 
sorption spectrum and the change in density, and thus 
the refractive index is left nearly unchanged. 

The changes of annealing are observed at quite low 
annealing temperatures. Indeed, a definite expansion 
perpendicular to the c axis was apparent even after the 
200°C annealing. It may therefore be expected that the 
effects will be sensitive to the temperature of irradiation. 
Although Wittels and Sherrill’s* dosage data are not 
believed to be as reliable as the data given here, an 
effect of this sort may be responsible in part for the 
differences between the two sets of results. The irradia- 
tion temperatures they quote are about 100°C. The data 
presented here are probably (they were not measured 
but were estimated from test-hole coolant temperatures 
and reasonable temperature rises within casings) in 
most part for irradiation temperatures 40°C to 70°C 
lower. The greater extension of I which Wittels and 
Sherrill observed could be explained in this manner. 
Some of the observations given here confirm quali- 
tatively the existence of such an effect. These are the 
strains found within a single irradiated quartz specimen, 
the variations in rotatory power and birefringence in 
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some specimens, and the different densities found for 
specimens irradiated simultaneously in the same can. 
The only reasonable explanation for these phenomena is 
that they were caused by temperature gradients in the 
specimens and cans during irradiation. 

The behavior in I can be discussed in terms of the 
original crystal symmetry, but in II it is no longer 
possible to do this as is illustrated by the behavior of the 
axial ratio. The ratio Q= (1+Aa/a)/(1+Ac/c) becomes 
stationary in II while the isotropization proceeds almost 
as Q(1+Aa/ao) (as shown in Fig. 9) a behavior which 
cannot be justified in a simple way. It would seem that 
with the greater destruction of long-range order and the 
increased accommodation of displaced atoms, there are 
local anisotropic configurations formed which are ro- 
tated with respect to the original axes. The material 
which in IB was in a state which Klemens* dubbed a 
“dilute glass” could similarly in II be dubbed a “dilute 
crystal,” but since there is probably a continuity of 
(thermodynamic) states (with no sharp physical bound- 
aries) present in the solid, the nomenclature is no more 
desirable than the similar one for a glass criticized by 
Warren long ago.”® With the peculiar behavior shown in 
II and with the possibility that elastic phenomena may 
be involved, it is no longer necessary that the fractional 
expansions form an ellipsoid. Even the finding (see 
below, the discussion of the refractivity of quartz) that 
the density computed from the expansions parallel and 
perpendicular to the c axis does seem to correspond to 
the actual density does not prove that the fractional 
expansions do not form an ovaloid or a surface of 
trigonal symmetry (like Young’s modulus), and they 
should therefore be investigated further. 

This writer has not made any observations in the 
midst of II, but Wittels ef al. have published some 
density, axial ratio, x-ray diffraction, and annealing 
behavior determinations which are from this stage. The 
experimental work is unreported in detail as yet. They 
repeatedly mention that, on annealing irradiated quartz, 
cryptocrystalline} quartz is obtained. The writer has not 
seen any evidence of this phenomenon in I or III, and 
hence it seems reasonable to attribute it to II, but this 
should be confirmed by independent observation. It 
would be explained by the phasal relations between the 
local configurations becoming so greatly disturbed that 
the long-range order can no longer be re-established 
throughout the specimen, and so the local configurations 
form nuclei for the devitrification of the disordered 
quartz. However, the anisotropy of quartz would not 
permit annealing to form an unstrained mass of ran- 
domly oriented ordered quartz crystallites. Wittels has 
mentioned the observation of a porous structure. An- 
other possible result would be small crystals in a 
vitreous matrix. It would be desirable to obtain more 








t Note added in proof.—Consisting of small randomly oriented 
crystallites. See, e.g., Dana’s Textbook of Mineralogy, 4th ed. by 
W. E. Ford (John Wiley and Sons, Inc., New York, 1938), p. 204. 
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detailed experimental information of annealing in this 
stage. 

In III there still are ordered local configurations 
present as is shown by an appreciable rotatory power 
and birefringence; and since the rotatory power is ob- 
served in approximately the direction of the original 
c axis, at least some of these local configurations must be 
vestiges of the original structure. However, they have 
become so small and disoriented that they can no longer 
remain nuclei for recrystallization during the local ad- 
justments to establish better long-range order. They are 
deformed, and the general disorder of a glass results. 
The product is amorphous as suggested by the loss of 
rotatory power and birefringence and as definitely 
shown by x-ray diffraction pictures; but, at least after 
heating to 1100°C for a short period, it is not identical 
with vitreous silica, as shown by the x-ray diffraction 
low-angle scattering and by small differences in density, 
until late in IIIB. Evidently the product of the annealing 
from IIIA, although essentially amorphous and vitreous, 
does possess slightly greater short-range order than 
ordinary vitreous silica does. Thus if one accepts the 
cryptocrystalline silica reported by Wittels as being the 
product of annealing from IIB, then it would appear 
that the product of annealing specimens of increasing 
irradiation dosage contains decreasingly smaller crystal- 
lites until, eventually, in the annealing product of III 
these are too small to be termed crystallites, and the 
product must be considered vitreous. After further ir- 
radiation (late in IIIB) the annealing products eventu- 
ally become indistinguishable from ordinary vitreous 
silica. 

There is an uncertainty in applying the usual treat- 
ment of the refractivity to quartz because of its ani- 
sotropy. Since the refractivity represents an ionic 
volume, it should be the same whatever polarization of 
light is used to determine it. The Lorentz-Lorenz calcu- 
lation is therefore performed for an ellipsoidal cavity 
whose axes are in the ratio (1+.S), the quantity S being 
determined by the condition that R be the same for n, 
and m.. Following Mueller,” F= E+ 42J8, where B=1 
—0.8S for the extraordinary ray and 8=1+-0.4S for the 
ordinary ray, and hence R=(n?—1)/p[3+8(n?—1) ]. 
For the case of quartz S is found to be 0.0358 and 
R=0.1206, which is nearly a mean value for the results 
obtained by inserting the respective indices of refraction 
in the usual expression in which § is unity. The re- 
fractivity calculated by this ad hoc procedure (Fig. 8) 
increases gradually on irradiation with a very slight 
sigmoid shape to the value for irradiated vitreous silica. 
However, to get this result it is necessary to use as the 
density for specimen 752 that which is computed from 
the expansion of specimens 752 and 753, rather than the 
smaller density of the small fragments 410 which were 
also present in this irradiation can. If the latter density 
is used, the refractivity calculated at this point greatly 
exceeds the value for unirradiated vitreous silica, a re- 
sult which would be most extraordinary. It is therefore 
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concluded that the densities calculated from the ex-" 


pansions are correct for these specimens and that the 
smaller specimens show a larger property change for a 
given dosage. This is explained by the larger specimens 
having been at a higher temperature during the irradia- 
tion, and is further evidence of a sensitivity of at least 
some of the effects to the temperature of irradiation. 

Some of the complexity present in this description of 
the radiation disordering of quartz and the subsequent 
annealing of the disordered product implies that simul- 
taneous and competing processes occur. Thus, the 
simplest explanation for a sensitivity of the radiation- 
induced property changes to the irradiation temperature 
is the simultaneous occurence of damaging and anneal- 
ing. The formulation of different annealing processes in 
the several stages implies competing processes in speci- 
mens irradiated for intermediate dosages. Thus it may 
be expected that differing irradiation conditions and 
differing annealing programs will give variations in 
results. 


Comparisons with other Insulators 


In the disordering of siliceous minerals by meta- 
mictization, the phenomena of the damaging seem to 
follow a course similar to that found here for quartz. 
The metamictization is caused by the alpha particles 
and the recoiling decaying natural radioactive species 
present.** The former, having energies of about 3-4 
Mev, produce scattered displacements (in a nuclear 
reactor scattered displacements are formed in the scat- 
tering of low-energy neutrons) while the latter have 
energies from 0.05 to 0.1 Mev. They therefore possess 
energies of the order of magnitude of the energetic atoms 
formed by neutron scattering in nuclear reactors. How- 
ever, because of their greater mass, the recoiling radio- 
active atoms are more effective in displacing atoms, and 
the thermal spikes associated with them should be 
somewhat larger and of somewhat longer duration over 
their effective lifetimes; but yet the phenomena should 
not be tremendously different from those found here, 
and indeed this seems to be the case. The course of the 
disordering of zircon was found by Holland and 
Gottfried*’? to possess a number of the features of the 
disordering of quartz as discussed here. There are similar 
sigmoid damage dosage curves, and similar behavior of 
the axial ratios. The damage can therefore be discussed 
as occurring in 3 stages. Much earlier work** showed 
complexities in annealing behavior. In I a return to the 
properties of unirradiated zircon occurs; but in IT this 
is no longer possible. The effects therefore seem to be 
controlled by the sluggish transformations and rapid 
inversions shown by silica structures, much as has been 
hypothesized here for quartz. However, the presence of 





36H. D. Holland, Nuclear Geology (John Wiley and Sons, Inc., 
New York, 1954), p. 178. 

37H. D. Holland and D. Gottfried, Acta Cryst. 8, 291 (1955). 

88 E.g., Von Stackelberg et al., Z. Krist. 95, 230 (1936) ; 97, 252 
(1937); 102, 173 (1939); 102, 207 (1939). 
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the other ionic species introduces a complication which 
appears both in the metamictization and in the anneal- 
ing. Holland and Gottfried*’ reported for zircon that 
during II there appeared new x-ray diffraction lines. 
Evidently some new local configurations developed, and 
this is here suggested to be the result of a kind of 
crystallization which occurred in the thermal spike. 
Crystallization of such a new phase can also occur during 
annealing as shown by Pabst*® for metamictized thorite, 
and it is suggested here to take place on favorable local 
configurations which act as nuclei. 

The disordering of quartz in a nuclear reactor is thus 
presented here as the simplest example of a meta- 
mictization. It is a prototype for one of a number of 
classes of radiation damage which can now be delineated 
among those found to occur in insulators. The cases of 
molecular and ionic crystals are discussed by Seitz and 
Koehler.” Results published for diamond and silicon 
carbide suggest that in these cases the interstitial atoms 
are accommodated by a homogeneous elastic deforma- 
tion, and the structure is so rigid that long-range order 
is maintained until a very high concentration of 
interstitial atoms is reached. The high melting point and 
high thermal conductivity are probably contributing 
factors to decreasing the effects of thermal spikes of 
energetic displaced atoms. In the case of diamond, the 
x-ray patterns remain sharp until several times the 
dosage required to completely disorder quartz. In the 
case of graphite the interstitial displaced atoms seem to 
be accommodated by a local elastic deformation. In 
both the graphite and the diamond classes, the interstitial 
atoms remain, at least in part, only loosely bound to the 
lattice; and large amounts of energy is stored thereby. 
In the case of quartz, the interstitial atoms seem to be 
accommodated by a local permanent deformation and a 
disorientation which recall the rapid inversions; in the 
thermal spikes vitrification does not occur, despite tem- 
peratures above the melting point, because of the firm 
bonding, and this recalls the sluggishness of the recon- 
structive transformations. Little if any energy is stored, 
and it must be assumed that the displaced atoms are 
bonded in the local configuration in much the same ways 
as their neighbors. The refractory-ionic-metal oxides 
seem to form a class in which recrystallization is very 
rapid, so that it can occur in the thermal spikes, and 
hence extensive structural disorder is not readily ob- 
served. Probably much of what is observed is due to the 
accumulation of defects from extensive displacement 
and recrystallization. However, the effects become ap- 
parent in some cases. A spectacular case was recently 
found by Klein and reported by Wittels and Sherrill": 
Klein observed the formation of a high-temperature 
phase of ZrO, during irradiation in a neutron reactor, 


%® A. Pabst, Am. Mineralogist 37, 137 (1952). 

 F. Seitz and J. S. Koehler, in Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 1, p. 308. 

“| M. C. Wittels and F. A. Sherrill, J. Appl. Phys. 27, 643 (1956). 
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which the latter investigators associated with thermal 
spikes. The metamictization of minerals is dominated by 
the behavior of the silica structure; but there are also 
present some effects which are related to the class of the 
refractory-ionic-metal oxides, and a phase separation 
seems to occur at least in some cases. Small amounts of 
stored energy are found on annealing metamictized 
minerals in calorimeters, and it is suggested here to be 
due mainly to chemical reaction between the separated 
phases and to recrystallization. 


APPENDIX 


The paper by Simon® appeared after the writing of 
the present paper. His data seem to agree with the 
interpretations given here. 

The deposit of about the density of cristobalite found 


J. Simon, J. Am. Ceram. Soc. 40, 150 (1957). 
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by Stewart* on the walls of a discharge tube was 
probably radiation-damaged vitreous silica. 

The variability in the density of quartz found in 
nature has usually been attributed to impurities. That 
it may in part be due to radiation damage from cosmic 
rays and radioactive inclusions should be considered. 
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The use of galvanomagnetic experiments to determine the mobility and density of carriers in the space 
charge region of a semiconductor surface is considered. In part I an approximate model is used: it is a single 
crystal composed of two regions, a surface region of thickness of the order of a Debye length and a bulk 
region. Expressions for the resultant Hall coefficient are given for three experimental configurations by use 
of circuit analysis. The sensitivity of each configuration is derived, and by also considering experimental 
desirability, one is selected for study. It has the magnetic field perpendicular to the surface and the Hall 
voltages of surface and bulk are in parallel. Changes in Hall voltages of 1 to 50% are expected by using 
ambients to change the surface potential. 

In part II the model is assumed to be a single crystal with continuous variation of the potential in the 
direction perpendicular to the surface. Rigorous expressions are derived for the Hall coefficient and magneto- 
resistance by use of the one-dimensional Boltzmann equation. A feature of the derivation is its independence 
of a specific model of the surface region. The resulting expressions contain surface densities and mobilities 
which can be evaluated from experimental data of Hall coefficient and conductivity. Conversely, the ex- 
pressions can be used with theory based on specific surface models to predict values of conductivity, Hall 
coefficient, and magnetoresistance. 


INTRODUCTION the mobility of carriers in the space-charge region has 
been made by Schrieffer.‘ His study indicated that the 
mobility is a function of the surface potential and, for 
commonly obtained values of the surface potential, is 
lower than the bulk value. This general picture has been 
successful in interpreting a large number of experi- 
ments, including measurement of conductivity, field 
effect, and capacity.'! However, a more direct measure- 


HE interpretation of many experiments relating 

to the surface region of a semiconductor depends 

upon a knowledge of the density and mobility of carriers 
in the space-charge region as a function of surface 
potential.! The density of carriers has been calculated 
by solving Poisson’s equation.”* A theoretical study of 


1 For a review of the current state of surface physics and an 





extensive bibliography see R. H. Kingston, J. Appl. Phys. 27, 101 
(1956); and Semiconductor Surface Physics, edited by R. H. 
Kingston (University of Pennsylvania Press, Philadelphia, 1957). 
2 R. H. Kingston and S. F. Neustadter, J. App!. Phys. 26, 718 
(1955). 
3C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 


ment of the density and mobility of carriers in the 
space-charge region is desired to establish firmly the 
basic picture of the semiconductor surface and because 
of intrinsic interest in the scattering process. 


‘J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 








MOBILITY AND 

Combined Hall coefficient and conductivity measure- 
ments have been most useful for studying the mobility 
and density of carriers in bulk crystals. However, 
several problems are encountered in using these experi- 
ments to study surface conduction. The first is that of 
separating the surface contribution from the bulk 
contribution to the Hall coefficient.’ The second is that 
of sensitivity—it is known that bulk Hall voltages are 
an order of magnitude smaller than conductivity 
voltages, and because of the geometrical factor, it can 
be expected that the surface contribution will be small 
compared to the bulk contribution. Even if magnetic 
fields large enough to make the Hall field comparable 


to the longitudinal field could be applied, it is desirable 


to have the Hall field small in order to keep the effect 
linear. 


I. GENERAL DESIGN OF THE EXPERIMENT 


It was decided to consider only experimental methods 
susceptible to rigorous theoretical analysis. We there- 
fore consider single crystals of large surface area and of 
small thickness. The properties of such crystals can be 
assumed to vary perpendicular to the surface (z di- 
rection) but not parallel to the surface. There are three 
independent ways that the magnetic field, current, and 
Hall probes can be oriented, as shown in Fig. 1. The 
mobility and Hall coefficient will in general be tensor 
quantities at points close to the surface, so that the 
three configurations will probably yield quite different 
results. However, all three can in principle be analyzed 
by solution of a one-dimensional Boltzmann equation. 
We shall consider each of them to determine which 
appears to offer the best possibility for a successful 
experiment. 

A first consideration is to estimate the magnitude of 
the surface contribution to the observed Hall coefficient. 
To get a qualitative estimate of this, we first adopt a 
simple model and use an approximate method of 
analysis. We consider the sample 40 be composed of 
two regions (see Fig. 1), a bulk region of thickness dp, 
and a surface region of thickness of the order of a Debye 
length, d<=Lp, with 


Lyp= (xeokT/2q?n,)'=0.67 X 10 cm 
for germanium. 


(1) 
We assume that Hall voltages are induced in the two 
regions as if they were isolated from each other. Then 
the two regions are connected to each other either in 
parallel [Figs. 1(a), 1(c) ] or series [Fig. 1(b) ]. Circuit 
theory is used to derive an expression for the resultant 


5In special cases the effects of the bulk can be neglected; an 
example is the recent work of Frederikse, Hosler, and Roberts, 
Phys. Rev. 103, 67 (1956). They studied galvanomagnetic 
properties of magnesium stannide at helium temperatures and 
concluded that the bulk contributions were frozen out at this 
temperature; thus they observed surface effects directly. Our 
analysis is for the general case when the bulk contribution is not 
negligible. 
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Frc. 1. Possible configurations for Hall measurements. (a) Cur- 
ents in parallel and Hall voltages in parallel. (b) Currents in 
parallel and Hall voltages in series. (c) Currents in series and Hall 
voltages in parallel. 


Hall coefficient in terms of the surface and bulk Hall 
coefficients and conductivities. 

This approach is approximate in that it does not 
consider the potential to vary continuously in the z 
direction, nor does it consider all possible circulating 
currents. For example, in Figs. 1(a) and 1(c) circulating 
currents perpendicular to the surface are neglected. 
We use this method to estimate the sensitivity and to 
discuss some of the experimental problems associated 
with each configuration. The analysis enables us to 
select one approach [Fig. 1(a) ] as appearing to be the 
most promising for study. 

In Part II we then analyze configuration 1(a) by use 
of the Boltzmann equation. That analysis drops the 
two-region assumption and considers the potential to 
vary continuously in the direction perpendicular to the 
surface. It also treats the circulating-current problem 
rigorously. The Boltzmann analysis leads to the same 
expression for the Hall coefficient as the circuit ap- 
proach, although this is not true for the magneto- 
resistance. 
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A. Expressions for the Hall Coefficient by 
Two-Region Circuit Analysis 


We now give the expressions for the Hall coefficient 
using the models of Figs. 1(a), 1(b), 1(c), and circuit 
theory. These expressions have been used in the study 
of inhomogeneous semiconductors. However, we sketch 
their derivation because they do not seem to appear in 
the literature. 

1. Magnetic field perpendicular to broad area of sample, 
Hall voltages of surface and bulk acting in parallel, and 
bias currents in parallel.—The first configuration and 
its equivalent curcuit are shown in Fig. 1(a). The 
individual Hall voltages and currents are 


Vi,=1,RH/ds, V .=1,R.A/d,, 
Typ=ordel/(ordyto.d,), I,=0.d1/(ordy+o.4,), 
l=Iyt+-ln d=dtds, 


where the subscripts 6 and s refer to the bulk and 
surface, respectively, o is conductivity, R is Hall co- 
efficient, and H is the magnetic field. The open-circuit 
Hall voltage is 


V =IHR/d= (VsGit V.G,)/(Go+G,), 
where the conductances are given by 
G,=0,0d,L/w, G,=0.d,L/w. 


Solving, one finds for the Hall coefficient and con- 
ductivity of the total sample, 


d(Ryo7d,+R,o2d,) 


ee ore ral (2) 
(o,d,+0,.d,)" 
(oxd,+e,d,) 
PS a achicrd (3) 
d 


This configuration is attractive from the experimental 
point of view; no contacts need be made to the surface 
area, gaseous ambients or electric fields can be used to 
vary the surface conditions, and ordinary dc or low- 
frequency techniques can be used for the measurements. 
The side-arm technique is known to yield low noise,® 
since no current flows through the contacts; thus small 
changes in the Hall voltage can be detected. Further- 
more, since the magnetic field causes the electrons to 
have orbits in the plane of the surface, one expects the 
conductivity mobility not to be seriously changed by 
the magnetic field. However, the shunting effect of the 
bulk is in the ratio of ¢,2d,/o,7d, for the Hall coefficient, 
so it is of interest to consider other arrangements which 
may offer more sensitivity. 

2. Magnetic field parallel to broad area of sample, Hal! 
voltages of surface and bulk acting in series, and bias 
currents in parallel.—In this case the Hall probes are 
placed on the front and rear surfaces ; thus the individual 


‘Hn. C. Montgomery, Bell System Tech. J. 31, 950 (1952); 
Frances L. Lummis and R. L. Petritz, Phys. Rev. 105, 502 (1957). 
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Hall voltages are now added in series [see Fig. 1(b) }: 


V=V,tV,=I1RH/w, I=I,+1.,, 
V.=1,R,H/w, V,=1,R,H/w, 

ody] o,d,l 
eee, je ein, 
ardyt+o.d, ondyt+o.d, 


Solving, one finds 
Ryord,+ R,o.d, 
R=——— 





———— (4) 
ondytod, 

(o,d,+0,d,) 

¢=—____——. (5) 
d 


In this case the shunting effect of the bulk is o,d,/o,d,. 
However, a disadvantage is that it requires attaching 
leads to the surface under study or the use of capacitive 
Hall probes. Also the magnetic field causes orbits 
perpendicular to the surface, thus altering the con- 
ductivity mobility to some extent. Presumably this 
could be interpreted in the theory, so in itself it is not 
a compelling reason not to use this setup. 

3. Magnetic field parallel to large area of sample; Hall 
voltages of surface and bulk acting in parallel, and bias 
currents in series—For this case we have, from Fig. 
1(c), 


V,=IR.H/L, V.=IR,H/L, 


G,=0,L4,/w, G,=0,l4,/w, 


ViGst+V.G, THR 


GitG, L 


Solving, one finds 
R Ryovdst+R,od, 


od,t+o,d, 


d 
c= <a ment aa . (7) 
(d/o) +(d,/o,) 
In this case the shunting effect of the bulk is o,d,/0,d,. 
However, as for case two, it has the disadvantage of 
requiring leads attached to the surface under study, or 
the use of capacitive coupling. As in case 1(b), the 
magnetic field causes orbits perpendicular to the surface. 


B. Sensitivity Analysis—Small-Signal Range 


The sensitivity required for detecting a small change 
in the Hall coefficient due to a change in the surface 
potential is evaluated for the three cases as follows. A 
change in surface potential will cause a change in o, 
and R,, while o, and R, will remain unchanged. Thus 


AR= (0R/d0,)Ao,+(OR/AR,)AR,. (8) 


Considering Fig. 1(a) we substitute Eq. (2) into Eq. 
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(8) and find to first order 


_« L2ords(R 373 Ryo») Ao, + (ord, +0.4,)02AR, | 


(ardy+o,d,)* 
(9) 


By a similar analysis we find for Figs. 1(b) and 1(c), 
using Eqs. (4) and (6), 


d,{ (Ryo,— Ryor)d,Ao,+ (ord, +0,d,)0,4R, | 
R= ’ 


(10) 
(od,+0,d,)* 


Equations (9) and (10) can be used to evaluate the 
sensitivity for arbitrary initial surface potentials. The 
sensitivity of configuration 1(a) is in general different 
from that of 1(b) and 1(c). However, these expressions 
simplify greatly when one assumes the initial condition 
of the energy bands to be flat, that is, the surface 
potential, ¢,, to be equal to ¢» (bulk potential) : 

op) =o». (11) 


R,(¢.= o>) = Ri, o,(o,= 


Substituting the relations of Eq. (11) into Eqs. (9) 


and (10), we find for all three cases 


AR d, AR, 


= (12) 
R, d R, 

This shows that for small changes in surface potential 
around the condition of flat energy bands, all three 
configurations have the same sensitivity. Furthermore, 
AR is proportional only to the change in surface Hall 
coefficient (AR,); the change in surface conductivity 
does not enter directly. 

In order to obtain an estimate of the sensitivity 
required, we compare AR with the change in conduc- 
tivity. Using Eqs. (3), (5), and (7), we find 


d, 
Ao=—Aco,, [Figs. 1(a), 1(b)]; 
tf 
(13) 
o,'dd,Ac, 
Ao= a [1(c) ]. 
(o,dy+ord,)° 


Assuming again for the initial condition that the bands 
are flat, we have for all three cases 


Ao d,dAo, 
=-- (14) 


Th do b 


Comparison of Eqs. (12) and (14) shows that the 
geometrical factor, d,/d, is the same for the Hall 
coefficient as for the conductivity. 

To estimate the absolute magnitude of AR/R, and 
to compare it with Ao/o,, we consider a one-carrier 
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. 


model and smal! deviations from ¢,=¢»: 
R,=c/nq, c=, 
An,=n,(o,4~os)—Ns, Aus=us(O.%~bo)—mo, (15) 
N(bs=G)=Nv, Ms(bs=0) =Md, 
Ao, An, Ap, AR, ae 
aes 


- —| = |—|. (16) 
Th Ny Mb Ry | Np 


o,;> Qn cbs, 


“9 


Substituting Eqs. (16) into Eqs. (12) and (14), we find 


AR| d,\An, 
—|=—|/—|, (17) 

Ry! dime 
Ao d,fAn, An, 

= (- one ). (18) 
Tr d Np Mb 
Neglecting changes in mobility, we see that 

AR| Ao d,|An, 
—|>2—>—|—|. (19) 
R,| op di my 


Thus one can expect the same order of magnitude 
changes in AR/R, as in Ao/oy. 

The Bardeen-Brattain gas ambient cycle’ enables 
one to obtain 0.01< Ag/o,<0.5, in thin (d=1 mil) 
high-resistivity germanium. This indicates that our 
experimental peobiens is to measure changes in R of 
the order of 1% to 50%. Further sensitivity can be 
attained by decreasing the sample thickness and by 
reducing the bulk density of carriers (e.g., by making 
the sample intrinsic or by cooling). 


C. Selection of Experimental Approach 


The above analysis ite s that all three c onfigurations 
have the same sensitivity for small changes in surface 
potential about $,=¢». Therefore, the selection is 
reduced to considerations of experimental technique. 
The first method, Fig. 1(a) is chosen because it embodies 
the features described in Sec. A. 

In conclusion, the configuration shown in Fig. 1(a) 
offers a good possibility for studying surface Hall effect. 
The sensitivity needed is approximately that required 
in conductivity measurements. 

We have found it possible to carry out such measure- 
ments on high-resistivity germanium at room tempera- 
ture, using the configurations of Fig. 1(a) and a modified 
Bardeen-Brattain technique for varying the surface 
potential.*.* The results are in good agreement with the 
estimates of this paper. 


TW, H. Brattain and J. Bardeen, Bell System Tech. J. 82, 1 
(1953), 

§ A preliminary report of the experimental and theoretical work 
has been given: J. N. Zemel and R. L. Petritz, Bull. Am. Phys. 
Soc. Ser. II, 2, 131 (1957). 

9J. N. Zemel and R. L. Petritz, Phys. Rev. 110, 1263 (1958), 
following paper. 
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II. BOLTZMANN EQUATION AND EFFECTIVE 
MOBILITY ANALYSIS OF CONDUCTIVITY, 
HALL COEFFICIENT AND MAGNETO- 
RESISTANCE 


The two-region circuit analysis used in Part I in- 
volved simplifying approximations in regard to circu- 
lating currents and the variation of the potential 
perpendicular to the surface. In Sec. A below, we 
analyze the configuration of Fig. 1(a) by use of a one- 
dimensional Boltzmann equation. We drop the two- 
region assumption and allow the potential to vary 
continuously in the z direction. This allows for a 
rigorous derivation of the expressions for the Hall 
coefficient and magnetoresistance. In Part B we show 
that the z dependence can be eliminated by integration 
to define effective surface densities and mobilities. The 
use of the resulting expression for analyzing experi- 
mental data is discussed in Sec. C. An interesting 
feature of the derivation is that a specific model of 
the surface is not assumed. 


A. Solution of z Dependence of Hall Coefficient 
and Magnetoresistance 


We first require aa expression for superposing the z 
dependence of the Hall coefficient and magnetore- 
sistance, analogous to the well-known expression for the 
conductivity, 


o=(1/d) f a(z)dz. (20) 


The previous solution for the Hall coefficient [Eq. (2) ] 
obtained by circuit analysis generalizes to continuous 
variation in the z direction as" 


raaf Ro ore/[ [otoue]. 


Presumably one should use the multicarrier formulas 
for the local Hall coefficient, R(z), and the local con- 
ductivity, o(z), in Eq. (21). However, this point was 
not considered in the circuit analysis since the problem 
of circulating currents was not adequately covered. To 
show that this is the correct procedure and to derive an 
analogous expression for the magnetoresistance, we use 
the Boltzmann equation. Assuming spherical energy 
surfaces and a magnetic field, H, in the z direction, we 
have 


(21) 


1 — 
-*(E+-vxH) grad, f+v-grad, f= wz sd 
m c T (22) 





E,= —0do/dz, H=Hk. 


The solution to this is written as 
f= fot flv,2), 


10 J. N. Zemel (private communication). 


fo= cele aCe) RT, 
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The function fi(v,z) is determined by solving Eq. (22) 
subject to appropriate boundary conditions for surface 
scattering. The current densities are then found by use 


of 
jte)= f f fav v2 fi(v,z), 
i= f f faverpivs, 


For small magnetic fields, 7, and j, can be written 
formally as 


jx(2)=|q| De me(z)(un(2))Ee+ Doe qume(2)(ui2(2)) HE, 
—|¢q\doe me(2)(us*(2)) HE, (23) 


ju(2)= |q| De me(2)(ue(2))Ey— De ume (2)(ui?(2))H Ez 
—|q\ doe me(2)(ui*(2))H?E,, (24) 


where m,(z) is the density of the kth specimen (holes or 
electrons) and (u,”(z)) are appropriate averages over 
momentum space; gx is positive for holes, negative for 
electrons. The above expressions are quite general, 
being a result of the spherical energy surfaces, the 
small-magnetic-field approximation, and the linearity 
of the problem, i.e., the carriers contribute additively 
to the current. 

In the bulk or interior of the crystal where the 
surface boundary condition is negligible, 


bi q <(er™) 
uy") = — —— 
m, (é) 


= ae ff fermon ff farci (25) 
mk 


where 7(e) is the relaxation time of the bulk scattering 
process, ¢ is the energy, and f; is the bulk distribution 
function. 

In the region near the surface, (u,”(z)) will differ from 
(ux0™) because of surface scattering. We shall not derive 
explicit expressions for (u,”(z)); Schrieffer has done 
essentially this for (ux(z)) for two models of the surface 
region. Instead we shall continue our analysis keeping 
(ux™(z)) as formal averages over momentum space. 

We next derive expressions for the Hall coefficient 
and ‘magnetoresistance from Eqs. (23) and (24). The 
total currents for a sample of thickness d are 


d 
1.= (w/L) f jelades, (26) 
0 


d 
Lethon f jy(2)d2=0, (27) 
0 


where the boundary condition is that the total current 
in the y direction is zero. This boundary condition takes 
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into account all circulating currents, including those 
due to having more than one kind of carrier, and those 
due to the z dependence of the problem. 

We can take £, and EF, from under the integral sign 
because they are not functions of z (one-dimensional 
nature of the problem and curl E=0). Substituting Eqs. 
(23) and (24) into Eqs. (26) and (27) and solving, we 
find for the conductivity and Hall coefficient (to order 


H) 


I, 
iq! “ef nx (z)(ux(2))dz, (28) 


ih wt i 
Edw 
a 


d 
=d ef quns(s)us(s))ds / 
ko 
d 2 
| gq =f a(n) (29) 
k 0 


We note that if the local Hall coefficient and conduc- 
tivity are defined as 


R(z)= Dox gema(z)(ux?(s))/L |g) De m z))}*, (30) 

o(s)=|q| doe me(z)(un(z)), (31) 
we can write Eq. (29) as Eq. (21), in agreement with 
the result derived by circuit analysis. 

Similarly, we find for the magnetoresistance, to order 
H, 
Ap _|4e| 


oH? 


_Is- ie 


olf? 1 oH? 


af ny(z)(us?(z))ds 


‘fn ny(z)(ux(s))ds 


ef genx (2) (ux? ae] 


| q| rf’ mx(3)(ux(3)) is] 


Whereas we were able to derive the Hall coefficient by 
circuit analysis, we have not been able to do so for the 
magnetoresistance. 


—————, (32) 


9 


B. Effective Mobility Formalism 


The interpretation and analysis of surface con- 
ductance data has been simplified by the concept of the 
effective mobility of carriers in the space-charge region.‘ 
This enables one to calculate the total conductance as a 
function of surface potential for samples of arbitrary 
shape and composition by a simple superposition of 
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bulk and surface contributions. We shall show that a 
similar method can be used for the Hall coefficient and 
magnetoresistance with corresponding usefulness. This 
transformation is carried out in the Appendix and the 
results are summarized in the following sections. 

1. Conductivity —We find that the one-carrier con- 
ductivity [Eq. (28)] can be expressed [Appendix, 
Sec. 1, Eq. (A-12) ] as 


od, ‘q= n ou »)de+ n<u,.)de+ AnJAu.)ds, 
=d,t+d,, n,=ny,+An,, 


where m, is the bulk density of carriers, (u») is the bulk 
“conductivity” mobility [defined in Eq. (25) with 
m=1], d is the total thickness, d, is the effective 
thickness of the surface region and is of the order of the 
Debye length [ Eq. (1) ], 2, is the effective total density 
of surface carriers [Eqs. (A-5) and (A-11) ], (u,) is the 
effective “conductivity” mobility of surface carriers 
[Eqs. (A-4) and (A-10)], and (u.) is a correlation 
mobility [Eq. (A-8)]. The first and second terms 
represent the bulk and surface contributions respec- 
tively, while the third term is a correlation term that 
has been ignored in previous treatments.‘ It is included 
for completeness but can be expected to be small and 
probably negligible [see discussion following Eq. (A-8) ]. 

It is useful for calculations to subtract out the bulk 
conductance of the sample. This is most conveniently 
done when the bands are flat: 


(33) 


o(bs= 0) =7o= Qno(ur). (34) 


Thus, 


(d/qd.)(a—o») = Anus) — no ((uo)—(us)) + An due). (35) 


This can be interpreted as follows. The first term repre- 
sents the change in conductance due to excess surface 
carriers of effective mobility (u,). The second term 
represents a decrease in conductance due to a reduction 
in mobility of charge that already is present in the 
surface region. Finally, the third term represents a 
spatial correlation between An(z) and Ay(z). Calcu- 
lations *~* show that Am, changes much faster than the 
effective mobility; therefore, we can expect that in 
high-resistivity materials the first term is the only one 
of importance. In low-resistivity materials (m, large), 
it may be necessary to include the second term. The 
third term can probably be ignored in all practical 
cases, although further study is required to justify this. 

When three carriers are involved, as in the case of 
germanium and silicon, we find 


(d/qd.)(a—o») 
= {An uns) t+[Aps (1+17) ]((u2s)+r(uss))} 
— {no((uns)— (Uns) +L po/ (1+9) J 
XL ((u20)— (u2e)) +9 (use) —(uss)) }} 
+ {An dune) +[Ap./(1+1r) ]((u2e)+r(use))}, 
(u25)+1(use) 


(ups) =—_——, (37 
1+r 


(36) 





To= (Nuns) +Poups)), 
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where ~,=%2+nz; is the total bulk density of holes, 
r=Mn3/n2 is the fraction of light to heavy holes, and 
subscripts 2 and 3 refer to heavy and light holes, 
respectively. 

2. Hall coefficient—The expression for the Hall 
coefficient [Eq. (29) ] is transformed into an effective 
mobility formalism in the Appendix [Sec. 2, Eq. 
(A-15) ], where we find for the one-carrier case 


7 Ro*d/q= nyu )dy+ ndus’)d,+An Auc)ds, (38) 


where (yu?) is the bulk “Hall” mobility [Eq. (25) with 
m=2], (u,") is the effective “Hall” mobility of surface 
carriers [ Eq. (A-16) ], and (u.2) is the correlation “Hall” 
mobility [Eq. (A-17) ]. Note that (u2) is not the Hall 
mobility as normally denoted by ux=Re, but rather 
(us?)=un(ur). We note that except for the correlation 
term, Eq. (38) is the same as Eq. (2) used in the two- 
region analysis. 

For calculational purposes the appropriate bulk term 
to subtract off is 

— Ryo? /q=ni(ur’). (39) 

Thus 


— (d ‘qd;) (Ro? — Ryo”) = Anu’) — ny ((u*) saad (us?) 
+Andu-). 


The terms are analogous to those appearing in the 
conductance [ Eq. (35) ]. 

The generalization of Eq. (40) to the three-carrier 
model leads to 


(40) 


— (d/qd,)(Ro*— Ryo”) 
= {Andunw2)—[Ap./(1+1) ]((u2.”)+r(us.’))} 
— {no ((uns?)— (une?) —[po/(1+9) ] 
XL ((u2s?)— (ues?) +9 (use?) — (use”)) J} 
+ {Andun*)—[Ap./(1+1)] 


X ((u2e?)+r{use?))}, (41) 
— Ryo? =9{n(unv?)—[ps/(1+1) ] 
X ((u2s)+r(use?))}. (42) 


3. Magnetoresistance.—The expression for the mag- 
netoresistance [Eq. (32)] is transformed into an 
effective mobility formalism in the Appendix [Sec. 3, 
Eq. (A-21) ], where we find for the one-carrier case 


dof Ap 
=| + (Rey =ny(ur*)dytndu,?)d,+Andu)d,, (43) 
q pH” 


where (u,*) is the bulk ‘‘magnetoresistance’”’ mobility 
[Eq. (25) with m=3], (u.*) is the effective ‘“magneto- 
resistance” mobility of surface carriers [Eq. (A-23) ], 
and (u.4) is the correlation ‘“magnetoresistance” mo- 
bility [Eq. (A-24) ]. 

For calculation purposes it is again useful to subtract 
a bulk quantity; the appropriate one in this case is 


(02/9) (Ap/pH?) »+ (Rear)? |= noXus’). (44) 
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Subtracting Eq. (44) from Eq. (43), we have 


d Ap Ap 
— | | (Roy | _ of (=) + (Run) 
gd, Lp pH’? » 


= An,(u.')— no ((uo®)—(u.')) + Andue). 





(45) 
The terms are analogous to those appearing in the 


conductance [ Eq. (35) ]. Generalizing to three carriers, 
we find 


d Ap Ap 
qd,\ lp pH? 


= {An (une) +[Ap./(1+17) ]((u2*)+r(us,’))} 
— {no((une®)—(une®)) +L po/(1+1) ] 
XC ((u20*) — uae’) +9 ((use*) — (use*)) J} 


+{Andun?)+LAp./(1+1) ]((u22)+r(us*))}, (46) 
of / Ap 
“I (=) +(Ruos| 
q pH b 
=nXune)+[po/(1+1) ]((u2e®)+r(use’)). (47) 


C. Discussion 


Equations (36), (41), and (46) give the conductivity, 
Hall coefficient, and magnetoresistance in terms of 
carrier densities and effective mobilities. There are 
several ways that these expressions can be used. One 
is to consider the surface carrier densities and effective 
mobilities as unknowns and from experimental data to 
find values for them. This is possible because of the 
generality of the derivation. In writing down Eqs. (23) 
and (24) we assumed only spherical energy surfaces, 
linearity of the currents in carrier density, and small 
magnetic fields. Our next assumption was that the 
carrier density and mobility deviated from the bulk 
values only near the surface [Eq. (A-2) ]. The analysis 
then followed rigorously to the derivation of Eqs. (36), 
(41), and (46). Thus, these solutions have general 
validity for surface problems. The restriction to 
spherical energy surfaces can be removed by general- 
izing Eqs. (23) and (24) to tensor form. 

To illustrate their use in finding values of surface 
carrier densities and mobilities from experimental data, 
suppose that the bulk and surface are sufficiently n-type 
so that holes can be neglected. We also neglect the cor- 
relation term. Then Eqs. (36) and (41) reduce to 


(d/qd;) (o— a) = Anduns)— No ((uUnd)— (uns)), (48) 


— (d/qd,) (Ro?— Ryo’) 


= And uns?)— o((unv?)— (Une). (49) 
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The unknown quantities in these equations are An,, 
(uns), (une) and d,. The quantities (o—o,) and 
(Ro?— Ryo?) are determined from experiment; the 
surface potential being changed by a suitable means 
(gas ambient, field effect, etc.). The bulk quantities are 
assumed to be known. If one assumes a relation be- 
tween (u,,) and (u,,”), the values of An,d, and (u,,) can 
be uniquely determined from the experimental values 
of R and o. The surface potential does not enter such 
an analysis. If (u,»,) and (u,,”) are considered inde- 
pendent, two relations among three quantities are 
obtained. When more than one carrier must be con- 
sidered, one must assume relationships between carrier 
mobilities and relationships between carrier densities 
to obtain unique answers. 

Another usage of Eqs. (36), (41), and (46) is in 
connection with theoretical expressions for the surface 
quantities. For the Poisson model of the surface, the 
densities An, and Ap,, are found by solution of Poisson’s 
equation and are tabulated’* as functions of u, and 
uy, where u=gp/kT; d, is equal to the Debye length 
[Eq. (1)]. The effective surface mobilities can in 
principle be found by a solution of the Boltzmann 
equation subject to appropriate boundary conditions. 
Schrieffer has done this for the “conductivity” mobility 
(u,), assuming an energy-independent collision time 
and spherical energy surfaces.* He obtained curves of 
(us) for both the Poisson and the linear potential models 
of the space-charge region. Recently, Zemel has ex- 
tended Schrieffer’s solution to include galvanomagnetic 
effects.'' Zemel finds an explicit expression for (u,") for 
the linear potential model, but the assumption of 
constant collision time is not adequate to determine the 
“magnetoresistance”’ mobility, (u,°). 

The correlation terms in Eqs. (36), (41), and (46) 
can also be evaluated from a solution of the Boltzmann 
equation with appropriate boundary conditions. While 
the correlation contribution should be small, it would 
be of interest to prove this rigorously. 

Use of theoretical expressions for the carrier densities 
and mobilities allows for the calculation of a, R, and 
Ap/p as a function of surface potential. The surface 
potential can then be eliminated and one has explicit 
relations between R, a, and Ap/p. The uniqueness of 
these relations is a feature of this method of studying 
the conduction process in the space-charge region of a 
semiconductor surface. Other methods generally intro- 
duce additional unknowns; for example, field-effect 
experiments depend upon the number of surface 
charges immobilized in surface states, which is usually 
not known. 

While we have considered only two methods of using 
Eqs. (36), (41), and (46) in connection with experi- 
ments, it is clear that other methods are possible. For 
example, in order to study the sensitivity of the ex- 


1 J. N. Zemel, Bull. Am. Phys. Soc. Ser. II, 3, 105 (1958). 
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periment for the determination of surface mobilities 
as a function of surface potential, we have calculated 
curves of R, a, and Ap/pH? versus u,. We first used 
surface mobilities equal to bulk mobilities; then we 
used surface mobilities as given by Schrieffer.‘ The 
carrier densities were taken from theory.2* These 
curves check out the results of the small-signal analysis 
given in Part I, and provide a theoretical basis for 
interpreting galvanomagnetic experiments on semi- 
conductor surfaces. They are presented and discussed 
with the experimental data in the following paper.’ 
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APPENDIX. TRANSFORMATION TO EFFECTIVE 
MOBILITY FORMALISM 

We now transform the expressions of Eqs. (28), (29), 
and (32) into an effective mobility formalism. We 
consider first the conductivity, to exhibit the general 
method and to derive more complete expressions than 
those appearing in the literature. 

1. Conductivity.—Considering 
dropping unnecessary subscripts, we have from Eq. 
(28) 


one carrier and 


d 


od a= f n(z)(u(z))ds. 


0 


(A-1) 
We write 


n(z)=mnytAn(z), (u(z))=(us)+A(u(s)), (A-2) 


where (u,) is the bulk “conductivity” mobility [defined 
in Eq. (25) with m=1], m» is the bulk carrier density, 
An(z) and A(u(z)) differ from zero only in the space- 
charge region. The effective thickness of the space- 
charge region is denoted by d,. In general, d, is of the 
order of the Debye thickness, Lp, but its specific value 
will depend on the model. For example, in the Poisson 
field d,=Lp, but in the case of the linear potential 
model d, may differ from Lp. The brackets ( ) denote 
averages over velocity space. Substituting Eq. (A-2) 
into Eq. (A-1), we find 


a a 
od /q=ns(us)d-+m f Au(s)ids+ (un) f An(s)dz 
0 0 


a 
+f An(z)A(u(s))dz. (A-3) 
0 


Now the three integrands are nonzero only in the space- 
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charge region. We therefore define three space averages: 


d 
[A(u) w= (1/d.) [Aus (A-4) 
0 
d 
an.=(1/d,) f An(z)dz, effective excess 
0 
density of surface carriers, (A-5) 
d 
[AndA(u) |= aya) f An(z)A(u(z))dz. (A-6) 
0 


Substituting Eqs. (A-4), (A-5), (A-6) into Eq. (A-3), 
we have 


od/g=nyXur)d+mnrLA(u) |nd.+Andur)d, 
+[AnA(u) |wds. 


We define a correlation mobility 


(ue)= {[AnA(u) Jw— An. A(u) Jw} /Ane. 


(u-) represents a spatial correlation between An(z) and 
Au(z); it is zero when the surface and bulk potentials 
are equal, but otherwise will not in general be zero. 
Since (u.) depends on the difference of two spatial 
averages we would expect it to be small, but direct 
evaluation by means of explicit solution of the Boltz- 
mann equation is necessary for rigorous justification of 
this. 
Substituting Eq. (A-8) into Eq. (A-7), we have 


od/g=nr(ur)dt+nrLA(u) Jad. +An.(ur)d, 
+Andu-)d.+An.[A(u) ads. 


We now define the effective surface mobility and 
density as 


(A-7) 


(A-8) 


(A-9) 


(A-10) 
(A-11) 


(us) = (uo) +LA(u) Jw, 
N,=NnptAn,, 


where in general we expect (u,)<(u»). Substituting 
Eqs. (A-10) and (A-11) into Eq. (A-9), we have 


od/q=ne(urdotndu.)d +Anduc)d., 
where d=d,+d,. 


(A-12) 


Thus we have expressed the total conductance in 
terms of a bulk contribution ,(u»)d,, a surface con- 
tribution m,(u,)d,, and a correlation term An,(u-)d,. 
Except for small effects due to the correlation mobility 
not being identically zero, the effective surface mo- 
bility defined by Eq. (A-10) is defined in the same way 
as the effective surface mobility of Schrieffer.‘ Note 
that (u.), (uc), 2s, and An, all involve a spatial average 
as well as a momentum average. The momentum 
average is explicitly indicated by the brackets ( ), 
while the spatial average is indicated by the subscript 
S$ OF ¢. 
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2. Hall Coefficient—We now transform Eq. (29) 
into an effective-mobility formalism. Considering one 
carrier, we have 


d 
— Ro*d/q= f n(z)(u2(2))ds. (A-13) 
0 


We write 
(u?(z))= (us?) + A(u?(2)), (A-14) 


where (u,) is the bulk “Hall” mobility defined by Eq. 
(25) with m=2. Substituting Eq. (A-14) into Eq. 
(A-13), by an analysis similar to that for conductivity, 
we find 


— Ro*d/q=ny(us?)de+ndus?)d.+Andu2)d,, (A-15) 
where 
(u.*)=(us?)+[A(u?) Jw, effective surface “Hall” 
mobility; (A-16) 
(nu) = {[AnA(u?) |w— An,[ A(u’) Ja}, ‘Ans, 
correlation “Hall” mobility; (A-17) 
d 
[A(u?) Jw = (1 a) f A(u?(s))dz, (A-18) 
0 
d 
[ AnA(u?) |= (1 a) f An(z)A(u?(s))ds. (A-19) 
e 0 


3. Magnetoresistance—Considering one carrier, we 
have from Eq. (32) 


od{ Ap . 
- +(Ro}'|= f n(z){u*(z))ds.  (A-20) 
q pH? 0 
We find, by an analysis similar to that for o and R, that 
odf Ap 
— | + (Ro) =ny(ur*)d,+ndu,*)d, 
q Lp” 
+An,u)d,, (A-21) 
where 
(u®(2)) = (us*) + A(u*(z)), (A-22) 
(u.*)=(ur*)+[A(u*) Ja, effective surface 
“magnetoresistance” mobility, (A-23) 
(uc*)= {LAnA(u*) Jw — An[A(u*) Jw} / An, 
correlation “‘magnetoresistance” 
mobility; (A-24) 
d 
[awtyIn=(1/d,) f AGA()ds, ——(A-25) 
0 
d 
[AnA(u*) Jay = aya f An(z)A(u*(s))dz, (A-26) 
0 


and (us’) is the bulk “magnetoresistance” mobility, 
defined by Eq. (25) with m= 3. 
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A study has been made of the ambient-induced changes in the conductivity, Hall coefficient, and mag- 
netoresistance of thin samples of intrinsic germanium. The data have been analyzed by means of a recently 
evolved theory. The results indicate that light holes play an important role in the transport process in the 
surface, especially in the dependence of the zero of the Hall coefficient with increasing surface hole density. 
It is also shown that there is a reduction of the mobility of surface electrons in qualitative agreement with 
the predictions of Schrieffer. The results, in general, agree with the current view of semiconductor surfaces. 








I. INTRODUCTION 


N the introduction to the preceding paper! the im- 

portance of directly measuring the density and 
mobility of charges in the space-charge region of a 
semiconductor surface was discussed. It was then shown 
that combined conductivity, Hall coefficient and mag- 
netoresistance measurements could be expected to give 
such information. These measurements, when carried 
out with a transverse magnetic field as shown in Fig. 1, 
do not introduce any additional variables such as sur- 
face traps. In principle there should be a unique relation- 
ship between the conductivity of a sample, its Hall 
coefficient, and its magnetoresistance. In I these rela- 
tionships were evolved. It remains to show that mag- 
neto-surface phenomena yield the unique relationship 
predicted by the theory. 


Il. EXPERIMENT 
A. General Considerations 


An examination of Eq. (19) in I indicates that the 
surface contributions to a Hall or magnetoresistance 
measurement can be maximized in two ways: (1) re- 
ducing the thickness so that the space-charge region is 
appreciable compared to the physical dimensions of 
the specimen ; and (2) reducing the bulk carrier density, 
one method being the use of near-intrinsic or intrinsic 
materials. Because of its convenience, simplicity, and 
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Fic. 1. Experimental arrangement: A—gas-tight specimen 
container; specimen; Brown Type 15 Electrometer; bucking 
voltage source—Leeds and Northrop Student Potentiometer, 
0-1.11 volts. 
1R. L. Petritz, Phys. Rev. 110, 1254 (1958), preceding paper 
(referred to as I). 





sensitivity, configuration ‘“‘a” described in I was used 
for the experiment and the surface potential was 
varied by a modified Bardeen-Brattain cycle. 


B. Experimental Arrangement 


The schematic arrangement of the apparatus is shown 
in Fig. 1. A gas-tight brass container, labeled A, holds 
the specimen. The gas was fed into the box as noted 
from a glass stopcock system. Dry oxygen (breathing 
purity) was used as the standard ambient. Depending 
on what was desired, the oxygen could be bubbled 
through water or passed through a discharge chamber. 
The discharge was produced by a Tesla coil. By means 
of these ambients, the surface of the specimen could 
be driven n or p type. 

The specimen chamber was placed between the pole 
pieces of a +in. electromagnet. The magnetic field, 
H(t), had a magnitude of 2730 gauss and was cycled 
with a period of 20 seconds. By means of a motor- 
driven commutator and mercury relay circuit, the 
magnetic field was continuously turned on, off, reversed 
and off in 5-second intervals. The purpose of the alterna- 
tion of the magnetic field was to permit the simultaneous 
observation of the sample conductance, Hall voltage, 
and magnetoresistive signal as the ambient gas affected 
the surface. 

Several specimens were prepared from near-intrinsic 
(45 ohm-cm) germanium. The samples used had a 
thickness of 0.004 cm and an impedance in excess of 
70 000 ohms. Because of this high impedance, a Brown 
type 15 vibrating-reed electrometer was used to record 
potential changes. Because of its degenerative opera- 
tion, the electrometer measures the open-circuit voltage 
at the appropriate probes. A low-impedance student- 
type potentiometer provides a source of bucking voltage 
used to reduce the 7R drop appearing at the electrometer 
input. 

Figure 2 is a typical record of the signal generated 
at the voltage probes. We can write 


Vi=VirtVatVinng for H=+|H\, 
V2= Vir—VutVinog for H=—- |H|, 
H=0. 


(1) 


V3= Vir for 


By simple algebra the Hall voltage, Vz and the mag- 
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Fic. 2. Typical record of the open-circuit voltage appearing at the probes after the admission of ozone. V3 is the residual 7R drop not 


taken up by potentiometer circuit. V; is the sum of t 
given direction. V2 is the same sum with the field reversed. 


netoresistive change, Vaz, can be obtained from this 
set of equations. The conductance of the sample can 
be obtained from the JR %xop, Vre. 

The Hall voltage was found to be approximately 
linear in current and magnetic field intensity; the 
magnetic field was kept small (2730 gauss) consistent 
with obtaining good data. No systematic study was 
made of the dependence of Hall coefficient and mag- 
netoresistance on field strength. 

The sample current was produced by the circuit 
shown in Fig. 1. A 1-megohm ballast resistor was used 
to minimize current fluctuations due to changes in the 
impedance of the specimen. A bank of mercury batteries 
yielded a driving potential of 45 volts. 


C. Sample Preparations 


The specimens used were prepared from 0.010-in. 
thick slices of near-intrinsic germanium. The desired 
shape was masked and the remaining portions were 
sandblasted away. The sample was etched to its final 
thickness by using a 1 part HF and 2 parts HNO; 
solution. 

The contacts presented the most difficult problem in 
the fabrication of the samples. A number of conventional 
solders and fluxes were tried with no great success. These 
contacts were ohmic over a very limited range of 
currents. This problem was solved by using Cerroseal 
solder? and Ruby fluid flux. The contacts prepared in 
this fashion were substantially ohmic over the range of 
currents used. After the contacts had been soldered on, 
the specimen was thoroughly washed in a dilute 
etching solution to remove all traces of the flux. This 
was followed by several rinses in distilled water. The 
specimen was then mounted on a terminal board in 


2 Trade name of Cerro de Pasco Corporation, New York, New 


York. 
3 Trade name of Ruby Chemical Corporation, Columbus, Ohio. 


e IR drop, Hall voltage, and magnetoresistive voltage for the magnetic field in a 


such a way that there was a 0,020-in. spacing between 
the back of the specimen and the terminal board. 
This was done to permit the ambient to have free 
access to both sides of the germanium. 


D. Temperature Stability 


Because of the large sensitivity of the sample con- 
ductance to temperature changes, some degree of tem- 
perature stability was needed. This was achieved by 
placing the specimen container in good thermal contact 
with the magnet. The magnet was water-cooled from 
the tap line and the total power input to the magnet 
was approximately 50 watts. A flow of several liters per 
minute through the magnet cooling coils assured the 
maintenance of a magnet and sample temperature 
within a few degrees of the tap water temperature. The 
variation of the tap-water temperature was of the order 
of 0.2-0.3°C over the course of a day. This would lead 
to an uncertainty of 2~3% in the conductance and Hall 
voltage. On successive days, the temperature of the 
water differed by several degrees. 


E. Results 


In Figs. 3 and 4, the results of several cycles on one 
of the samples is shown. Figure 3 is a plot of the Hall 


coefficient, 
R=(Vud/IH)X108 (2) 


versus the fractional change in conductivity, 
Aomin/Omin= (0—omin)/Omin, (3) 


where omin is the minimum conductivity. Figure 4 is a 
plot of the magnetoresistance coefficient, Ap/H*p(H =0) 
versus (¢—Omin)/Omin. The data of Figs. 2 and 3 show 
clearly the reversal of the Hall coefficient of this sample. 

We have chosen to use (¢—o@min)/@min a8 the abscissa 
in these plots for several reasons. First, ¢min is a well- 
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Fic. 3. Hall coefficient as a function of (e—omin)/omin. Increasingly m- and p-type surfaces are indicated by the arrows. Wet oxygen 
and ozone were used to obtain the n- and p-type surfaces, respectively. These data are a composite of runs made over a period of five 
days. Small temperature differences could account for the spread in the data. 


defined and easily measurable experimental quantity; 
second, omin 1S approximately equal to o, (bulk con- 
ductivity) in high-resistivity materials, and thus ¢—omin 
is approximately the surface conductivity; and finally, 
any translation from @ to surface potential involves 
certain assumptions concerning theory and we prefer 
not to introduce theory into the presentation of the 
data. The nature of the surface is indicated on the 
graphs. 

As can be seen, the Hall coefficient is fairly repro- 
ducible when plotted as a function of the fractional 
change in conductivity. Since the Hall coefficient varies 
quite rapidly near the conductivity minimum, there is 
greater uncertainty in this region than at the extremes. 
These data are a composite of runs made over a period 
of five days. Small temperature differences could 
account for the spread in the data. 

The magnetoresistance data show a very strong 
dependence on the ambient induced conductivity 
changes. Of particular interest is the pronounced peak 
in the data near Agyin/Omin=0. The data in Fig. 4 
give a broader peak than is the case for an individual] run 
because of the temperature fluctuations from one run 
to the next. 


In general, as time went on, the maximum magnitude 
of Aomin/@min decreased. This is attributed to a gradual 
buildup of the oxide layer and a resultant diminution 
of the external field due to the adsorbed molecules. 


Ill. THEORETICAL ANALYSIS AND COM- 
PARISON WITH EXPERIMENT 


We first describe calculations based on the theo- 
retical work of I. 


A. Calculation of the Hall Coefficient and Magneto- 
resistance Using Bulk Mobilities 
for Surface Carriers 


1. Two-Carrier Model 


Our first concern is the general theoretical shape of 
the Hall coefficient and magnetoresistance as functions 
of Agmin/Omin. We begin with the two-carrier forms of 
Eqs. (36), (41), and (46) of I, and write down general 
equations for the conductivity change o—a», the Hall 
coefficient R, and the magnetoresistance Ap/H"p. 
Because of the high-resistivity material we neglect the 
terms involving m, and p, and we also neglect the corre- 
lation terms as discussed in I. We then have 
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Fic. 4. Magnetoresistive coefficient as a function of (o—omin)/ 
min. Increasingly m- and p-type surfaces are indicated by the 
arrows. Wet oxygen and ozone were used to obtain the m- and 
p-type surfaces, respectively. These data are a composite of runs 
made over a period of five days. Small temperature differences 
could account for the spread in the data. 


o~-e5= (2gLp/d) (Andpns) +ApAUps)), (4) 
R= — (2gLp/o7d) (An,(pne’) 
—Ap.ups’)) +Ro(or/c)’, (5) 
Ap 1,2q¢Lp 
ssi | ——[An,(un*)+ Ap.Aups*) | 
Hp ol d 
Ap 
+o (—) + (Roos? || ~ (Re (6) 
H’p/ , 
where the bulk expressions are 
os=4(melunr) + Pup»), 
(ind) =n, (upd) =H, (7) 
Ro= — (q/007) (MKuns?)— prolupr’)), (8) 
Ap qg 
(—) =—(n(unr*®)+polups®)) — (Reoo)?. (9) 
Hp b Ob 


The factor 2 has been included because both surfaces 
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were exposed to the ambient gas, i.e., d—d/2. Using 
the Poisson model for the space-charge region, we can 
identify d, with the Debye length, Lp. 

The quantities (u") are the appropriate carrier 
mobilities for the conductivity, Hall coefficient, and 
magnetoresistance obtained from the momentum 
averages discussed in I. In general 


(uni) ((une?)) *¥ ((uni®))!, 
(Hpi) ((upi?))'¥ ((up*))}. 
The subscript i denotes whether the mobility is asso- 


ciated with the bulk or the surface. We assume lattice 
scattering in the bulk, so that 


(10) 


(und?) _ gar(und)’, (up?) = Bar(u ua ( 1 1 ) 


(uns?)= (4/2) (8x Muna) 
(upe®)= (4/m)($mr)*(up)®. (12) 
For these first calculations we assume that the surface 
mobilities can be approximated by their bulk values. 
Values of An, and Ap, versus the reduced surface 
potential u.=9¢./kT were taken from the curves of 
Kingston and Neustadter‘ and are listed for reference in 
Table I. Using the parameters listed in Table II for 
intrinsic germanium and Eqs. (4), (5), and (6), a set 
of curves for (e—o,)/o,, R/R,, and Ap/[ H’p(3au,)"] 
can be calculated as a function of u,. These curves are 
shown as solid lines in Fig. 5. 
The value of omin is read from Fig. 5 and using this 
the quantities can be transformed into functions of 
Aomin/?min. In Fig. 6 the normalized Hall coefficient, 


TABLE I. Surface densities* and mobilities® used in 
calculating the theoretical curves. 


Ap. An, (tne) (ype) 
~ =G(us,uo) —— =G(—us, —u) 
Us ni i (ind) Mpb) 
—1 1.15 —0.73 1.0 1.0 
—2 3.4 —1.25 | 0.99 
—3 6.9 —1.55 } 0.965 
—4 12.5 —1.70 | 0.935 
—5 21 — 1.80 | 0.882 
—6 38 —1.88 0.830 
—7 67 —1.95 0.755 
~8 105 ~20 | 0.67 
—9 190 —2.0 L 0.56 
—10 310 —2.0 1.0 0.45 
+d —0.73 1.15 0.97 1.0 
2 —1.25 3.4 0.945 | 
3 —1.55 6.9 0.90 
4 —1.70 12.5 0.845 
5 — 1.80 21 0.775 
6 —1.88 38 0.695 
7 —1.95 67 0.595 
8 —2.0 105 0.500 
9 —2.0 190 0.415 
10 —2.0 310 0.323 1.0 





® Obtained from the curves of reference 2, Figs. 3 and 4. 
b Obtained from the curves of reference 8, Fig. 4. 


4R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 


(1955). 
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R/Rwax, is plotted as the solid curve labeled b;.=0 
against Aomin/@min, Where Rymex is the maximum value 
of R in Fig. 5. The magnetoresistance is presented as 
a function of Agmin/@min in Fig. 7, with a change in 
scale factor, Ap/| p(3aun»H)* |} ApX 10~-*/ Hp. 

Since we are concerned with the mobility variations 
of the carriers, a term sensitive to mobility changes is 
desirable. The quantity (RAgmin/Rimax?min) has a 
greater sensitivity than either the conductivity or the 
Hall coefficient. This can be obtained directly from 
Fig. 6. These values are plotted against Agmin/@min aS 
the solid curve labeled 63.=0 in Fig. 8. 


2. Comparison with Experiment for 
Nearly Flat Bands (u,=w,) 


The effects of surface scattering should be negligible 
for u, close to zero, so our caiculations with (u,)= (us) 
should be adequate to discuss this range. We normalize 
the data of Figs. 3 and 4 to R/Rinax, RAGmin/RmaxOmin 
and Ap/H’p, and plot the smoothed data on the corre- 
sponding plots of Figs. 6, 7, and 8, These figures then 
show the normalized data and normalized theoretical 
curves plotted on the same graph. The general shape of 
the theoretical curve of R/Rmax (solid curve labeled 
b32=0) versus Aomin/Omin (Fig. 6) is in rough agreement 
with the data, with the important exception that the 
curves does not drop to zero rapidly enough on the 
p-type side. Consideration of this point leads to the 
argument that the hole mobility must be increased. It is 
well known that in bulk germanium there is a small 
percentage of light, highly mobile holes. Because the 
mobility is squared in the expression for the Hall- 
coefficient [Eq. (5)], the light holes have a more 
pronounced effect on the Hall-coefficient than on the 
conductivity. We therefore consider the effect of light 
holes in the calculations to see if better agreement can 
be found near u,=0. 


3. Three-Carrier Model of Germanium 


The appropriate three-carrier formulas for the con- 
ductivity, Hall coefficient, and magnetoresistance are 


TABLE II. Parameters used in the calculation. 
No. of intrinsic carriers 


nj = 2.5X 10"/cm? 


Lp= (xeokT /2¢*n;)4 
=6.5X10-° cm 


x=16 
(und) =n 


= 3570 cm?/volt sec 


Debye length 


dielectric constant 


electron mobility in the bulk 


(ups) =up hole mobility in the bulk 
= 1745 cm?/volt sec 
b=2.05 electron-hole mobility ratio in bulk 


d=0.004 cm 
2Lp/d=3.325X 10-2 


sample thickness 


ratio of Debye length to effective 
sample thickness 
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Fic. 5. Two-carrier model of the surface. Conductivity change, 
Hall coefficient, and magnetoresistance are plotted against the 
reduced surface potential, «,. Solid lines correspond to constant 
surface mobilities, while dashed lines correspond to the mobility 
variation calculated by Schrieffer for a Poisson potential. 


given by Eqs. (36), (41), and (46) of I, respectively. 
Neglecting the m», p,, and correlation terms, these 
equations reduce to 


o—O>b 2qLp Ap. “ee 
a - [sa (un) +a) (13) 
oT) od l+r 
1 2qLp Ap, 
ies | aad [an.inat)— —((u2.") 
eC 1+r 


+rluse))|-Ruwe , (14) 
Ap 1;2¢Lp 
a | é Ez 
Hp «a\ d 


Ap, 
+ "(und +rlunt) | 
1+r 


Ap 
+o} ( af + (Reos]}~ (Rey. (15) 
I’p/ » 


_ bulk expressing are now, assuming lattice 
scattering, 
75=Q{NXunsy +L po/(1+1) ]((u2.)+r(uss))}, (16) 
Reo? = —§rq{no(unr)® 
—[po/(1+r) }((u20)*+r(uss)*)}, (17) 


Ap 
of (2) +000} 
H’p/ » 


p 
= Pera ia) sao (unr) | (18) 
1+r 
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F1s. 6. Comparison of theoretical Hall coefficient with experiment. Two- and three-carrier model Hall coefficients 
are compared with the smoothed experimental data. of Fig. 3, assuming a constant surface mobility (solid lines) 
and a Schrieffer mobility (dashed lines). The three-carrier model uses light- to heavy-hole mobility ratios of 3.5, 8, 


and 12 while assuming a density ratio of 0.042. 


Two additional parameters enter here, 


bs2= (us»)/(u20)=ratio of light- to heavy-hole mobility, 


=n;/n2=ratio of number of light to heavy holes, 


where p,=M2+N3. 

These parameters are known to some degree of 
accuracy in bulk germanium from cyclotron resonance 
experiments®* and from Hall-effect and magneto- 
resistance data.’~* However, no given set of parameters 
appears to fit all the data.” Therefore we wil! consider 
several possible values in order to study the general 
effect on our surface quantities. 

We have used r=0.042 (cyclotron resonance data) 
in all of our calculations, and have used b32.=3.5, 8.0, 
and 12. The value of (u2,) was set so as to maintain the 
net hole mobility constant, 


(use) = ((u2o)+r(use))/(1+1) 


= (u9s)(1+1b32)/(1+1r)=1745 cm*/volt sec. (19) 


5 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953). 

6 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1953). 

7 Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957). 

8 Adams, Davis, and Goldberg, Phys. Rev. 99, 625 (1955). 

® Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954). 


Figures 9 and 10 show plots of R/R,, (¢—o»)/o», and 
Ap/ Hp (37/8)un? versus u, for b32.=3.5 and 8 re- 
spectively (solid curves). These curves are normalized 
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Fic. 7. Comparison of theoretical magnetoresistive coefficient 
with experiment. Two- and three-carrier model magnetoresistive 
coefficients are compared with the smoothed experimental data 
of Fig. 4 assuming a constant surface mobility (solid lines) and a 
Schrieffer mobility (dashed lines). The three-carrier model uses 
light- to heavy-hole mobility ratios of 3.5 and 8 while assuming a 
density ratio of 0.042. 
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Fic. 8. Comparison of theoretical reduced Hall mobility with experiment. Two- and three-carrier model 
reduced Hall mobilities are compared with the smoothed experimental data of Fig. 3, assuming a constant 
surface mobility (solid lines) and a Schrieffer mobility (dashed lines). The three-carrier model uses light- to 
heavy-hole mobility ratios of 3.5, 8, and 12 while assuming a density ratio of 0.042. 


and plotted versus Agmin/@min in Figs. 6, 7, and 8 (solid 
curves) and labeled by appropriate values of by». 
Figure 6 shows that the zero of R/ R,,4x is quite sensitive 
to light holes. The curves of b;.=8, 12 agree reasonably 
well with the data in the region Agyin/@min==0, cer- 
tainly much better than do the curves of 632.=0, 3.5. 
This is evidence that light holes have a pronounced 
effect on the transport process in the space-charge 
region. 

The magnetoresistance is also quite sensitive to the 
light holes as shown by Fig. 7, and so is RAowin 
RinaxFmin aS Shown in Fig. 8. We therefore conclude 
that the light holes must be considered in our analysis. 


B. Calculation of Hall Coefficient and Magneto- 
resistance Using Effective Surface Mobilities 


All of the above calculations have been made with 
the assumption that the mobility in the space-charge 
region is equal to that in the bulk in order to establish 
the general theoretical picture, and to discuss the region 
near “,=0 (flat bands) where surface scattering is 
negligible. In order to discuss larger swings in surface 
potential we must include the effects of surface scatter- 
ing in the theory. 

In these calculations we have used Schrieffer’s 
curves” of effective surface mobilities versus surface 
potential as tabulated in Table I. For simplicity we 
have taken (p2,)/(u2p)= (uas)/ (Map) = (Ups)/ (ups) So that 
the available curves of Schrieffer for the Poisson model 
could be used. This assumes that the light- and heavy- 





10 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 


hole mobilities are reduced by the same fraction for a 
given surface potential. This is not strictly correct, 
as will be discussed further below, but should be 
adequate for this preliminary discussion. 

We also assume that the surface electron mobility 
is equal to its bulk value when the surface is p type and 
similarly for the surface hole mobilities when the 
surface is m type, i.e., specular reflection from the z 
potential edge. This point is not adequately covered 
by existing theory, but should not lead to serious error. 

A further approximation that has been used is that 


(u n e) (uw ab) = ((uns) (itns))*, (20) 
(ua?) (u n = (Cine) (uns))*, (21) 


and analogous relations for holes. That is, we assume 
that the effective “Hall” and ‘‘magnetoresistance” mo- 
bilities are reduced by surface scattering in the same 
proportion as the effective “conductivity” mobility. 
The situation in bulk samples justifies this assumption 
to some extent; there it is known that such differences 
are of the order of magnitude of unity. For example, 
in the case of lattice scattering the relations are given 
by Eqs. (11) and (12). A second justification of the 
approximation is the recent solution” of (u,?) which 
shows Eq. (20) to be good to approximately 10%. 

The calculation of (¢—o,)/os, R/Rs, and Ap/H’p 
versus u, proceeds as in the previous case, the only 
difference being that the surface mobilities now vary 
with surface potential. Calculations have been made 
for b32=0 (two-carrier), 3.5, 8, and 12, keeping r=0.042 


"J, Zemel, Bull. Am. Phys. Soc. Ser. II, 3, 105 (1958). 
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Fic. 9. Three-carrier model of the surface; light- to heavy-hole 
mobility ratio of 3.5 and density ratio of 0.042. Solid lines corre- 
spond to constant surface mobilities while dashed lines correspond 
to the mobility variation calculated by Schrieffer for a Poisson 
potential. 


except for the two-carrier case, where r=0. The results 
are plotted versus u, as dashed lines in Figs. 5, 9, and 10. 
Comparison of the dashed with the solid curves shows 
directly the effects of the reduction in surface mobility. 

The curves are transformed to R/Rmmax, Ap/H’p, 
RAowin/Rmax?min, and plotted versus (¢—o¢min)/Omin in 
Figs. 6, 7, and 8 as dashed lines. Comparison with the 
appropriate solid lines shows directly the influence of 
surface scattering. The difference is readily apparent 
and we conclude from the theory that adequate sensi- 
tivity is available to investigate the mechanism of 
surface scattering. 

Throughout the above theoretical anslysis we have 
considered the samples to be intrinsic. The experimental 
evidence for this is the resistivity of the samples—about 
45 ohm-cm. However this does not determine exactly 
the bulk Fermi level because the resistivity varies 
slowly in the region of near-intrinsic material. In 
contrast, the Hall coefficient and magnetoresistance of 
the bulk vary quite rapidly in this region. If the sample 
is close to, but not actually, intrinsic then the theo- 
retical curves cannot be expected to agree completely 
with experiment. The effect of the uncertainty in the 
bulk Fermi level will be more serious for the magneto- 
resistance and less serious for the Hall coefficient. 


C. Comparison of Theory and Experiment 


Considering first the plot of R/Riax versus (¢—O min); 
Omin (Fig. 6), the sharp drop of the experimental data 
near Agmin=0 indicates a light- to heavy-hole mobility 
ratio of 8 to 12. On the n-type side the theoretical curve 
with 632.=8, and surface mobilities equal to bulk mobili- 
ties (solid curve); lies considerably above the data. 
However, the curve for 63;.=8 and inclusion of surface 
scattering (dashed curve) more nearly fit the data. 


ZEMEL AND R. L. 
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The Schrieffer mobility curves for bj3.=3.5 and 0 fit 
the data very well on the n-type side, but do not drop 
to zero fast enough on the p-type side. 

Consider Fig. 8 where RAgmin/Rmax@min iS plotted 
versus (6—Omin)/Omin. The n-type data are better 
fitted by using the Schrieffer mobility (dashed curves) 
rather than the bulk mobility (solid curves) for all 
values of bso. The best fit is obtained with 0 or 3.5, but 
that of b3.=8 is still reasonably good. This plot is re- 
garded as strong evidence for the reduction in surface 
mobility, and indicates that Schrieffer’s theory” is 
in reasonably good quantitative agreement with 
experiment. 

Finally, we consider the magnetoresistance in Fig. 7. 
The sharp rise in the data on the p-type side is evidence 
for the presence of light holes since the two carrier 
theoretical curve does not fit the data at all. The three- 
carrier, b3.=8, curves are better, but even they do not 
rise enough to account for the peak. This suggests a 
mobility ratio in excess of eight. The Schrieffer mobility 
correction (dashed curves) improves the fit on both the 
n- and p-type sides. A further improvement in the theory 
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Fic. 10. Three-carrier model of the surface; light- to heavy-hole 
mobility ratio of 8.0 and density ratio of 0.042. Solid lines corre- 
spond to constant surface mobilities while dashed lines correspond 
to the mobility variation calculated by Schrieffer for a Poisson 
potential. 
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will be to treat the light-hole scattering more accurately. 
As stated before, we have assumed that the mobilities 
of heavy and light holes are reduced at the same rate. 
However, one can show that the light-hole mobility 
should be reduced at a greater rate than that for heavy 
holes. This correction will result in a more rapid drop of 
Ap/pH® on the p-type side. ‘This, combined with a. 
somewhat higher light- to heavy-hole mobility ratio 
should give a stronger peak in the theoretical curves 
and agree better with the data. 

While the above discussion indicates that there is 
good qualitative and fair quantitative agreement 
between experiment and theory for both Hall coefficient 
and magnetoresistance, there are several points in the 
experiment as well as the theory which can be refined 
to give a more exacting test of the surface conduction 
process. These include: stabilization of the temperature 
to within the error of the conductivity measurement; 
determination of the bulk Fermi level by experiment to 
provide a better starting point for the calculations; 
a more accurate treatment of bulk and surface carrier 
mobilities, possibly using a nonspherical energy band 
model; use of theoretical relations between r and b3. 
rather than varying these quantities independently; 
and investigation of the dependence of both Hall 
coefficient and magnetoresistance on magnetic field 
strength. 


IV. CONCLUSIONS AND SUMMARY 


We conclude that Hall-coefficient and magnetoresis- 
tance measurements can be performed on thin single 
crystals of germanium to give information concerning 
the conduction process in the space-charge region of the 
crystal surface. The experiments reported here are in 
general agreement with the theory of I and show: 


1. The general energy-band structure of germanium 
describing bulk material also appears to be valid in the 
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space-charge region; there being two types of holes 
in the space-charge region, with a light- to heavy-hole 
mobility ratio approximately that found in the bulk 
(bs32=8—12), and of about the same density ratio 
(r<0.042). 

2. Inclusion of two kinds of holes and one electron 
allows for qualitative interpretation of the Hall coeffi- 
cient and conductivity as a function of suriace potential, 
using surface mobilities equal to bulk values. 

3. Improved agreement between theory and experi- 
ment is attained when Schrieffer’s theoretical expres- 
sions are used for the surface mobilities. The data are 
in good qualitative and fair quantitative agreement 
with the theory, and can be said to be the first direct 
quantitative evidence of the reduction in surface 
mobility as a function of surface potential. 

4. The magnetoresistance data on the p-type side 
also confirms the existence of highly mobile holes in the 
space-charge region. The data support the theory of 
reduced surface mobility. 


These experiments suggest that the present picture 
of the conduction process in the space-charge region of 
germanium is a valid one. However, the present studies 
are limited in that all samples were prepared and treated 
in essentially the same manner. Of interest is the in- 
vestigation of the conduction process over a wider 
range of surface preparations, ambients and tempera- 
tures. Materials, other than germanium, should also 
be investigated. Such a study should determine whether 
or not the present model has a general validity. 
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Electron-Bombardment Damage in Silicon* 


G. K. WERTHEIM 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received February 27, 1958) 


The nature of 1-Mev electron-bombardment damage in silicon is investigated by using Hall effect, con- 
ductivity, and carrier-lifetime measurements. It is shown that the bombardment imperfections consist of 
sites containing at least two electrically active point defects. The connection between these sites and the 
energy levels in the forbidden gap found in an earlier investigation is established. The state of charge, the 
electron and hole-capture cross sections, and the temperature dependence of the energy levels of these 
imperfections are obtained. 








DAMAGE PROCESS 


N the discussion of radiation damage, a distinction 
must be made between the “primary damage” 
produced by the collision and the damage observed in 
subsequent measurements after annealing and diffusion 
have changed the configuration of the structural dis- 
order. It is in principle possible to observe the primary 
damage at low temperatures, where the processes of 
annealing and diffusion are slow, but how low the 
temperature must be is not known. Evidence has been 
obtained that significant rearrangements take place in 
silicon between 77°K and room temperature. Tempera- 
tures lower than 77°K have not been investigated, but 
it may be assumed on the basis of the study of copper’ 
and germanium? that rearrangement takes place at 
lower temperatures as well. 

However, even the production of the primary damage 
is not completely understood. The collision process may 
be treated rigorously and is not subject to theoretical 
uncertainties; that is, we know the energy spectrum 
of the struck atoms immediately after the collision. On 
the other hand, the probability that an atom of given 
energy, moving in a given direction, will produce a 
stable displacement is not known.’ Recent experiments 
in germanium have shown that the Wigner threshold 
energy of about 30 ev, although it yields the correct 
cross section for the production of damage by particles 
capable of transferring energies much greater than this 
value, does not in reality correspond to a sharp cutoff 
in the production of damage.‘ Moreover, a dependence 
of the cross section on crystal direction has also been 
observed.‘ Leaving aside these considerations, which 
have not been explored in silicon, we shall discuss the 
damage process in terms of a threshold or displacement 
energy of 28 ev,® which corresponds to bombarding 
electrons of 280-kev energy, and adequately represents 
the damage rate under deuteron and _ high-energy 
electron bombardment. 


* This work was supported in part by the Wright Air Develop- 
ment Center of the U. S. Air Force. 

1 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
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2G. W. Gobeli, Bull. Am. Phys. Soc. Ser. II, 2, 355 (1957). 

3 W. Kohn, Phys. Rev. 94, 1409 (1954). 

4 W. L. Brown, Bull. Am. Phys. Soc. Ser. II, 2, 156 (1957). 

5 J. J. Loferski and R. Rappaport, Phys. Rev. 98, 1861 (1955). 


The experiments to be described were carried out 
with 0.7- and 1.0-Mev electrons. At 0.7 Mev the 
maximum energy that can be transferred to a silicon 
atom in a collision with zero impact parameter is 3.4 
times the assumed displacement energy. An atom with 
this energy is in turn capable of displacing its neigh- 
boring atoms as it is ejected from its lattice site. On 
the average such a collision will result in 2.2 displaced 
atoms.® However, to obtain a true picture of the damage 
produced, we must average over all impact parameters, 
from the largest, which results in the transfer of just 
the displacement energy, to zero, the most favorable. 
When this is done, the average number of displacements 
per collision is very close to unity; in other words, we 
are dealing with a situation where one atom is displaced 
from its normal lattice site to an interstitial position 
by each collision, and multiple damage is infrequent. 
The primary damage then consists of vacancy-inter- 
stitial pairs with a range of possible vacancy-interstitial 
distances. 

The stability of these vacancy-interstitial pairs 
depends on the temperature and perhaps on the purity 
of the crystal. Annealing has been observed as a crystal 
bombarded at 77°K is warmed to room temperature. 
Most of the remaining damage anneals above 450°K.? 
The damage studied here is that remaining after the 
low-temperature annealing. In practice it may be pro- 
duced by bombarding at or above room temperature. 
The damage produced by low-temperature bombard- 
ment and subsequent anneal is identical with that 
produced by high-temperature bombardment, but the 
effective cross section decreases with decreasing bom- 
barding temperature. The implications of this obser- 
vation are not clear at this point. The damage stable 
at room temperature may consist of isolated vacancies 
or interstitials, vacancy-interstitial pairs with a 
definite spacing, or complexes involving impurities. 
The role of crystal imperfections and impurities has not 
been investigated, but the fact that the same energy 
level is obtained in all crystals suggests that an impurity 
atom is not an electrically active part of the damage site. 





6 F. Seitz and J. S. Kohler, in Solid State Physics, edited by 

F. Seitz and D. Turnbull (Academic Press, Inc., New York, 

1956), Vol. 2, p. 305. 
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ELECTRON-BOMBARDMENT 


NATURE OF DAMAGE 


In the interpretation of bombardment effects, a 
distinction must be made between the damage sites 
and the point imperfections which it contains. The 
damage site is a volume about the point of initial 
collision which may contain either a grossly disturbed 
structure or, in the other extreme, only one or two 
point imperfections. This distinction is essential because 
some measurements are sensitive to properties of the 
site, while others detect those of the individual points. 

Carrier mobility in the range where charged center 
scattering is dominant depends primarily on the net 
charge of the damage site rather than on the point 
charges which it contains, provided the characteristic 
dimension of the site is small compared to the spacing 
of the sites. This is readily seen by making a multipole 
expansion of the electric field of a site and determining 
the scattering due to the various terms. The monopole 
term, involving the net charge, produces the major 
effect. Dipole scattering has been shown to be weak 
compared to monopole and neutral impurity scat- 
tering®; scattering due to higher moments may be 
neglected. 

Carrier concentration and lifetime on the other hand, 
depend on individual point defects. The properties of 
these defects may, however, be perturbed by nearby 
imperfections. Thus, the energy level of a donor may 
be raised toward the conduction band by a nearby 
negative charge, or the cross section of a charged center 
may be reduced by a charge of opposite sign located 
within its capture radius. 

Measurements of these properties can serve to deter- 
mine the donor or acceptor nature of bombardment 
defects by determining their state of charge. In this 
connection it should be noted that the differentiation 
between donors and acceptors cannot be made on the 
basis of the ratio of the statistical weight of the empty 
center to that of the full one, r, in the Fermi function® 


E-E, a 
[1+ exp(— - ‘y! 
kT 


For example, a chemical donor can be empty in one way 
and filled in two (spin up or down) so that r=} but an 
interstitial silicon atom can be empty in two ways 
(losing a spin-up or a spin-down electron) and filled in 
only one, so that r=2. An interstitial atom, acting in 
this manner, would also be considered a donor, however, 
since its two states of charge are neutral and positive. 
A further difficulty arises because a linear tempera- 
ture variation of the energy level cannot be distin- 
guished from the effect of the statistical weight ratio. 
An energy level of the form /o+e7 results in a Fermi 


§R. R. Slocum, Bull. Am. Phys. Soc. Sér. II, 2, 346 (1957) 
® This was pointed out to the author by C. Herring. 
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a? 
[i++ exp(a/k) exp(—— “ “\y. 


Consequently we can determine only the combined 
effect of the statistical weight ratio and the linear 
energy-level shift. If this is expressed as an effective 
temperature coefficient, a’, we find that 


a’=at+k Inr. 


function 


DISCUSSION OF PREVIOUS WORK 


In a previous paper'® conductivity measurements 
were used to locate two energy levels in the forbidden 
gap of electron-bombarded silicon. The introduction of 
centers was found to be linearly dependent on the 
number of bombarding electrons per unit area, and 
independent of the rate of bombardment. A theoretical 
fit of the carrier concentration over a range of tem- 
perature indicated that the damage could be represented 
by a discrete energy level, that is, that all damage sites 
of a given type have the same binding energy. This 
suggests that the damage sites consist either of isolated 
point imperfections or else of paired imperfections with 
a definite spacing. The production of two sites spatially 
separated but of equal density and opposite charge is 
considered improbable; on the other hand, a damage 
site may give rise to two or more energy levels widely 
separated in the forbidden gap, each corresponding to 
a charged point imperfection, while the site considered 
as a whole remains neutral. Under moderate bombard- 
ment no change in the carrier concentration was found 
when the Fermi level was 2kT further from the band 
edge than was the bombardment center, indicating that 
both damage sites are neutral under this condition. 

An analysis of lifetime in n-type material indicated 
the presence of a recombination center in the lower 
half of the energy gap, exhibiting a characteristic slope 
of 0.31 ev at high temperature. The reduction of lifetime 
in p-type material was also noted, and a slope of 0.24 
ev obtained. The theory of recombination has recently 
been extended by Sandiford" and by Clarke,” taking 
into account the difference between the steady-state 
and transient lifetimes in the region where the density 
of recombination centers is comparable to the other 
parameters. The results obtained by applying this 
analysis to bombarded silicon, on the assumption that 
the product of thermal velocity and cross section is 
independent of temperature, are’ 


E-E,=0.27 ev, on=9.5X10-* cm’, 


n=5X10% cm", o,=8.0X10-" cm’. 


1 G. K. Wertheim, Phys. Rev. 105, 1730 (1957). 

1 —, J. Sandiford, Phys. Rev. 105, 524 (1957). 

21). H. Clarke, J. Electronics and Control 3, 375 (1957). 

8G. K. Wertheim (to be published). 

4 The value of E—E, was obtained by correcting the slope of 
0.31 ev for the temperature variation of the density of states. 
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TABLE I. Crystal properties and bombardments.* 


WERTHEIM 


Crystal No. p Na—-Na Impurity E, Ne ” Ts 
I 1-p —1.2 1016 B R 0.7 5.110" 0.008 300 

II 12-p — 1.2 10"5 Ga 1.0 5.0 10'6 0.014 300 

III 0.4 -n 1.5 10'* As R 0.7 3.0 10'° 0.17 246 

IV 15-n 4.0 10" As R 0.7 6.0K 10" 0.11 246 

Vv 70-n 6.0 108 5% 0.7 8.3 10" 0.05 78 

VI 2-n 2.2 10'5 P NR 1.0 9.7 10" 0.18 193 

Vil 0.01-n 4.3X 10!8 As R 0.7 5.6X 10'8 0.57 246 
VIII 0.03-p —2 x10" B R 0.7 4.2 10'8 1.6 246 
Reference 10 7-n 6.2 10" As R 0.7 fot 0.16 333 
Reference 10 5- —2.1 10" SR 0.7 0.005 333 





8p =resistivity and type, ohm-cm; Na—Na =uncompensated donor or acceptor concentration, cm~*; E, =bombarding energy, Mev;  =number of 
bombarding electrons/cm?; 7 =rate of introduction of damage, cm; Ts =bombarding temperature, °K. R means that the crystal was rotated during 
growth, NR that the crystal was not rotated during growth, and SR that the crystal was slowly rotated during growth, 


The rate of introduction of damage was here obtained 
from lifetime data alone, utilizing the behavior at a 
high density of recombination centers. (Note that it is 
possible to separate the cross section from the density 
of centers.) The resulting agreement in location and 
rate of introduction indicates the identity of this 
recombination center with the net donor found in 
conductivity measurements. 

The present work deals with a number of aspects not 
considered in the earlier papers. Hall-effect measure- 
ments have been made to investigate changes in 
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Fic. 1. Reciprocal of the Hail constant before and after bom- 
bardment in 1-ohm-cm boron-doped silicon, sample I, and 12- 
ohm-cm gallium-doped silicon, sample II. 


mobility, which in turn allow determination of the 
state of charge of the damage sites. The donor or 
acceptor nature of the various bombardment defects 
has been identified. Measurements have been made on 
a number of crystals over a greater range of tempera- 
ture, to determine the temperature coefficients of the 
known energy levels and to search for others. Regions 
of the forbidden gap near the band edges have been 
investigated. 


PROCEDURE 


The samples studied were in the form of “‘bridges”’ 
cut from pulled single crystals. Each sample was 
soldered to a copper frame at one end, and was other- 
wise unsupported. Electron bombardments were made 
in the vacuum of the Van de Graaff accelerator at a 
variety of temperatures (Table I) and at bombarding 
energies of 1.0 and 0.7 Mev. Samples used in carrier 
concentration and mobility determinations received 
equal bombardments on the front and rear surfaces; 
lifetime samples were bombarded from one side only. 
Bombardment intensities were chosen so that the 
density of bombardment centers remained smaller than 
the concentration of uncompensated chemical donors 
or acceptors, so that the resistivity of the sample 
would remain low over the range of temperature to be 
studied. Sample thickness was in the range of 10 to 25 
mils. Further details are identical with those of reference 
10. 


DISCUSSION OF RESULTS 
1. The Lower Half of the Energy Gap 
(a) Carrier Concentration 


The reciprocal of the Hall constant (proportional to 
the carrier concentration and the ratio of conductivity 
mobility to Hall mobility) for two p-type silicon samples 
before and after electron bombardment is given in Fig. 
1. In the data for the unbombarded samples, the tem- 
perature dependence in the region above 150°K is due 
entirely to changes in the mobility ratio. The ratio 
changes very little with bombardment in this region 
where lattice scattering dominates; the displacement of 
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the data for the bombarded samples is due almost 
entirely to the filling of an energy level as the sample 
is cooled. However, the curves for the bombarded 
samples at low temperature illustrate two additional 
effects, which manifest themselves as a more rapid drop 
in the reciprocal Hall constant than was observed in 
the unbombarded samples. The mobility ratio changes 
as lattice scattering becomes secondary to scattering 
by charged impurities produced by bombardment, and 
the freeze out of carriers on chemical acceptors changes 
due to the increased compensation. More specifically, 
the fractional freeze out of the residual carriers on the 
chemical acceptors takes place more rapidly than the 
fractional freeze out of the total carriers on the same 
density of acceptors. This effect is seen clearly. in the 
12 ohm-cm gallium-doped crystal, sample II, where the 
slope at low temperature in the bombarded sample 
corresponds to the energy level of the gallium acceptor. 

These data admit of an interpretation in terms of a 
single discrete energy level having a small temperature 
coefficient. The equation 

E-E,=kT In———, 
Na—4N 

valid in the region where the chemical acceptors remain 
fully ionized, was used to determine the position of the 
energy level at the temperature at which the bombard- 
ment centers are half-filled. In sample I the point of 
half-filling is 459°K, yielding an energy level located at 
(0.291 ev; in sample II the point of half-filling is 351°K 
and the energy level 0.286 ev. (A value of 0.29 ev was 
obtained on the basis of conductivity measurements 
alone.'®) These results are consistent with an energy 
level of the form 


E—E,=0.268+5X10-5. (ev), 


and a statistical weight ratio of unity, or else with a 
constant energy level of 0.268 ev and a statistical weight 
ratio of $ for holes. 

The temperature coefficient of an energy level due 
to a simple substitutional impurity may be expected 
to be a fraction of the temperature coefficient of the 
energy gap, which in silicon is —3.6X10™ ev/°K."* If 
r=1, the total effect observed above is ascribed to the 
temperature coefficient, and we find that as the energy 
gap decreases, the distance of the bombardment level 
from the band edge actually increases. The sign of the 
temperature coefficient reverses only if r<}. 

The motion of this bombardment level is in the same 
direction as that of the Fermi level in the range investi- 
gated. The motion of the latter in this range is given by 


af E, 


d 
—(E,— E,) =———-+ 3k, 
dT T 


and in the samples under study is approximately 10~* 


16 F. J. Morin and J. P. Maita, Phys. Rev. 96, 28 (1954). 
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ev/°K. The effect of the simultaneous motion of the 
Fermi level and the energy level is to smooth the curve 
of carrier concentration when plotted as a function of 
temperature. This effect is small, however, and was 
not detected in the earlier investigation. 


(6) Mobility 


In the analysis of mobility the experimental con- 
ductivity mobility of Ludwig and Watters'® was 
employed in conjunction with ionized impurity scat- 
tering mobilities computed from the Conwell-Weisskopf 
formula.!?7 These were combined according to the 
method of Conwell.'* The lattice-scattering mobiiity 
is known accurately only in the range from 100 to 
450°K, making analysis at other temperatures ques- 
tionable. Further uncertainties arise because the 
ionized-impurity-scattering mobility and the method of 
combining lattice and impurity mobility were evaluated 
for spherical energy surfaces.'7-* 

In the 12-ohm-cm gallium-doped sample, the ob- 
served change in mobility with bombardment is small, 
because the density of bombardment centers is small 
compared to the density of compensated chemical 
impurities present in the original crystal. In the 1- 
ohm-cm sample, compensation is low. The Hall- 
constant data, Fig. 1, show that the 0.27-ev level 
remains filled from the lowest temperature studied to 
well above room temperature, so that a simple analysis 
of the mobility as a function of temperature is possible. 
The Hall mobility before and after bombardment is 
shown in Fig. 2. The mobility of the unbombarded 
sample is in good agreement with similar data of Morin 
and Maita.!® The rise in mobility below 100°K is 
associated with a decrease in the density of charged 
scattering centers as the density of ionized acceptors 
drops. After bombardment this rise is not observed, 
because the density of charged centers remains equal 
to at least twice the density of the bombardment 
centers. 

In the analysis below we assume that the fractional 
change in conductivity mobility is equal to the measured 
fractional change in the Hall mobility, i.e., that the 
ratio of conductivity mobility to Hall mobility is 
independent of bombardment. This approximation is 
valid provided only small changes in mobility are made. 
At 100°K the Hall mobility in the 1-ohm-cm sample 
decreased by 17%. Combining a lattice-scattering 
mobility of 7500 cm?/volt-sec with the ionized-impurity 
mobility for 9X10" charged centers/cm*, we obtain a 
conductivity mobility of 3550 cm?/volt-sec. After 
bombardment with 5.1X 10" electrons/cm?, the density 
of charged centers was 1.310", including 4x10" 
cm™* bombardment defects, which we assume to be 
singly charged. The computed mobility is now 2880 
cman W. Ludwig and R. L. Watters, Phys. Rev. 101, 1699 


17 E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
18 E. M. Conwell, Proc. Inst. Radio. Engrs. 40, 1331 (1952), 
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Fic. 2. Hall mobility before and after bombardment in 1-ohm-cm 
boron-doped silicon, sample I, Fig. 1. 


cm?/volt-sec, a decrease of 19%. This is somewhat 
larger than the observed change, largely because of the 
simultaneous change of the mobility ratio. This result 
indicates that the density of charged scattering centers 
introduced by bombardment is equal to the density of 
the 0.27-ev level when the latter is occupied by holes. 
If the center is assumed to be doubly charged, the 
ionized impurity mobility, which varies inversely with 
the square of the charge, is much too low to yield 
agreement with the data. 

We conclude that the site containing the 0.27-ev 
level is singly charged when the Fermi level is below it 
and that there are no other charged sites of comparable 
density under these conditions. It may be seen that the 
charge must be positive. If it were negative, the site 
would be doubly negative when the Fermi level is 
above it, requiring in turn the presence of two fixed 
positive charges to maintain neutrality without 
changing the carrier concentration. These fixed charges 
would reduce the mobility and thus contradict the 
measurements. The conclusion that there are no other 
charged sites is important, for it indicates that the level 
found in the upper half of the gap is associated with a 
neutral site, in this Fermi level position, and that other 
possible levels, like those seen near the band edges in 
deuteron-bombarded material, are neutral if present 
here. The determination of mobility in p type is a 
particularly sensitive test, in spite of the lower lattice 
scattering mobility, because the density of the 0.27-ev 
level is much lower than that of the 0.16-ev level in the 
upper half of the gap. 
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A model of the damage site giving rise to the 0.27-ev 
level must explain three salient facts: (1) lifetime 
measurements show that the center has unit negative 
charge when the Fermi level is in the upper half of the 
gap; (2) mobility determinations demonstrate that the 
site has unit positive charge when the Fermi level is 
below the 0.27-ev energy level; and (3) carrier removal 
experiments indicate that the site is neutral when the 
Fermi level is above the energy level in question. 

These conditions are met by a damage site containing 
two point defects, one having unit positive charge and 
the other unit negative charge when the Fermi level 
is above 0.27 ev. The observed energy level arises from 
the acceptor member of the pair. (It is termed an 
acceptor because it exhibits two states of charge, 
negative and neutral.) The energy level of the ac- 
companying positive charge has not been found, 
probably because it is located very close to the con- 
duction band edge. It may be recalled that the 0.27-ev 
level was termed a “net donor” in the preceding paper.’° 
This does not contradict its present identification as an 
acceptor, because the action of the acceptor member 
of the donor-acceptor pair in which the donor lies above 
the acceptor is indistinguishable from that of a donor 
when only carrier concentration is considered. Mobility 
effects are due to the total charge of the site and are 
small unless the Fermi level is below the 0.27-ev level. 

An estimate of the spacing of the two members of 
the damage site can be made on the basis of the hole- 
capture cross section obtained from lifetime measure- 
ments. To first approximation, the radius of the 
charged-center cross section can be no greater than the 
spacing of the members of the pair, since the Coulomb 
potential of the capturing center is thoroughly disturbed 
by a charge of opposite sign. On this assumption we 
find that the spacing must be at least 50 A, a distance 
large compared to the nearest-neighbor distance in 
silicon. The energy of interaction of two unit charges 
at this distance is 0.025 ev, so that the location of the 
energy level of the acceptor center is only slightly 
perturbed by the nearby positive charge. This effect is 
sufficiently small so that the broadening of the energy 
level produced by the existence of a range of spacings 
within the sites may escape detection in measurements 
of the type described. 


2. Upper Half of the Energy Gap 


The analysis of data for the upper half of the energy 
gap parallels that just given. The reciprocal of the Hall 
constant for three n-type samples, Fig. 3, indicates an 
energy level, 


E=0.160+1.1X10"T ev, 


for r=1. The sign of the temperature coefficient is 
opposite to that expected for a simple substitutional 
imperfection, in that the level moves away from the 
band edge as the energy gap decreases. 
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Mobility data after bombardment for sample III, 
Fig. 4, are consistent with an added singly charged 
scattering center equal in concentration to that of the 
bombardment level. Samples IV and V are heavily 
compensated, having ionized-impurity concentrations 
in excess of the uncompensated donor concentration. 
The change of mobility with bombardment is conse- 
quently small. In sample V the observed change of 5% 
at 100°K is in agreement with the known density of 
charged centers. Data for crystal VI clearly show the 
increase in the density of charged scattering centers at , 
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Fic. 3. Reciprocal of the Hall constant before and after bom- 
bardment in 0.4-ohm-cm arsenic-doped silicon, sample III, in 
15-ohm-cm arsenic-doped silicon, sample IV, and in 70-ohm-cm 
n-type silicon, sample V. 


the temperature where the carrier concentration drops 
as the sample is cooled (Fig. 5). This confirms directly 
that the reduction in mobility is due to the bombard- 
ment site containing the 0.16-ev level. We also conclude 
that the site is neutral when the Fermi level is below 
the 0.16-ev level and negatively charged when it is 
above. This behavior is that of an acceptor but it is also 
consistent with that of a donor in conjunction with a 
nearby positive charge. 

Lifetime measurements in 5-ohm-cm p-type silicon 
indicate that this level in the upper half of the energy 
gap may act as a recombination center. The data of 
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Fic. 4. Hall mobility before and after bombardment in 0.4-ohm-cm 
arsenic-doped silicon, sample ITI, Fig. 3. 


lifetime as a function of reciprocal temperature, Fig. 6, 
are compatible with this interpretation. The solid lines 
were computed assuming: (1) an energy level 0.18 ev 
below the conduction band, corresponding to the slope 
of 0.24 ev" corrected for the temperature dependence 
of the density of states; (2) a rate of introduction of 
0.18 cm™ obtained from the leveling off of the lifetime 
in Fig. 7 of reference 10; and (3) cross sections for hole 
and electron capture of 1.810 and 1.9 10~* cm’, 
chosen for optimum fit with the present data. In making 
the fit, the product of cross section and thermal velocity 
was again assumed to be independent of temperature, 
which may account for the difference between the 
energy-level location obtained here and that obtained 
from Hall-coefficient measurements. The good agree- 
ment in the rate of introduction of damage and in the 
location of the energy level indicates that the same level 
is responsible for the reduction of lifetime in p-type and 
the effect on the carrier concentration in n-type silicon. 

The effect of the level in the lower half of the energy 
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Fic. 6. Minority carrier lifetime in 5-ohm-cm )-type silicon 
after various amounts of electron bombardment, reference 10. 
I---1.8X 10" electrons/cm?, II- - - 1.8 10"* electrons/cm*, III- - - 
1.8X 10"? electrons/cm?. 


gap on the lifetime in p-type material must also be 
considered. Knowing the cross sections and rate of 
introduction of this level, the expected effect may be 
readily computed. When small-signal conditions are 
met, we find the lifetime given by 


N+hfi 
r= (1+ )leneat 
Po 


valid in the range of temperature and bombardment 
of Fig. 6. According to this equation, the lifetime should 
be temperature-independent below 350°K and rise 
sharply with a slope of 0.3 ev above that point. This is 
not in accord with the observations, although the mag- 
nitude of the lifetime at 350°K is approximately that 
observed. In the large-signal, nonlinear region, the 
decay should be nonexponential and the decay time 
should be a function of the magnitude of the excitation. 
This again was not observed. The failure to see the 
action of this center in p-type crystals may be due to a 
nonadditivity of reciprocal lifetimes” or to an increase 
in the lifetime in the large-signal region. The high- 
temperature behavior of the curve for 1.810" 
electrons/cm?, Fig. 6, may be due in part to the center 
in the lower half of the energy gap, since the concen- 
tration of defects here is sufficiently low so that non- 
additivity of reciprocal time constants may not yet be 
significant. 

The hole- and electron-capture cross sections were 
both found to be approximately equal to a character- 
istic neutral-center cross section. However, one of the 
two capture processes must involve a Coulomb at- 
tractive center whose cross section is expected to be 
many orders of magnitude greater. This suggests that 





WERTHEIM 


the Coulomb cross section is perturbed by a nearby 
center of opposite charge. Under this condition the 
cross section can be no greater than wd’, where d is the 
spacing of the two charged centers. The above cross 
sections require a spacing of 2.5 A, a number which 
should be compared to the smallest vacancy-interstitial 
spacing of 2.44 A, and to the second smallest vacancy- 
interstitial distance of 2.71 A. The discreteness of the 
energy level indicates that the spacing involved can 
have at most a few allowed values, since the energy of 
interaction of two unit charges separated by 2.5 A is 
0.5 ev. 

These results suggest that the damage site contains 
a vacancy-interstitial pair in, perhaps, the first or 
second nearest-neighbor position. The 0.16-ev level is 
then due to the positive member of this close-spaced 
pair of opposite charges, and is consequently a donor. 
This inference should be examined in the light of further 
experiments, such as a study of the kinetics of the 
anneal of this center, or of the production of this center 
under bombardment with more energetic electrons or 
heavy particles. 


3. Energy Levels near the Band Edges 


Energy levels resulting from high-energy electron and 
heavy-particle bombardment of silicon have recently 
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Fic. 7. Reciprocal of the Hall constant and conductivity before 
and after bombardment in 0.01-ohm-cm arsenic-doped silicon, 
sample VII. 
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been reported from two sources. Energy levels produced 
by deuteron irradiation have been observed near the band 
edges.” A state 0.025 ev below the conduction band 
was ascribed to an isolated interstitial atom, and a 
state 0.055 ev above the valence band edge to an isolated 
vacancy. Evidence was also obtained for levels further 
inside the gap, which were ascribed to clusters of defects. 
Measurements of Hall mobility as a function of bom- 
bardment have shown a minimum with the Fermi level 
0.23 ev below the conduction band, and another with 
the Fermi level 0.25 ev above the valence band,” indi- 
cating the presence of two energy levels which may be 
related to those discussed above. Bombardment with 
4.5-Mev electrons has also shown the presence of energy 
levels near the band edges*! and given some evidence 
for levels deeper in the forbidden gap. 

In view of these observations, a search of the regions 
near the band edges was made following 0.7-Mev 
electron bombardment. The reciprocal Hall constant 
and conductivity in a 0.01-ohm-cm n-type sample, 
bombarded at 246°K with 5.6 10'* electrons/cm’, is 
shown in Fig. 7. No anneal was observed on warming 
the bombarded sample to room temperature. The data 
are not consistent with an interpretation in terms of a 
single discrete energy level. This is not surprising, in 
view of the high density of centers introduced by 
bombardment and the high density of donors present 
in the unbombarded material. More important, how- 
ever, is the fact that the Fermi level at 333°K, when the 
bombardment centers are still 869% occupied, is located 
0.08 ev below the edge of the conduction band. The 
data indicate a broad energy level extending from 0.05 
ev to the energy level of the isolated defect, suggesting 
that the observed behavior is due to the same imper- 
fection found in less heavily bombarded material, but 
with its level broadened by interaction with near 
neighbors. The rate of introduction of damage in this 
crystal is 0.57 cm™', which is higher by a factor of three 
than that characteristically found in n-type material. 
The production of damage was monitored during 
bombardment and found to be linear from 5X10'* to 
1X10" electrons/cm*, dropping somewhat beyond that 
point. 

A degenerate p-type sample was also investigated. 
It received a total bombardment of 4.2 10" electrons/ 
cm? at 0.7 Mev. A 26% anneal was observed on warming 
the sample from the bombarding temperature of 246°K 
to somewhat above room temperature. The rate of 


19 T, A. Longo and K. Lark-Horovitz, Bull. Am. Phys. Soc. Ser. 
II, 2, 157 (1957). 

» T. A. Longo, Bull. Am. Phys. Soc. Ser. IT, 2, 355 (1957). 

2D. E. Hill, Bull. Am. Phys. Soc. Ser. IT, 1, 321 (1956). 
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introduction of damage after the anneal was 300 times 
greater than that characteristically observed in p-type 
material of lower carrier concentration, and may 
indicate the presence of an energy level close to the 


valence band edge. 


CONCLUSIONS 


It has been shown that the damage remaining in 
silicon at room temperature following bombardment 
with 0.7- to 1.0-Mev electrons consists of sites con- 
taining paired point imperfections, which give rise to 
two energy levels. The upper level is a donor in asso- 
ciation with a closely spaced negative imperfection, 
separated by a distance of perhaps 2.5 A; it has an 
energy level located (0.160+1.1X10~T) ev below the 
conduction band. The lower level is an acceptor in 
association with a positive charge at a distance greater 
than 50 A; it has an energy level (0.268+5X10~°T) ev 
above the edge of the valence band. These imperfections 
correctly account for the behavior of the carrier con- 
centration and mobility in the silicon crystals which 
have been studied. A broadening of the upper energy 
level has been observed in a low-resistivity crystal. 
(0.01 ohm-cm). The hole- and electron-capture cross 
sections of the 0.160-ev level are 1.8X10~ and 
1.9X10~" cm’, respectively, and those of the 0.268-ev 
level are 8.0X 10~" cm? and 9.5 107-"* cm. 

No difference in the location of the energy levels was 
found following bombardment at 0.7 or 1.0 Mev, nor 
were the levels shifted by bombarding at low tempera- 
ture and annealing at the customary bombarding 
temperature, or even by annealing above 500°K. One 
of the major remaining problems is the variation in the 
rate of introduction of damage from crystal to crystal, 
and the variation with temperature in a given crystal. 
These problems have not been explored sufficiently to 
attempt an explanation. A useful, independent check 
on the model proposed in this paper can be made by a 
study of the kinetics of the anneal of bombardment 
damage in silicon. The two centers which are introduced 
should exhibit a strikingly different anneal if one con- 
sists of a close-spaced pair which can annihilate with a 
single jump, and the other consists of a wide-spaced 
pair which may anneal like an isolated defect. 
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A theoretical discussion is given of the various orientation effects acting on nuclei in ferromagnets, and 
the results are compared to experimental measurements on the specific heat and the anisotropy in the emis- 
sion of y rays by radioactive Co™. The orientation is due to an effective magnetic field which is, neglecting 
some small terms, the sum of one negative and four positive contributions all of which are roughly com- 
parable. The uncertainty in the total field predicted is considerable but nevertheless rough agreement is 
obtained with the few experimental results at present available. 





I. INTRODUCTION 


ECENTLY several experiments on the orientation 
of nuclei in ferromagnets have been performed. 
Craer, Johnson, Scurlock, and Taylor' have observed 
the anisotropy in the y-ray emission from radioactive 
orientated Co nuclei in Co metal ; Johnson and Scurlock? 
have repeated these experiments on alloys of Co in Ni 
and Co in Fe; Heer and Erickson* have measured the 
nuclear specific heat of Co metal, and Kurti, Arp, and 
Peterson‘ have measured the nuclear specific heat of 
pure Co and of a Co-Ni alloy. The purpose of this paper 
is to analyze theoretically the various orientation effects 
so as to determine what may be learned from these 
experiments. 

Because all the experiments performed so far have 
used Co nuclei, we shall be chiefly concerned with the 
orientation of these nuclei in pure Co and in Co alloys. 
The calculations are difficult to make accurately and 
there is a very considerable uncertainty in the final 
results. However, it is hoped that some more experi- 
mental work will give us a better understanding of some 
of the difficult problems involved. In Sec. IT the various 
orientation effects are written down, and the fields 
which are not critically sensitive to the symmetry of 
the lattice are estimated. In Sec. III cubic alloys are 
considered in detail, and in Sec. IV hexagonal cobalt is 
discussed. In Sec. V the results obtained are discussed 
and compared to experiment. In an Appendix the use 
of an effective field is justified and formulas for the 
specific heat are derived. 


Il. EFFECTIVE MAGNETIC FIELD 


The orientation of the nuclei may be regarded as due 
to an effective magnetic field H which may be written 


as 
H=H,+H.+Ha, (1) 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

+ On leave from the Atomic Energy Research Establishment, 
Harwell, Berks, England. 

1 Craer, Johnson, Scurlock, and Taylor (to be published) ; Grace, 
Johnson, Kurti, Scurlock, and Taylor, Conference de Physique des 
Basses Temperatures, 1955 (Centre National de la Recherche 
Scientifique and UNESCO, Paris, 1956). 

2.C. Johnson and R. Scurlock (private communication). 

3C. V. Heer and R. A. Erickson, Phys. Rev. 108, 896 (1957). 
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where H; is the local magnetic field at the position of 
the nucleus, H, is the effective magnetic field which 
acts through the contact interaction with the 4s elec- 
trons and H, is the effective field due to the interactions 
of the nucleus with the electrons on the same atom. 
This effective magnetic field gives rise to a nuclear 
specific heat 


Cy/R=41(I+1) (gnunH/kT)? 
+O(gnunH/kT)*+---, (2) 


and, if the aligned nuclei are radioactive Co™, to an 
anisotropy in the emission of y rays given by 


I(x/2)—I(0) —(=) 
I(n/2) 14\ &T 
+O(gvunH/kT)'+-++. (3) 











Here J (6) is the intensity of the emission of y rays in a 
direction inclined at an angle 6 to the aligned spins. 

It is not obvious that these effects can be discussed 
in terms of an effective field as we have used here, and, 
in fact, Heer and Erickson give a formula for the specific 
heat which is incorrect for this particular problem. 
Therefore a discussion of this concept of an effective 
magnetic field is given in the Appendix where it is 
shown that apart from unimportant terms, (2) is 
correct. The essential idea is that in a ferromagnet at 
low temperatures the electron spins are completely 
“locked in” by the strong exchange forces. Therefore 
lowering the temperature still further does not affect 
the electron spin system, and so the electrons serve only 
the static role of providing an effective magnetic field 
to act on the nucleus. 

The local magnetic field at the nucleus H; is given by 


H,=H.—DM+4nM+H’, (4) 


where H, is the external field, —DM the demagnetizing 
field depending only on the shape of the specimen, 
4M /3 the usual Lorentz field and H’ the small residue 
of the Lorentz field which exists only for noncubic 
symmetry. We are interested in cubic ferromagnets and 
in hexagonal close-packed cobalt; for the former, H’ is 
rigorously zero, and for the latter, H’ is only about 10-* 
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of the Lorentz field. We may, therefore, neglect H’ 
completely. 

For this problem there is no doubt that the Lorentz 
field 4rM/3, rather than the Onsager field, should be 
used because we are concerned here with the fields 
produced by the large electron moments acting on the 
small nuclear moments. The reaction of the nuclear 
moments back onto the electron moments can be 
neglected. The values of the saturation magnetization 
M to be inserted into (4) are 1752 for iron, 1446 for 
cobalt, and 510 for nickel.® 

The effective field H, which is due to the contact 
interaction with the 4s electrons may be regarded as 
the sum of two parts. The first part is that proportional 
to the conduction electron polarization p and is 


— (8/3)u\y(0) |2np, 


where yu is the Bohr magneton, |y(0)|? is the average 
probability density of a conduction electron evaluated 
at a lattice point, » is the number of conduction elec- 
trons per atom, and is their polarization. The second 
part is that due to the mixing of 4s functions into the 
3d band. This mixing we expect to be reasonably large 
(several percent) although it is extremely difficult to 
make any kind of estimate for it. The sum of these two 
parts gives an effective field 


H.= — (8x/3)u\w(0) |2np, (5) 
where 
p=(pt 2S8a?/n) (6) 


is the “effective polarization.” Here S is the mean spin 
per atom and a’ is an average of the amount of 4s wave 
function mixed into a mainly 3d wave function. Both 
p and S are negative because the g value for an electron 
is negative, so H, is a positive field. 

As usual we write 


(0) |?=E|¥(0)| 4°, (7) 


where |y(0)| 4? is the free atom value and ¢ is a cor- 
9 


rection factor. We estimate |y¥(0)| 4? as follows. The 
hyperfine coupling constant a(s), defined as 


a(s)= (1694/3) gnunu|y(0) | 42, 


is known to be 0.190 cm~! for copper. Using a mean 
value of the two copper isotopes for gv, we find that for 
copper 


\W(0)| 42=0.310K 10% cm-*, ~— [for Cu]. 


Ridley’ has made estimates of these probability densi- 
ties using extrapolation from Hartree calculations on 
Fe and Zn and finds a value of 0.277 10°° for copper 
and 0,233 10° for cobalt. In view of the difficulty of 
these calculations the agreement between theory and 
experiment for copper is very satisfactory. We assume 


5L. W. McKeehan, Phys. Rev. 43, 1025 (1933). 

®C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 407. 

7C, Ridley (private communication). 
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that the theoretical estimate for cobalt is in error by 


the same factor as that for copper, and so take 


\W(0) | 42=0.267X 10" cm~*, [for Co]. (8) 


This gives 
H,.=—2.07&npX 10° gauss. (9) 


§ will have a value somewhere between 0.5 and 1.0. 

A rough estimate of the “true” polarization p and 
of the corresponding part of H, can be made as follows. 
Suppose the interaction between a single conduction 
electron, normalized to a unit cell volume, and an atom 
be written as —2/S-s, where s is the conduction elec- 
tron spin and § is the atom spin. This interaction is 
equivalent to an effective magnetic field acting on the 
conduction electron of magnitude JS/y. Now the Pauli 
paramagnetic susceptibility of a free electron gas is 
3nyp?/2E;, where Ey, is the Fermi energy. From this 
susceptibility and the effective magnetic field we find 


p=3J8/2E,. (10) 


Assuming a free electron gas for the conduction elec- 
trons of cobalt, we have 


E,=0.93X10™ erg. 


In the free atom J is roughly 2.4X 10" erg. Substituting 
these values and setting S equal to —0.85, we get 


p=—3.3X107, [for Co] (11) 


and from (9) we get a value of roughly 4X 10* gauss for 
the corresponding part of H,. This must be regarded 
only as a very rough estimate because & is unknown 
and J may be expected to differ from the free atom value 
by a significant factor. 

The effective field H, can be estimated if we use the 
Van Vleck model of ferromagnetism. In this model we 
suppose that correlation effects are very important so 
that on any particular atom there will always be an 
integer number of 3d electrons coupled together ac- 
cording to Hund’s rule. Thus, for example, in cobalt 
we suppose 70% of the atoms to have the (3d)**F 
configuration and 30% to have (3d)*?D. This gives 
the mean moment of 1.7 » per atom. Of course the same 
configurations do not stay on the same atom but are 
continually changing position. 

Using this model, we want to estimate the fields 
acting on the nucleus of an atom with a (3d) and with 
a (3d)* configuration, and then average with the ap- 
propriate probabilities. The field for each configuration 
can be obtained from the usual spin Hamiltonian which 
is used to study paramagnetic salts. The relevant terms 
are 


KH=AS,1,+ B(S12+S,],). (12) 


In the ferromagnet the electron spins are aligned by 
the strong exchange interactions, so we may replace 
S, and S, by zero, and S, by the spin value S of the 
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configuration. Hence we obtain 


H,=—AS/gnuy. (13) 


The full justification for this step is given in the 
Appendix. In the usual notation, the quantity A is 
given by 








A=—P(«+3I]e2+2Asz—3IAiz2), (14) 
where 
5—4S 
P=2gxpnu(1/?), J=-———,, (15) 
21(2L—1)S 
lap=}(0| Lals+Lgla|0)—§L(L+1) bas, (16) 
(0| La|n)n| Lg\0) 
Aas=)>.’ : " (17) 
= (E,— Ep) 
(0|L,|nXn| LaL,+L,Ls|0) 
tap= — }1€abe Wy : (18 





" (En— Eo) 


In these expressions \ is the spin-orbit coupling con- 
stant, and the states |m) are the orbital states in the 
crystalline field. In writing (14) we have assumed that 
the ground state is quenched, so that there is no orbital 
contribution to the moment or to A, other than that 
introduced by spin-orbit coupling. 

The first term of (14), —Px, has been discussed 
extensively by Abragam, Horowitz, and Pryce® and 
arises through the contact interaction of the nucleus 
with the inner 3s and 2s electrons. These inner electrons 
see slightly different potentials, depending upon 
whether their spins are parallel or antiparallel to the 
spin of the 3d electrons. They therefore have slightly 
different amplitudes at the nucleus and, although this 
difference is only a small percentage, the effect is 
appreciable because the probability density of these 
electrons at the nucleus is very large. The magnitude 
of this effect has been estimated with only moderate 
success by Abragam, Horowitz, and Pryce,* by Heine,’ 
and by Wood and Pratt.’* Experimentally it is observed 
that the quantity Px/gw, which is independent of 
nuclear properties, is roughly constant for paramagnetic 
ions and neutral atoms. We might hope therefore that 
it is roughly constant for different metals. Abragam, 
Horowitz, and Pryce quote the values 


«P/gy=3.8X10~ cm™ for neutral cobalt, 
«kP/gn=5.3X10~* cm™ for Cott. 


Using the neutral cobalt value and denoting the cor- 
responding effective magnetic field by H.1, we find 


Hai=—12.8X10' gauss. (19) 
It seems quite likely that this represents the order of 
magnitude of this effect in the metal too, because the 


8 Abragam, Horowitz, and Pryce, Proc. Roy. Soc. (London) 
A230, 169 (1955). 

®V. Heine, Phys. Rev. 107, 1002 (1957). 

10 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 
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inner electron wave functions and the 3d electron wave 
functions should not differ drastically from the free 
atom. But possibly it may be that the effect is sensitive 
to the exact overlap of the wave functions and so Ha, 
may differ considerably from this value. 

The second term of (14) represents the dipole-dipole 
magnetic interaction between the nuclear and electron 
spins averaged over the zero-order wave function. The 
third term is the magnetic interaction between the 
nucleus and the unquenched part of the orbital moment. 
The fourth term is a cross effect of the dipole-dipole 
nuclear-electron spin interaction and the spin-orbit 
coupling. These three terms depend upon the symmetry 
of the crystal, so we shall discuss separately the two 
cases we are particularly interested in, cubic alloys 
containing cobalt and pure hexagonal cobalt, in Sec. 
III and Sec. IV, respectively. 


Ill, CUBIC ALLOYS 


In alloys we may still regard cobalt as a mixture of 
two configurations, 70% of (3d)®§*F and 30% of 
(3d)* 2D. In the cubic field which has the same sign as 
is usual in paramagnetic salts, the (3d)* *F configuration 
splits into the representations T:+I'y+I's, with the 
2, ie. a singlet orbital state, lowest. Hence for the 
(3d)**F configuration the ground state to be inserted 
in (16) is nondegenerate and, therefore, has the full 
cubic symmetry. Therefore, 


lee=lyy=*les= PYaa=0. (20) 


This is just the well known result that the dipole-dipole 
interactions average to zero in cubic symmetry. The 
(3d)°*D configuration splits into the representations 
I';+T's, with the T;, a doublet orbital state, lowest. 
For neither of these two orbital states separately does 
1,8 vanish (except for special choices of representation) ; 
but because the two states are degenerate, and in the 
metal they remain degenerate because there is no dis- 
tortion to split them as there usually is in paramagnetic 
salts, we are interested only in the mean value of lag 
and this is zero. Hence the second term of (14) and the 
corresponding contribution H,. to H, are zero for 
cubic alloys. 

This argument has presupposed that each cobalt 
atom in the alloy sees a cubic field, and this will be 
strictly true only in very dilute or in very concentrated 
alloys. For alloys of intermediate concentrations each 
cobalt atom will have some nearest neighbors of cobalt 
and some of a different atom so that the field seen by 
this cobalt atom will not be cubic. Only the average 
field seen by all the cobalt atoms will be cubic. This 
effect will, therefore, give no contribution to the mean 
field acting on the nucleus, but it will give a contri- 
bution to the mean square field and hence to the specific 
heat and y-ray anisotropy. It does not seem possible to 
estimate this term; but in alloys between elements 
which are close in the periodic table, e.g., Co-Ni, we 
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might hope the effect is small even for the 50% con- 
centration alldy, especially as the effect of a noncubic 
field on the (3d)* configuration must be small, so that 
effectively only the 30% of the atoms which have the 
(3d)* configuration can give rise to this extra term. 

The third term of (14) will always be roughly of the 
same order of magnitude and can be estimated as fol- 
lows. Using (13) and (14), we find the corresponding 
part of H, is 


(21) 


Using S=0.85, a typical value of 1.9 for g’, and a value 
of 5.2 ao~* for 1/r°*, we find H,; is about 6X10* gauss. 
However, for any particular case a more careful esti- 
mate of this term can easily be made, although in view 
of the uncertainties in the experimental value of g’ and 
in the model we are using, there is considerable doubt 
if such an estimate is really justified. To illustrate the 
calculation, consider a small percentage of cobalt in 
nickel. 

We assume that the cobalt sees the same cubic field 
as nickel. If we write this field as 


V=Clx't+y'+2!— ar], 


we find, remembering that the easy direction of mag- 
netization in Ni is the [111] direction so the subscript 
z in (14) really refers to this direction, not the crystal- 
lographic z axis, 
A= 21 CO) ne 
Az2=10.5/C(r) 


Ha3=S(2—g')2u(1, ”). 


(22) 


for (3d)* °F, 


23 
for (3d) 2D. (25) 


We calculate the coefficient C, using the known g’ value 
of pure nickel, from the relation 


(2—g’)= —2\,10.5 Cir"), (24) 


where \, is the spin-orbit parameter for Ni(3d)*. Using 


(13), (14), and (23) we find that, after averaging over 
configurations, 

Has=u(2—g’)(1 r)(0.3d2+ 2.83) A (25) 
where \2 and A; are the spin-orbit parameters for Co 
(3d)* and Co(3d)*, respectively. Now theoretically 

A= +£/2S, 
where £ is a function only of the nuclear charge. Hence 
A= — Eni, 2A3=A2= — Eco. (26) 


Experimentally we find &x; and £c. are 670 cm™ and 
540 cm“, respectively. Upon using these values with 
(26), Eq. (25) becomes 


Ha3=1.4u(2—g')(1/r°) [for Coin Ni]. (27) 
If we use a value of 1.88+0.04 for g’ and 5.2 ay“ for 


1/r’, this gives 


H3=[(5.4+1.8 ]X 10* gauss. (28) 
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The last term of (14) vanishes for this case because 
in cubic symmetry “,,=}t%aa, Which is zero by in- 
spection of (18). 


IV. HEXAGONAL COBALT 
The crystalline field potential can be written as 


V =a{32—r°} —b(352'—302r+3r'}. (29) 


The coefficient a is zero for close-packing so we shall 
neglect this first term, as the cobalt lattice is very 
nearly ideal close-packing. The coefficient } is positive. 
In this potential the Co(3d)**D configuration splits as 
follows: 


Energy States Degeneracy 

0 vo 1X2 
—40b(r°),/21 v2; We 2x2 
—80b(r*) 4,/21 Vi; 1 2X2 


and the Co(3d)* *F configuration splits as follows: 


Energy States Degeneracy 
104(r*),,/21 Y2; v2 2x3 
40D(r*) 4/21 Wi; ¥-1 2x3 
240(7*) ny 21 V3} v3 2X3 
0 vo 1X3 
Then 
for Co(3d}° 2D, =—l1, 


ha J=2/21, S=-4; 
for Co(3d\**F, 1,, J=1/105, ‘S=—1 
From (13), (14), and (30) we obtain, averaging over 
configurations, 


H2=0.25u(1/r*) =8.1X10* gauss. 


=—4, 


(31) 


The third term of (14) needs some care. It is easily 
verified that A,, is zero both for (3d)®?D and for 
(3d)* *F, but this does not mean that there is no inter- 
action between the nucleus and the orbital moment 
because, in this case, in the first approximation the 
orbital moment of the (3d)**D configuration is not 
quenched. The quenching is done by the band-like 
motion of the (3d)* configurations in this case. The small 
orbital contribution which is left produces a field 


H3=0.85(2—g')P, £NMN. (32) 
If we use a value of 1.85 for g’, this is 
H.3=8.3X10' gauss. (33) 


The last term of (14) is difficult to calculate because 
the coefficient ) in (29) is unknown. A reasonable 
estimate however shows the last term, Hs, to be 
roughly only 1% of H43, so we may safely neglect it. 


V. COMPARISON WITH EXPERIMENT 


There are several experimental results on hexagonal 
cobalt available. Craer, Johnson, Scurlock, and Taylor! 
have observed the anisotropy in the y-ray emission 
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from Co™, and from their results they deduce that, if 
the electron-nuclear interaction is written as AS*/* 
with S*=+3, then for Co®, A is 0.0145+0.002 cm—. 
Since Co® has a spin of } and a moment of 4.64 uw, we 
deduce 


H=21.7X10* gauss. (34) 


Heer and Erickson* have measured the specific heat of 
hexagonal Co® and found 


CyT?/R=4.0X10™. 
Hence, from (2), we have 


H=18 X10* gauss. (35) 


Arp, Peterson, and Kurti* have also measured the 
specific heat and they found 


CyT?/R=4.7X10-, 
giving 


H=19.5X10* gauss. (36) 


We shall take the experimental value to be the mean 
of these three results, namely 19.710‘ gauss. Actually 
these experiments can measure only the magnitude and 
not the sign of H. We have assumed the sign to be 
positive in writing (34)—(36). 

The total field which we have calculated for hexagonal 
cobalt is the sum of (9), (19), (31), and (33) and is 


[1.45€(| p| +2.43a?) X 10°+3.6X10*] gauss. (37) 


Taking é to be 1.0 we find this consistent with the value 
19.7X10* gauss, if we accept the estimate (11) for p 
and set a? equal to 0.032. This conclusion that the 
mainly 3d wave function contains about 3% of a 4s 
wave function seems very reasonable. From this result 
it would seem likely that the term H,; does not differ 
too much from the free atom value, and is therefore 
not too sensitive to the exact overlap of the wave 
functions. 

It would be very interesting to have experimental 
results on a high-concentration cubic Co alloy. Here 
we would expect all the fields to have roughly the same 
value, except for Ha2, which would become zero. We, 
therefore, expect a value of 11.5X10* gauss for H in 
this case. An experimental measurement of this quantity 
therefore ought to give information on the validity of 
the Van Vleck model which we have used. A compli- 
cation is that on this model the quenching mechanism 
is different for hexagonal cobalt and cubic cobalt. We 
might therefore expect H,3 to change appreciably, too. 

Experimental results on a high-cobalt-concentration 
cubic alloy are not yet available, but Arp and Peterson 
have reported measurements on an alloy of 60% Co, 
40% Ni which give an effective field of 16.2 10* gauss. 
It is not clear how close we would expect the results 
for this alloy to come to the predicted result of 11.5 104 
gauss for the high-Co-concentration alloy. It would 
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appear from this result that the use of the Van Vleck 
model has exaggerated the size of the field Ha. by a 
factor of about two. 

The total field which we have calculated for cobalt 
in nickel is 


[1.45€(| p| +2.43a") K 10°—7.4X 10*] gauss. 


Assuming that the first term has the same value as in 
hexagonal cobalt, we get an effective field of 8.7 10* 
gauss. Hence the anisotropy in the emission of y rays 
ought to be a fraction 0.19 of that for hexagonal cobalt ; 
ie., since Craer, Johnson, Scurlock, and Taylor ob- 
served an anisotropy of 5.7% at a temperature of 
0.040°K for hexagonal cobalt, an anisotropy of 1.1% 
should be observed at the same temperature for a 
dilute alloy of cobalt in nickel. This is in rough agree- 
ment with some preliminary experiments of Johnson 
and Scurlock? on an alloy of 3% cobalt. They report 
that the anisotropy is very small. 
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APPENDIX 


In this Appendix we shall justify the use of an 
effective field to describe the nuclear spin orientations. 
For simplicity of notation we shall use the simple 
Heisenberg model of a ferromagnet with a spin S on 
every atom. We write the Hamiltonian for the system 
as 


HK=KotK’, (A.1) 
where 
Ho=— 2 Lu 5) SiS +H. Di SH, (A.2) 
H'=A Yi Stl ¢+B Yi (S71 Z+S1) 
—2gnunH. Dilt. (A.3) 


Ho is the Hamiltonian for the electron system alone, 
and 5’ is the nuclear Hamiltonian. Actually these 
expressions are not complete because the dipole-dipole 
interactions between the electron spins themselves, 
between the nuclei themselves, and between the 
electrons and nuclei have all been omitted (except for 
the dipole interaction between the nucleus and the 
electrons of the same atom which is included in the 
coefficients A and B). The neglect of the nuclear- 
nuclear dipole interactions is certainly justified and 
the neglect of the other terms will have as a consequence 
merely the replacement of the local field H:, defined by 
(4), by the external field H,. 

From (A.3), with zero H, and setting S=}, Heer 
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and Erickson deduce the specific heat to be 
Cy/R=1([+1)(A?+2B*)/128T". (A.4) 


This would be correct for a paramagnetic salt but, as 
we shall show, is incorrect for a ferromagnet. The correct 
expression, for zero H,, is 


Cy/R=1(I+1)A2S?/3kT". (A.5) 
Following Schafroth" we write the partition func- 
tion, correct to second order in %’, as 
Z=Z)—B DY e- F¥(n| 5’ | n) 


e7 BEn— e—BEm 
+48 X | (m|35c’|n)|? , (A.6) 
nm (Em—Ex) 


where @ is 1/kT and the states |m) are the eigenstates 
of Ho. Zo is a partition function for the noninteracting 
system. The second term of (A.6) certainly vanishes 
because it is linear in 5¢’. To evaluate the second term 
we first diagonalize Ho, using the familiar spin-wave 
operators, With the usual approximations, we have 
S#=—S+a;*a,, 
it = (2S)'a*(1—a,;*a,/2S)'~(2S)'a* 
= (2S/N)' Sox (e* ®a,*), (A.7) 
S7-= (2S)§(1—a,*a;/2S)!ae~(2S) $a; 
= (2S5/N)' >>. (e~** Ba,). 
Then 
[a;,a;*]=6;;; [ax,du*]=5«, x etc., 
and, if we neglect all terms except those quadratic in 
the annihilation and creation operators, Ho is brought 
to the diagonal form 
Ho=C+)>D x €xN, (A.8) 
where 
Ny = dy" dy, «= 2uH+2SS yx, ( 49) 
- A.Y) 
«= Lo exp(ik-o), 


and the sum over @ goes over nearest neighbors. Then 
Zo= (21+1)%e~*° TT]. [1 —exp(—Bex) }'. (A.10) 
In terms of these variables, 3¢’ becomes 
KH! = —D 1 4{AS+2gnunH—(A/N) 
XD we ef *-! Rig, *ay-} + B(S/2N)' >; 17: 
Xd ulen™ Fay te™ Fia,*}+iB(S/2N)' >; 1" 
Xd fen Bia, — ei Bia,*}. (A.11) 


Then we find that the last term of (A.6) is the thermal 
average of 


1M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 


$1 (I+1)NBZBLAS+2gyunH —(A/N) dx mx? 
A? 1—exp[—B(ex— ex’) | 
+— £ (me +1)m— — 
N? kk’ €x— €k’ 


A 1 
+— Y —{(me+1)[1—exp(—Bex) ] 


N «x €k 
—mn{1—exp(Bex) }}. (A.12) 
Remembering that 


(NN) w= Nich +5, cM (Net 1), (A.13) 
and that 
S=—S+(1/N) Eu m, (A.14) 
we get 


Z/Zo=14+48-NI(1+1)(AS—2Hgwuy)? 


A? 1 1 
+48NI(I+1)— 5 (- -)( ile ) 
V? kk’ €k— €x’ exp(Gex:)—1 


erry 
+46NI(I+1)B—S—. (A.15) 


k €, 


From this we deduce, in zero field, that 


RI(I+1) f-. 28 a7. 
Cy=Cy"+— 11 $4498 ; + 3° (s -)| 
3k°T? 0B 0g 0B s - 


RI(I[+1) A? & 1 
+ le = (—) 
3RT? N* OBL kk’ \eg— ex: 
1 
x( —— ) I (A.16) 
exp (Sex) —1 


S=-S+cs"}, (A.17) 


Now 
where, for a face-centered cubic lattice, 


1 1 \! ¢% xidx r\3 
-—(—) f nian -o.0294( - ). (A.18) 
Sr \ 2ST 9 e*—1 2S J 


From (A.17) and (A.16) we find the leading terms in 
an expansion in inverse powers of 8 to be 


RI(I+1)A? 
Cy=Cy°+———- [SH bsce +c : 
3kT? 
Vo 1 
+3c8 i__. fa-| (A.19) 
(2r)8 € 


The last three terms in the brackets are negligible 
compared to the first term and Cy’ is also negligible, 
so we obtain (A.5). Clearly the other effects which we 
have ignored in this simple model can be taken care of 
by replacing AS by —gyunH, where H is given by (1). 
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Evaluation of the transport integrals for warped bands using the method of McClure was done for re- 
laxation times determined by mixed scattering from acoustic phonons and ionized impurities. Hall and 
transverse magnetoresistance coefficients were calculated for parameters characteristic of the degenerate 
valence bands in germanium and silicon, as obtained from cyclotron resonance data. For germanium, results 
are consistent with observation in regard to a density-of-states ratio for fast and slow holes of approximately 
4% and in the occurrence of fine structure, especially a minimum in the Hall coefficient between 1000 and 
2000 gauss at 80°K, depending on the impurity content. With parameters representative of silicon, sub- 
stantially different behavior is predicted, in line with experiment. 


I. INTRODUCTION 


HE magnetic field dependence of galvanomagnetic 
effects in semiconductors is quite strikingly 
affected by the charge-carrier scattering mechanisms 
and by the band structure. The effects of different 
energy dependencies of the relaxation time on the Hall 
coefficient and magnetoresistance are illustrated by 
Wilson,' and the influence of re-entrant energy surfaces 
on Hall mobility was discussed by Shockley.? Johnson 
and Whitesell,’ Madelung,‘ Appel,’ and others have 
examined cases of mixed scattering by acoustic phonons 
and ionized impurities, while Beer, Armstrong, and 
Greenberg® have considered the effect of degenerate 
band structures on the Hall coefficient, and have also 
applied the treatment to Corbino magnetoresistance 
and thermomagnetic effects. In all of these cases, 
calculations were done only for a model with spherical 
energy surfaces. The restriction was necessary inasmuch 
as closed solutions of the Boltzmann equation, exact in 
magnetic field strength, exist only when the electron 
energy is a quadratic function of the wave number.’ 
Consequently, studies of the magnetic-field dependence 
of transport effects in semiconductors have been con- 
fined largely to ellipsoidal models, as for n-type ger- 
manium,*® or, in the case of degenerate bands in p-type 
germanium, to a spherical model where the fundamental 
characteristics of each band were determined from 
experiment.”® 
Consideration of anisotropic energy surfaces has, for 
the most part, been confined to the weak magnetic field 


* This work was supported by the U. S. Air Force through the 
Air Force Office of Scientific Research of the Air Research and 
Development Command. 
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region where the Jones-Zener' series solution of the 
Boltzmann equation in powers of H is applicable. Such 
a procedure has been effectively applied to determine 
in first approximation the effect of warped surfaces in 
germanium and silicon” on state density, conductivity, 
and Hall effect for the case of a single scattering process. 
Characterization of the warped energy surfaces was 
done by means of cyclotron resonance information. 
More recently the coefficients have been evaluated for 
transverse and longitudinal magnetoresistance." 

For examining the transport coefficients as a function 
of magnetic field, however, power series in H must be 
avoided since such representations do not converge for 
high-mobility charge carriers even at moderate mag- 
netic-field strengths. A different approach is therefore 
necessary. Such a method has been provided by 
McClure“ who obtained the conductivity tensor in the 
form of Fourier series expansions in harmonics of the 
frequency of the carrier around the hodograph in the 
magnetic field. This development applies quite gen- 
erally to arbitrary values of magnetic field and shapes 
of energy surfaces, provided the relaxation time is a 
function of energy alone. To determine the Fourier 
components of the harmonics for the warped surfaces 
characteristic of germanium and silicon would be quite 
involved. Straightforward calculations are of course 
possible in limiting cases—for example, when the energy 
surfaces are spheres (the series reducing to a single 
term) and also for the case of a cube. Goldberg, Adams, 
and Davis'® have analyzed this latter case and have 
shown that with H in the [100] direction such a surface 
leads to a ratio of Hall to drift mobility of 0.5 for a 
relaxation time independent of energy. This is to be 
compared to a value of 1.0 for spherical surfaces and 


1H. Jones and C. Zener, Proc. Roy. Soc. (London) A145, 268 
(1934). 

2B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955); 
these authors will hereafter be designated by LM. 

18 J. G. Mavroides and B. Lax, Phys. Rev. 107, 1530 (1957); 
108, 1648(E) (1957). 

4 J. W. McClure, Phys. Rev. 101, 1642 (1956). 

15 Goldberg, Adams, and Davis, Phys. Rev. 105, 865 (1957); 
these authors will hereafter be designated by GAD. 
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0.71 as obtained by LM-DZL'* for the heavy-mass 
band in germanium. In regard to the low value of 
u"/u,, GAD point out that the amplitudes of the 
harmonics of the velocity would be less for the warped 
surface than for a cube, and they discuss a treatment 
including only the third and fifth harmonics, with 
amplitudes chosen to as to give the LM value for u”/y,. 

Our analysis also involves the third and fifth har- 
monics. Furthermore, in addition to the amplitudes of 
the velocity harmonics, there are other coefficients 
whose values depend on the shape of the energy sur- 
faces. These include the parameter connecting the 
cyclotron frequencies with magnetic field, and a 
coefficient associated with the density of states. 

A further modification in our development is to 
replace the constant-r treatment by the energy- 
dependent relation approximating scattering by acoustic 
phonons and ionized impurities. The light-mass band 
is treated by the spherical model, for which a greater 
contribution to the scattering by ionized impurities is 
assumed. 


II. DEVELOPMENT OF EQUATIONS 


A. Constant Relaxation Time 


McClure’s theory yields for the conductivity co- 
efficients” S,, and S,, the following expressions: 


Sr2= peu'al1/ (1-+-a:?7?) +b3/ (1+ 9w?r?) 
+bs/ (1+ 25w*7?)+---], (1) 


S,z,/H = p(e/c) (u*)*aal1/(14+-w?r*) — 3b3/ (14+ 9w?r?) 
+5bs/(14+25w*r?)—---+-+-], (2) 


where u* is the conductivity mobility at zero magnetic 
field for a spherical energy surface. In the present case 
of constant 7, it is equivalent to er/m*. The constants 
a, a, 63, and 6s, are indicative of the band structure. 
They are known for spherical and cubical energy 
surfaces and are readily related to the LM parameters. 
The parameter @ is associated with the cyclotron 
frequency w as follows: 


w= aeH /m*c. (3) 
At weak magnetic fields, the LM representations give 


S22 peu" (@z2/ Qa), H—-0 (4) 


S2y/H= p(e/c)(u*)?(Ax/Aa), HO (5) 
where the anisotropic factors @z, @,z, and @,, represent 
the y series in LM Eqs. (10), (11), and (12), respec- 
tively. The quantity p/ @, represents the carrier density 
in a spherical band. The zero-magnetic-field conduc- 
tivity mobility » in the warped band is given by 
u'Qz2/ Qa. 

Determination of a, a, b3, and 6; for the heavy-mass 
16 This notation refers to the equations of LM using the revised 
values of the parameters given in Dexter, Zeiger, and Lax, Phys. 


Rev. 104, 637 (1956). 
‘7 These are equivalent to the S,, and Sj2, respectively, of GAD. 
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TABLE I. Values of parameters determing the conductivity 
coefficients for several types of energy surfaces. 





Parameter Value for type of surface indicated 
Cube, Warped Our 
Sphere H along [100] band in Gee choice 
Basic 
a 1 8/2? 0.96 
a 1 1/4 0.935 
bs 0 1/9 0.085 
bs 0 1/25 0.035 
Derived* 
p/p 1 1 1.075 1.075 
py / (u*)? 1 1/2 0.823 0.826 
p/p 1 1/2 0.713 0.714 
peatt"/ (jo)? 1 4/3 eT 1.110 
Meo/ po 1 1 = 1.005 


*See Eqs. (6)—(10). For comparison with the LM results, an energy- 
independent relaxation time was used here. 
b+ From GAD. The values of a, a, and «/y* should be increased somewhat 
-with a corresponding decrease in pop*/ (so )*>—due to a density-of-states 
factor which is not readily evaluated. The fundamental ratios p#/yz and 
po/uo" are unchanged. 
¢ From LM-DZL. 


band is subject to the conditions that the values of 
these parameters be between those for spherical and 
cubical surfaces, that at low magnetic fields they agree 
with the LM results, and that at strong fields the Hall 
coefficient yields (pec), with a proportionality factor 
of unity.'® 

It is convenient to write the equations in the limiting 
cases of weak and strong magnetic fields so that only 
the parameters characteristic of the band shape are 
present. This can be done in terms of mobility ratios 
by using Eqs. (1), (4) and (2), (5) with the result that: 

w/w '=S,2[1/peu* |=a(1+b3;+)54+ ---) 
=@,,/Q4, H-—0 (6) 

py /(u*)!?=(S.,/H | c/ pe(u*)? ]=aa(1—3b; 
+5bs—-+-+--*)=@z,/@a4, H-0. (7) 
The quantity u” is the Hall mobility in the warped 
band, defined in terms of the transport properties of 


the band, namely the limiting Hall coefficient at zero 
magnetic field and the conductivity oo, as follows”: 


pw = Roooc. (8) 


One can also define mobilities in the warped band in 
the strong-field limit: u,.=0.,/pe and p,”=R,0..c, so 
that Eqs. (1) and (2) may be written 


Meobt®/ (to)? =S2°[u*H*/ pec? |= (a/a?) 


X[1+b3/9+65/25+---], H+2 (9) 
Boe/ be” = S 2° H/ pec |= (a/a) 
X(1—b3/3+65/5—---+---], Ho. (10) 


The basic parameters in the preceding equations are 
listed in Table I for spherical and cubical surfaces along 


8 For a general derivation of this relationship, consult J. A. 
Swanson, Phys. Rev. 99, 1799 (1955); Lifshitz, Azbel, and 
Kaganov, J. Exptl. Theoret. Phys. U.S.S.R. 31, 63 (1956) [trans- 
lation: Soviet Physics JETP 4, 41 (1957) ]. 

* See reference 2, p. 209. The Gaussian system of units is being 
used throughout this section, 
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with the predictions from cyclotron resonance experi- 
ments on germanium. The values used in subsequent 
calculations are shown in the last column. 


B. Case of Mixed Scattering by Lattice 
Vibrations and Ionized Impurities 


The common expression for the dependence of the 
relaxation time on energy applicable in this case may 
be written*? 


3\/m m* xi 


——15" 
4 e B+a? 


(11) 








T= 


x=e/kT, 


where ¢ is the energy and where yz‘ is the lattice 
mobility for a spherical band. The factor f is a slowly 
varying function of energy which is usually taken as 
an appropriately chosen constant throughout an 
imtegration.* Its magnitude is an indication of the 
degree of impurity scattering. For pure lattice scat- 
tering, 8 is zero. The effective mass m* is related to the 
band parameters A and B, as defined by LM, as follows: 


m*=m/(A+B), (+for light mass, 




















—for heavy mass). (12) 
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Fic. 1. Hall coefficient factor for a single warped band. The 
solid lines are for parameters representative of the heavy-mass 
band in germanium as determined from cyclotron resonance. The 
dashed lines are applied to silicon. The parameter 82 measures the 
degree of impurity scattering. 

2 Information on this expression can be found in reference 3 
and in the literature cited in reference 6. A detailed presentation 
is available in the chapter by Harvey Brooks, Advances in Elec- 
tronics and Electron Physics (Academic Press, Inc., New York, 
1955), Vol. 7 
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For our case, McClure’s expressions may be written 
as follows”: 


pe’ N 
S, = ta er yr ————=), (13) 
m* N odd [1+ (Nwr)*] 
pe by(—1)"N 
Si = F020? é ——_—\ 
m* N odd [1+ (Nwr)?] 
n=3(N—1), (14) 
where the average over energy is defined by 
w= x (15) 
qg=— x*e~*qdx. pS) 
Vado 


Using the expression for r from Eq. (11), we obtain 


Sss= peurt*a » byK (8,a°N*y‘), (16) 
N odd 


ry= 4 (mr) peurtaa(y _ X x(-0)° NL(B,a°N*y’*), (17) 


where 


y'= (92/16) (ux*H/c)*, Gaussian units. (18) 


In the common case where mobility is expressed in 
cm?/volt-sec and H is in gauss, Eqs. (16) and (17) 
apply with y* defined as follows: 


= (9/16) (u,"H/10%)*, laboratory units. (19) 


The integrals K(6,y) and L(8,y) are tabulated in 
reference 6. 

The Hall coefficient and transverse magnetoresistance 
are given by 


Riy=S,y/(H (S22+S2;7)) 
Ap/pxn =1- [So8+-Say*] ‘Sz a2", 


(20) 
(21) 


where the transport coefficients are summed over each 
band, with the S,, positive for holes and negative for 
electrons. 

It is convenient to introduce a 
quantity, the Hall coefficient factor, which relates 
the Hall coefficient and carrier densities. This factor 
may be written Ry/R,.=Rupe; and, as has been 
pointed out by numerous investigators, Ryso/R. 
= p/p. 


dimensionless 


Ill, CALCULATED RESULTS 


With a spherical energy surface for the light-mass 
band (subscript 3) and a warped surface characterized 
by the constants determined in Sec. A for the heavy- 
mass band (subscript 2), the magnetic-field dependence 


21 See GAD Eqs. (7.5) and (7.6), recalling our different definition 
of x. 
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of the Hall coefficient factor may be written 


Ry 3n Ps 
ae (+7) 
z= po 


L(Boyy2") + (ps/ pe) (ur*, 3/mx*, 2)°L(B3,73") 


I * Tiana + (Ps po) (ur", 3/ux* 2) K (Bsyvs°) P+darve'LL (Boy2") + (ps/ peo) (ur*, 3/mx’, )*L(Bayys") - 
sc L£(B2,72") aol L (B2,a"2") — 3b3L. (B2, 9a" 2") + SbsL (82,25a*72") |, (23) 
K (B2,72") =al_K (B2;a"y2") +b3K (B2,9a*y2") +5K (B2,25a"y2") |, (24) 
with the parameters a, a, bj, and bs for germanium given in Table I. 
The transverse manetoresistance coefficient is given by 
Ap 
parte? 
. 1 [ee ‘p2) (urs a’, 2) K (Bayys") P+ dave [£(B2y72") + (bs pz) (ur".s ac ened (25) 
‘ [(B2,v2") + (ps/ po) (ur", s/mx’, 2) K (Bs,¥3") [LK (82,0) + (ps/ po) (ur, 3/mx", 2) K (83,0) | 


Y2 


Evaluations of the transport integrals, K and JL, 
were done from tabulated values,® using suitable in- 
terpolation procedures. The effect of the warping on 
the Hall coefficient factor for a single band is shown in 
Fig. 1, the solid lines being representative of germanium. 
It is seen that the magnitude of the maximum is con- 
spicuously dependent on the degree of impurity scat- 
tering, given by the factor B=6(ur"/u7"). 

The effect of the fast holes is to raise Ry/R,, sub- 
stantially at weak fields, depending on the amount oi 
impurity scattering. Results are shown in Fig. 2 for 
ratios p3/p» of 0.03, 0.04, and 0.045. Calculations were 
done for values of 82 and 8; which appeared in the tables 
of the transport integrals, and which seem represen- 
tative of germanium, as indicated by the ratio of heavy 
and light masses. The salient features of the curves 
agree with the experimental data, for example, the 
occurrence of minima and maxima and their shift with 
impurity scattering. In fact, in the example with least 
impurity scattering, the fine structure has disappeared. 
Some of these considerations may account for the fact 
that certain investigators have observed a minimum” 
in Hall coefficient as a function of magnetic field at 
80°K, while others have not.'® In addition, it is under- 
standable that no minima have been observed at dry 
ice temperatures. 

A comparison of some unpublished measurements of 
Reid and Willardson at 80°K with the theoretical 
curves for 4% fast holes is given in Fig. 3. A value 
ur’. of 55000 cm?/volt-sec was chosen in order to 
place the minima of the theoretical curves at the 
magnetic field values indicated. Such a mobility is also 
consistent with the magnetoresistance data to be dis- 
cussed later. Agreement of theoretical predictions and 
experimental values is semiquantitative, and it appears 


* Peterson, Swanson, and Tucker, Bull. Am. Phys. Soc. Ser. IT, 


1, 117 (1956). 


likely that values of the mixed scattering parameter 8 
exist which can bring the curves into a good coincidence. 
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Fic. 2. Hall coefficient factor for degenerate valence bands 
representative of germanium. Parameters are density ratios of 
light and heavy holes, and impurity scattering factors. 
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tures. 
































Magnetic Field H, kilogauss 


Even with the theoretical curves shown, there is good 
agreement in slope in the region of rapid change with 
field, and also in the shape of the minimum and the 
maximum in the case of specimen 2-C. Since our 
measurements did not reach the infinite field limit, it 
was necessary to choose a normalization value for the 
experimental curve. This was done on the basis of a 
deviation of Ry at 20 kilogauss from R,, which appeared 
reasonable for the particular sample and temperature 
of measurement. 

Figure 4 shows a comparison of results at 196°K. 
At this temperature, a mobility 4° 2 of 7000 cm?/volt- 
sec gives a good fit. From the experimental evidence, 


TABLE II. Values of parameters used for silicon. 








Value 
from cyclotron 
Parameter resonance> Our choice 

Basic 

a 0.96° 

a 0.935¢ 

bs 0.072 

bs 0.030 
Derived* 

“ /u* 1.049 1.058 

py / (yu)? 0.847 0.838 

w/e 0.769 0.749 

Mot" / (jee)? 1.108 

Meo/ [eo 1.008 





*See Eqs. (6)—(10). For comparison with LM results, an energy-inde- 
pendent relaxation time was used here. 

> From LM-DZL. 

¢ For simplicity in computation, the germanium values were used. 


it is not possible to postulate the existence of a mini- 
mum. Such a behavior is in agreement with the calcu- 
lated curve for the lower value of 8. The manner of 
presenting the experimental data is not meant to imply 
a conclusion that Ro/R, is larger for the less pure 
specimen, since the difference at weak fields is only 4%. 
Furthermore, the normalization is somewhat arbitrary, 
inasmuch as the strong magnetic field limit could not 
be attained. It would not be unreasonable to expect 
that for specimen 1-G, Ry should be normalized to 
0.985 at 10 kilogauss, and for 2-C to 1.025 at 20 kilo- 
gauss. Such a procedure would place the curve for 
specimen 1-G slightly below that for 2-C at weak fields. 
Nevertheless, indications are that Ro/R,, for specimen 
1-G is larger than expected on the basis of simple 
theory. A possible reason might be the orientation, the 
effects of which were not considered in the calculations 
of the theoretical curves. Support for this suggestion is 
given in the results at 80°K where the maxima and 
minima of specimen 1-G are relatively prominent. 

The magnetoresistance calculations are presented in 
Fig. 5 for the mobilities corresponding to the two tem- 
peratures. Since the ordinates here are quite sensitive 
to the lattice mobility (y~ ”), it is gratifying to find 
that those mobility values chosen on the basis of the 
Hall measurements are consistent with those predicted 
from magnetoresistance. At the high fields, the experi- 
mental data show evidence of the failure of the re- 
sistivity to saturate as predicted by most theories, in 
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agreement with results reported by several investi- 
gators.” 

There is additional information available from experi- 
mental data for use in checking the consistency of our 
calculations, namely, the Roop values. Knowing these, 
we can use relationships developed in the preceding 
section to determine 8, given a particular uz’. Details 
are given in the Appendix. For an assumed ratio 83/82 
of 3, we obtain values of 82 of 1.5 and 4 for specimens 
2-C and 1-G, respectively, using the u,* determined 
from the Hall data in Fig. 3. These results are in good 
agreement with predictions based on the relative loca- 
tion of the theoretical and experimental curves. 


%3 See reference 15, for example. 


1000 
Magnetic Field H, kilogauss 


Similarly, one obtains values of 0.6 and 1.1 for B2 at 
196°K. 
IV. RESULTS FOR SILICON 


A limited number of calculations were made with 
parameters approximating those predicted by cyclotron 
resonance experiments on silicon. To save compu- 
tational effort, the germanium values for a and a were 
used (see Table II). The Hall characteristics of this 
band are shown by the dashed lines in Fig. 1. It is noted 
that these results indicate smaller effects due to the 
warping than were found in the germanium. Further 
discussion of this point is made later. 

The light-mass band was again assumed spherical, 
with the values of p3/f.=0.16 and m;/m2=3, as sug- 
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Magnetic Field H, kilogauss 


gested by the results of LM-DZL. On the basis of the 
mass ratios, uz* 3/uz*.2 was chosen* as 3. Calculations 
were done with values of the impurity scattering 
parameters 82 and 8; as were used for germanium™ 
and also for 62=6;— this being the next entry in the 
tabulations of the transport integrals. It is expected 
that 83/82 would be less for the silicon. 

No curves are shown of the Hall coefficients for 
83;=82 since, contrary to experiment, they were all 
monotonically decreasing with y, being different from 
most of those for 83/82~3. Interpolation for 1<8;/82.<3 
was, therefore, not possible. 

Results for the Hall coefficient ratio are presented in 
Fig. 6. Experimental data, representing some un- 
published measurements of Bate and Reid of these 
laboratories, are also shown. The theory accounts 
semiquantitatively for the observed behavior, although 
the agreement is not so good as in the case of ger- 
manium. It would appear that parameters represen- 
tative of a greater degree of warping are necessary. 
This postulate finds support in the magnetoresistance 


*% This result is obtained for equal relaxation times of light and 
heavy holes, a relationship followed quite closely in germanium 
and applicable to a lesser extent to silicon. For further information, 
consult p. 152 of the article by Brooks listed in reference 20. 

25 To make use of some of the germanium calculations, mobility 
ratios of ax/10 or 2.96 were used. 


1000 


curves are low. The experimental points could, of 
course, be lowered by increasing 41", 2, but this does not 
appear justified since it would shift the Hall curves to 
larger values of ys’. It would also increase the 6,’s 
obtained from the Roo» data. Since these values for 
specimens 12-t and 14-b are reasonable, namely, 0.8 
and 1.9 (see Appendix), substantial changes there are 
not warranted. 

The theoretical magnetoresistance curves could also 
be raised by increasing p;/p> or ux*3/ux*2. Either of 
these procedures would, however, decrease the ampli- 
tudes of the Hall maxima, which are already small. 
Another consideration, which we did not examine, is 
orientation effects. Our silicon specimens were cut from 
pulled crystals with no attempts at special orientations. 
Some experimental data on orientation are available 
from measurements of Pearson and Herring** and more 
recently by Long.”’ 

Problems in connection with the anisotropy param- 
eters, as determined from magnetoresistance, were also 
encountered by Long at the higher temperatures. His 
comments concerning nonparabolic behavior of the 
light-mass band and increased contributions from the 
split-off band appear pertinent. 

26 G. L. Pearson and C. Herring, Physica 20, 975 (1954). 


27D. Long, Phys. Rev. 107, 672 (1957); also D. Long and J. 
Myers, Phys. Rev. 109, 1098 (1958). 
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Fic. 6. Comparison of theoretical Hall coefficient factor (solid 
lines) with experimental data on silicon (dashed and broken lines) 
for a temperature of 80°K. 


V. DISCUSSION 


The theory gives a semiquantitative fit to the Hall 
and magnetoresistance data of extrinsic p-type ger- 
manium including the prediction of fine structure for 
the Hall measurements at 80°K. Significantly, this 
occurs with strict use of parameters as determined by 
cyclotron resonance experiments. In the case of ger- 
manium, this means a density ratio for fast and slow 
holes of about 4%. In previous calculations it was 
necessary to use ratios of 2%,'°** when warped bands 
were not taken into account and impurity scattering 
was assumed negligible at temperatures well above 
80°K. Other treatments applied to data at 80°K called 
for a mobility ratio of fast and slow holes different from 
the cyclotron resonance predictions.” 

Lattice mobility values, as determined from the 
magnetic field strengths at the Hall minima, are con- 
sistent with those required to fit the magnetoresistance 
data. An independent check was obtained through the 
experimental determinations of Roo». A consideration 
of the relationship between yz* and Rooo reveals that 
differences between these quantities may be appreciably 
augmented by multiband contributions to the transport 
process. Therefore, a knowledge only of the temperature 
dependence of Roo» does not permit firm conclusions on 
the behavior of the mobility unless additional infor- 
mation is available on the band structure. 


8 Mochan, Obraztsov, and Krylov, J. Tech. Phys. U.S.S.R. 
27, 242 (1957) [translation: Soviet Phys.—Tech. Phys. 2, 213 
(1957). 


2 See discussion in GAD. 
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Fic. 7. Comparison of theoretical transverse magnetoresistance 
coefficients (solid lines) with experimental data on silicon (dashed 
and broken lines) at 80°K. 


Results indicate the importance of considering mixed 
scattering processes as well as warped bands, especially 
as regards the fine structure, which in our measurements 
included a minimum followed by a secondary maximum. 
This maximum renders difficult the precise determi- 
nation of the strong-field limit. The data also indicate 
that when one is concerned with accuracies of a few 
percent, ionized impurity scattering must be considered 
throughout the extrinsic range. 

The importance of the light-mass band in modifying 
the characteristics from those due to the warped band 
alone is striking. In silicon, due to the lower mobility 
ratio, the effect is not so pronounced as in germanium, 
and the primary maxima are still evident, except in 
cases where the impurity scattering is unusually small. 

Probably the most obvious area for refinement is in 
the treatment of the scattering. The ratios 83/82 were 
chosen on the basis of impurity scattering mobilities 
in the two bands varying as the inverse square root of 
the effective masses, and then using the nearest entry 
in the tabulations of the transport integrals. In ger- 
manium this gives a ratio of approximately 3—in 
silicon it should be substantially less. This is probably 
still another reason why less satisfactory agreement was 
obtained for silicon than for germanium. However, 
isolated calculations were done for different values of 
83/82, and these support the belief that our choice is 
adequate, at least for germanium. The latitude in 
83/82 is effectively constrained by the fact that small 
ratios accent the effect of the spherical light-mass band 
in washing out the fine structure, while large values 
significantly reduce the magnetoresistance. A rigorous 
theoretical examination of 83/82 would be especially 
desirable, as would a more sophisticated treatment of 
the thermal scattering, which we approximated by the 
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acoustic phonon process. Such a simple mechanism 
does not account for the observed temperature de- 
pendence of the lattice mobility. Therefore, the par- 
ticular values obtained for u,* should not be regarded 
strictly. A more involved analysis, taking into account 
scattering also by optical modes, could be expected to 
change somewhat the uz‘ values, and also those for the 
B's. 

Further refinements might be possible in the series 
for the transport coefficients of the warped band, 
including the addition of more harmonics and redeter- 
mination of the other parameters. The value of this 
complication is perhaps marginal for germanium but 
may be significant in the case of silicon, where it appears 
that a greater anisotropy than was used here is neces- 
sary. Further support for this suggestion is found in the 
fact that at 77°K, the ratio of longitudinal and trans- 
verse magnetoresistances is larger in silicon than in 
germanium by a factor of at least 5.77"! 

It would be interesting if Hall and magnetoresistance 
data were available as a function of temperature and 
impurity concentration for the same crystal orientation. 
This would eliminate some of the uncertainties in the 
interpretation of the present experimental data. It 
would be of especial interest if material of higher purity 
were studied, since our treatment predicts the promi- 
nence of the fine structure to be sensitive to the degree 
of impurity scattering. For sufficiently pure silicon, the 
Hall coefficient curves at 77°K should exhibit the 
germanium characteristic. 

Finally, we wish to point out that studies of the fine 
structure in the magnetic-field dependence of the Hall 
coefficient can provide useful information on new semi- 
conductors. For example, similarities in the behavior 
of p-type indium antimonide and p-type germanium 
have been established by several investigators. Recent 
measurements in our laboratories have indicated that 
the behavior of diamond is reminiscent of silicon rather 
than germanium. In aluminum antimonide, the Hall 
coefficient at 80°K was found to exhibit the large 
maximum characteristic of silicon. 
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VII. APPENDIX 


A. Theoretical Relationship between 
ur and Roeo 


In terms of carrier densities and actual mobilities in 
the heavy- and light-mass bands, one can write 


Rooo=(Ro/ Ra JL (Pouet paus)/ (pot pa) |. 
With the relationships given in Sec. II, the above 
equation can be put in the form 
Reoo= ux", 2 Ro/Re JL (@z2/Ga)K (82) 
+ (ps/ ps2) (ux* s/ux*, 2)K (Bs) | p2/ (pot ps) ]. 


(A-1) 


(A-2) 


B. Application to Experiment 


For the parameters listed in Tables I and II, Eq. 
(A-2) becomes 


Rooo= 0.962ur* of Ro /R, | O75K (Bo) 


+0.32K(83)], (for Ge), (A-3) 
Rooo= 0.862u,° of Ro ‘Re {1 058K (Be) 
+0.48K (83) ], (for Si). (A-4) 


In using the above equations, the values of u" » were 
those obtained from fitting the curves of theoretical 
and experimental Hall coefficients as functions of 
magnetic fields. Approximate values of Ro/R,, were 
obtained from the experimental data. Determinations 
were then made of the impurity scattering parameter, 
82, with 3 as an assumed value of the ratio 83/8». 
Results are listed in Table III. , 


TABLE ITI. Values of 82 as determined from Roop data. 





; po® Rooo* 
Specimen T,°K ohm-cm cm?/volt-sec Re/Re» 








ML 2 B2 

Ge 2-C 81 10.80 54 600 1.35 55 000 1.5 
196 74.10 9420 1.45 7000 0.6 

Ge 1-G 77 1.03 36 000 1.25 55 000 4.0 
196 5.75 8500 1.51 7000 « 11 

Si 12-1 80 15.00 10 250 1.00 12 000 0.8 
Si 14-5 80 7.17 7680 0.98 12 000 1.9 





* From experiment. 
> From Figs. 3, 4, or 6. 
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Excitation of Spin Waves in a Ferromagnet by a Uniform rf Field* 
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It is possible to excite exchange and magnetostatic spin waves in a ferromagnet by a uniform rf field, 
provided that spins on the surface of the specimen experience anisotropy interactions different from those 
acting on spins in the interior. Modes with an odd number of half-wavelengths should be excited in a flat 5 
plate. The definition of what is meant by a different anisotropy interaction is worked out and is a rather i 
lenient condition. Experiments which would determine the exchange energy constant should be possible 
using sufficiently thin platelets of single crystals having parallel faces. It is perhaps not unlikely that the 
theory may account for the observation by Waring and Jarrett of a large number of resonance peaks in 


NiMnO,. 





HE purpose of this note is to demonstrate the 

possibility of exciting by a uniform rf field both 
exchange and magnetostatic spin waves in a ferro- 
magnetic insulator. The excitation of spin waves by an 
inhomogeneous rf field’ is now well recognized, but it 
has been believed that a uniform or homogeneous rf 
field would excite only the uniform precession mode in 
which the magnetization precesses as a whole. Indeed, 
if all ferromagnetic atoms in the specimen experience 
identical exchange, Zeeman, and anisotropy inter- 
actions, then one may prove rigorously that only the 
uniform mode is excited by a uniform rf field. We must 
recognize, however, that atoms on the surface of the 
specimen are in a special position, particularly with 
respect to the interactions leading to magnetocrystalline 
anisotropy.” The local symmetry of a spin at the surface 
is always lower than the symmetry of a spin in the 
interior, and we must expect that terms in the energy 
which vanish by symmetry at interior points will not 
vanish at the surface. [n short, we expect the effective 
anisotropy field acting on a spin at the surface to be 
larger than that acting on a spin in the interior. We 
discuss, for simplicity, a geometry in which only the 
exchange energy contributes to the wave energy. 
Magnetostatic modes may be treated along the same 
lines and will exhibit similar effects. 

Although the proportion of surface atoms in an actual 
specimen may be less than 1:10‘ of the total number of 
atoms, yet a modest surface anisotropy can have a far- 
reaching effect on the transition probabilities for the 


* This research was supported in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency. 

1R, L. White and I. H. Solt, Phys. Rev. 104, 56 (1956); J. F. 
Dillon, Jr., Bull. Am. Phys. Soc. Ser. II, 1, 125 (1956); J. E. 
Mercereau and R. P. Feynman, Phys. Rev. 104, 63 (1956); L. R. 
Walker, Phys. Rev. 108, 390 (1957). Excitation by an inhomo- 
geneous field is often known as the White-Solt effect. 

2L. Néel, Compt. rend. 237, 1468 (1953); J. phys. radium 15, 
225 (1954). Besides the special situation of the surface with 
respect to magnetocrystalline anisotropy, it is possible that oxide 
or impurity layers on the surface will alter the exchange inter- 
action drastically, which will also place the surface spins in a 
special environment. The production of an antiferromagnetic 
cobalt oxide layer on cobalt particles has been reported by W. H. 
Meiklejohn and C. P. Bean, Phys. Rev. 102, 1413 (1956). We 
shall not discuss this situation explicitly as it is likely to be similar 
to the situation analyzed in our present paper. 





excitation of spin waves in the microwave region. The 
essential point is simple: the surface anisotropy acts to 
pin down the surface spins; if one thinks of a line of 
length LZ with the origin on one end, the modes will tend 
to have the form sin(prz/L), where # is an integer. The 
modes of odd # will have a nonvanishing interaction 
with a uniform rf field, because the instantaneous 
transverse magnetic moment does not sum to zero over 
the line. 

We now consider the question of the strength of the 
surface anisotropy required for the end spins to act as 
fixed rather than as free. The solution of the analogous 
problem for an elastic string in mechanical vibration is 
given by Rayleigh.’ The motion of the interior spins is 
given by the usual classical equation 


dS/at= DSK V’S+y7SXH, (1) 


provided kai, where k=27/) is the wave vector and 
a is the interatomic spacing. On an atomic model, 


D=2Ja*/h, (2) 


where J is the exchange integral. If the average mag- 
netization is parallei to the line and in the z direction, 
the solutions of Eq. (1) for small amplitudes are of the 
form 

Sz, Sywetet*s, (3) 
with 


w= DSR+7Ho; (4) 


here H, is the static magnetic field in the z direction. 

Let us examine in detail on an atomic model the 
motion of the end spins m=1 and N ina line of N spins 
along the z axis. We suppose that the end spins ex- 
perience a surface anisotropy field H, which we choose 
for simplicity to be parallel to the line and to the static 
magnetic field Ho. For convenience we neglect ani- 
sotropy and magnetostatic effects in the interior of the 
line. We have for m=1 the equation 


aS, ‘l= (2J h)S,XS.+7SiX (Ho+ H,). (5) 


§Lord Rayleigh, Theory of Sound (reprinted by Dover Publi- 
cations, New York, 1945), Vol. I, p. 200. 
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The x-component equation for small amplitudes is 
OS;7/dt= (2T/h)(Sy¥—S2")S+yS\"(Hot+H,a). (6) 
We write, with a as the lattice constant, 
OS” a Sy" 
+ om a ghee (7) 


Oz 2 o2 








S=S\"+a 


so that, with w;=y(Ho+H.,), 














OS ;7 2S OS," a PSY 

st =a zs rosin (8) 
al h oz 2 oz 

OS 2S 0S;* a S\* 

~ ea +— J-ensie (9) 
at h dz 2 dz 


Combining (8) and (9), we have 
0°S;"7/ oe = — (2JS/ hy L?S\7 





+ (40, S/h)£S);7¥—wPS)". (10) 
where 
0 # & 
£L£=a—+— ’ (11) 
oz 2 dz 


If we take as the solution in the interior of the line 





S*= 2‘*"(@ sinkz+8 coskz), (12) 
we have from (10) at z=0, with w,=2/S/h, 
— Bu =w"[a(ka)®+8 (ka)?— 48 (ka)* 
+ 2w:[aka—48(ka)?|]—Bw,?. (13) 
We find 
B w?(ka)?+ 2w a (ka) 
-= . (14) 


@ w*—w—w2(ba)*+ tw. (ka)*+ww1 (ka)? 


We consider (14) in the limit ka1 and w.>w)>w; 
w)>>>w-ka. We have 


B 2w,ka 
—2—_—<1, (15) 
a @) 


and the ends behave as if they were fixed. The relation 
(15) is quite plausible. For other limiting cases we 
should work with Eq. (14); the behavior of 8/a is not 
particularly simple in the general case. 

The normal solutions of the equation of motion must 
be symmetric or antisymmetric with respect to re- 
flection in the center of the line (c= L/2), because the 
Hamiltonian is symmetric under the reflection oper- 
ation. In particular we must have 


a sinkL+6 coskL=+8. 


If a>8, then sin kL must be <1 and the wave vectors 
are given approximately by 


k=pr/L, 


(16) 


(17) 


where # is any integer. 
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The inequality (15) is not difficult to satisfy. The 
anisotropy energy of a surface atom may be of the order 
of 10~* to 10~ of the isotropic exchange energy. Even 
for a specimen as thin as 3X10~* cm, for which 
L/a~10*, we have 


B 
~~ 2rp(10~ to 10)<1, (18) 


a 


as long as # is less than 10 or 100, according to the 
material. 

We now consider the magnitude of the excitation of 
the several spin-wave modes by the uniform rf field 
H,=hoe**'. We shall assume that the spins at the ends 
of the line are effectively pinned down by the surface 
anisotropy. We look for solutions of the form 


S,=e' > 5 dy sink,2, (19) 
where k,= px/L. The equations of motion are 
0S,/dt= —LS,; (20) 
0S,/dt= LS.+ySH,; (21) 
where now 
L= DS (d*/dz*)—wo. (22) 
Combining (20) and (21), we have 
0S ,/0? = -- £°S,+woySH -. (23) 
On substituting (19) in (23), 
D p 4p(w,?—w*) sink z= ySwoho, (24) 
with the notation 
wWp= DSk,*+wo. (25) 


We multiply both sides of (24) by sink,,z and integrate 
over z between 0 and L, finding 


(26) 





4ySwoho 1 ) 
dy =—— rae” 
™m Wm" — wo 
for m odd; a» vanishes for m even. Thus the selection 
rule for excitation by a uniform rf field is that the 
number of half wavelengths should be odd. In a suitable 
inhomogeneous field the even modes will also be excited, 
usually less strongly than the odd modes. Eddy current 
effects in thin metallic films may possibly permit even’ 
mode excitation. 

In a resonance experiment at constant frequency w 
we pass through a finite series of resonances on varying 
wo from zero to w; that is, we have spin-wave resonances 
at discrete static field intensities between 0 and w/y. 
The last statement must be translated appropriately if 
volume anisotropy and demagnetizing effects are 
present. At constant frequency the effective oscillator 
strength of the spin waves at resonance is proportional 
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to 
wo w—(DSr’m?/L’) 
—=— : (27) 
m m 


so that the oscillator strength decreases as m increases ; 
the numerator is always positive. Under the special 
condition of a large negative uniaxial anisotropy, the 
decrease with increasing m is less marked and it may 
be shown that @,,«m™ is a good approximation in this 
case, with H, and Hy perpendicular to the crystal axis. 
The separation of successive spin-wave modes is 


Aw = Wm41—@m—-1= 4" DSm/L? 


=8aJ Sm(a/L)h-. (28) 


For S=1, J~3X10-™ ergs, and a/L ~10™, we have 


Aw =~ 3X 107m, (29) 
or 
AH = 2m oersteds. (30) 

It should be possible in thin single crystals with faces 
quite accurately parallel to resolve a considerable 
number of spin-wave resonances, particularly for 
m>10, if the individual resonance lines are not too 
wide. If the crystal is too thick (say over 0.01 or 0.1 
mm) the spin-wave structure may usually be obscured 
by the line width, but the resulting apparent single 
line may be slightly skewed by the spin-wave sub- 
structure. 

We consider briefly the situation in three dimensions, 
taking for convenience the normal to the slab to be the 
z axis. We look for solutions of the form 


S,=e'! > a(kim) sin(kax/L,) 


Xsin(lry/L,) sin(mmz/L,), (31) 


where k, 1, m are odd integers. In (22) and (23) we 
replace 0°/d2* by V*; then 


9 


L 
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The Fourier component of the driving field is 


in f sin(krx/L,) sin(lry/ Ly) sin(mmz/L,)dxdydz 


= (8L,L,LAo/n*)(1/klm). (33) 


Now &, / will only have a significant effect (given usual 
relaxation frequencies) on the resonant frequency w, 
if they are at least of the order of L,,,/L, in size, but 
L,,/L:~10 or more for a reasonable slab. From (33) 
we see that the intensity of split-off satellites will be 
down by ~100 or more from the intensity of the 
resonance corresponding to k, /~1. 

Waring and Jarrett‘ have reported microwave reso- 
nance observations on a thin crystal of NiMnOs, a 
ferromagnetic compound having the ilmenite structure. 
Their results at 24 000 Mc/sec show a large number of 
resonance peaks spaced systematically; the results 
suggested the present interpretation, although not 
enough work has been done to make possible a detailed 
comparison of their observations with the present 
theory. Nickel manganite is highly anisotropic, having 
negative uniaxial anisotropy, and there is also an 
anisotropy in the basal plane. Until the anisotropy 
constants are determined accurately and the role of the 
twinning which occurs understood, it will not be 
possible to undertake a detailed analysis. Other ma- 
terials, however, should show spin-wave resonances if 
the specimens are prepared properly. The observation 
of exchange spin-wave resonances should be a very 
good method for the determination of the exchange 
interaction constants. In a noncubic crystal there may 
be different exchange constants for different directions 
of spin wave propagation and polarization. 
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Magnetic Properties of the Gd-La and Gd-Y Alloys* 
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Magnetic properties of Gd-La and Gd-Y alloys are presented. For alloys of high Gd content, paramagnetic 
to ferromagnetic transitions are observed with decreasing temperature. As the Gd content is decreased, 
ferromagnetic ordering is replaced by antiferromagnetic ordering. In the Gd-La alloys, a crystal structure 


change affects the magnetic properties. 





I. INTRODUCTION 


HE magnetic properties of gadolinium metal have 
been reported by a number of investigators.’ 
Since the 4f shell, which contains the electrons of 
unpaired spin in the rare earths, is so well shielded by 
outer electrons, direct interaction between the 4f 
electrons of neighboring atoms must be small. Thus it 
seems that interactions through the conduction elec- 
trons must help to determine the magnetic properties 
of the metal. Nearest-neighbor and next-nearest- 
neighbor interactions are consequently of interest. One 
approach to an understanding of the long-range inter- 
actions is through a study of alloys. 

We present here findings on the magnetic properties 
of alloys of gadolinium and each of two weakly para- 
magnetic metals—lanthanum, the beginning element 
of the rare-earth series with no 4f electrons, and 
yttrium, the trivalent fourth-period element which has 
the same crystal structure as gadolinium and nearly 
the same atomic volume. 


II. MATERIALS STUDIED 


The alloys examined in this study were prepared in 
the Ames Laboratory of the U. S. Atomic Energy 


TABLE I. Purity of samples. 








Amounts of impurities (parts per million) 





Percent Chemical 
of Gd Spectrographic estimates* analysis 
Diluent lanthanum: ik 
46.6 nil nil 


C, 371 N, 198 
C, 198 N, 256 
C, 174 N, 258 


75 Ta, 200 
83.3 Y, 2000; Cu, 5000; Fe, Si, Cr, 100 
90 Cu, Al, Ca, Fe, Mg, Mn, Si, Y, Yb, 100 


Diluent yttrium: 
N, 353 


25 Ta, 500; Al, Cu, Fe, Si, Sm, Cr, 100 C, nil 

50 Yb, 100 C, 313 N, 230 
60 Fe, 200; Al, Be, Mg, Mn, Ni, Si, 100 C, 131 N, 201 
66.7 Fe, 500; Al, Cu, Si, Sn, Cr, 100 C, 61 N, 450 
75 Ta, 200; Ca, Fe, Cu, 100 C, 174 N, 237 
83.3 Ta, 200; Ca, 100 C, 192 N, 261 
90 Ta, 200; Ca, 100 C, 334 N, 205 








* The figures represent upper limits. Complete spectrographic standards 
for evaluating the impurities for these alloys were not available. 





* Contribution No. 577. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

1G. Urbain et al., Compt. rend. 200, 2132 (1935). 

2 F. Trombe, Ann. phys. 7, 383 (1937). 

3 Elliott, Legvold, and Spedding, Phys. Rev. 91, 28 (1953). 

* Legvold, Spedding, Barson, and Elliott, Revs. Modern Phys. 
25, 129 (1953). 


Commission by fusing together carefully weighed 
amounts of the constituents in a tantalum crucible. 
The heating was done in an atmosphere of pure argon 
in an induction furnace. The pure elements were 
prepared by methods previously reported.*:® 

The alloys were tested spectrographically and chemi- 
cally for impurities (see Table I) and also examined 
with x-rays to ascertain their crystal structures. 

The results of the x-ray examination of the alloys 
are shown in Table II. Lattice parameters for the pure 
metals’ are shown for comparison. 


Ill. METHOD OF MEASUREMENT 


The experimental procedure and equipment used in 
this work has been described by Elliott, Legvold, and 
Spedding.’ The magnet was improved by the addition of 
acurrent control which held the field constant within one 
oersted, and the pole pieces were reground to give a more 
uniform field gradient. For measurements in the ferro- 
magnetic temperature range, samples 1 mmX1 mm 
X10 mm were employed. In the paramagnetic and 
antiferromagnetic ranges, larger cylindrical samples, 
5 mm in diameter and 1 cm long, were used. 

For most of the measurements the sample was placed 
in the gas stream above a vessel of boiling liquid 
nitrogen or liquid hydrogen. A heater in the gas stream 
was used to obtain temperatures up to 350°K. In 
addition, measurements were made in baths of liquid 
hydrogen and liquid helium. 


TABLE IT. Alloy crystal structures. 











Lattice 
parameters 
in 
Alloy Structure Stacking a ¢ 

Gd-La alloys: 

46.6% Gd h.c.p. (double axis) abacab-+- 3.71 11.96 

75 and 83.3% Gd_h.c.p. (multiple axis) unknown 3.66 n (5.86) 

90% h.c.p. ababa:-- 3.65 31 
Gd-Y alloys (all) h.c.p. ababa:-- 3.64 5.76 
Pure yttrium h.c.p. ababa--- 3.6474 5.7306 
Pure lanthanum h.c.p. (double axis) abacab--+ 3.770 12.159 
Pure gadolinium h.c.p. ababa--- 3.636 5.7826 








ad 4 H. Spedding et al., J. Am. Chem. Soc. 69, 2777 and 2812 
1947). ‘ 

6A. H. Daane and F. H. Spedding, J. Electrochem. Soc. 100, 
442 (1953). 

7F. H. Spedding et al., Acta Cryst. 9, 559 (1956). 
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IV. RESULTS 


Four alloys of gadolinium with lanthanum and seven 
with yttrium were examined. Alloy proportions are 
expressed throughout in terms of the atomic percentage 
of gadolinium. Results for the alloys with lanthanum 
are presented first. 

An alloy of 47% Gd (and 53% La) showed simple 
paramagnetism down to 20.4°K, and followed the 
Curie law. A lowered value of o for low fields in the 
helium bath indicated the possibility of a transition to 
antiferromagnetism at some temperature below 20°K. 
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Fic. 1. Magnetic moment per gram (emu) vs 7, and 1/x vs T, 
for the 25% Gd-75% Y alloy. (Squares and dots indicate obser- 
vations made on different runs.) 
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Fic. 2. Magnetic moment per gram (emu) vs T, and 1/x vs T, 
for the 50% Gd-50% Y alloy. The Néel point for zero field is 
obtained by projecting the dashed line of the peaks to the tem- 
perature axis. 


A 90% alloy was ferromagnetic below 258°K, and 
extrapolations to infinite field and O°K indicated a 
saturation moment o,,o=234 cgs units. The two 
intermediate compositions showed poorly defined anti- 
ferromagnetic maxima at about 130°K and 155°K, 
apparently corresponding to a composition-dependent 
transition from the lanthanum to the gadolinium 
structure as indicated in Table IT. 

The close similarity of Gd and Y in structure and 
atomic dimensions indicated that yttrium should be a 
better diluent for gadolinium. The alloys with yttrium 
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Fic. 3. Magnetic moment per gram (emu) vs T, and 1/x vs T, 
for the 60% Gd-40% Y alloy. As is usual near the lower limit of 
paramagnetic disorder, the plot of 1/x vs T departs from the 
straight line whose extension gives the paramagnetic Curie point. 


ranged in gadolinium content by atoms from 25 to 90%. 
Typical curves showing the specific magnetization o as 
a function of the temperature for various effective 
fields are shown in Figs. 1, 2, 3, and 4. It is seen that 
the first three figures show antiferromagnetism at low 
temperatures, but that as the gadolinium content 
increases, the antiferromagnetic ordering is progres- 
sively more easily overcome by the magnetic field. 
With 60% gadolinium, the change from antiferro- 
magnetism to ferromagnetism is induced by a field of 
4 kilo-oersteds, and below 95°K ferromagnetism ap- 
pears. We note that while the Néel point or temperature 
of the antiferromagnetic peak is practically unaffected 
by the field in the 25% alloy, the Néel points for the 
alloys of greater Gd content are clearly shifted to lower 
temperatures by increasing fields. 

The remaining alloys with yttrium, having 67 to 90% 
of Gd by atoms, all showed transitions from ferro- 
magnetism to paramagnetism at well-defined ferro- 
magnetic Curie points as given in Table IV. None 
showed antiferromagnetism. The curves of Fig. 4 are 
typical of these alloys and of the 90% Gd-La alloy. 
The curves for the others are similar in character, and 
indicate a regular increase in saturation moments and 
Curie points with increasing gadolinium content. 

















Fic. 4. Magnetic moment per gram (emu) vs T, and 1/x vs T, 
for the 75% Gd-25% Y alloy. 
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Fic. 5. Comparison of Gd-Y alloys. Alloys are identified by 
the percent of Gd by atoms. All the solid curves are for a field of 
12 kilo-oersteds. 


In Fig. 5 are shown o vs T curves for all the Gd-Y 
alloys under a field of 12 kilo-oersteds on the same scale. 


TABLE III. Antiferromagnetic and paramagnetic results. 











Percent 
of Gd Néel point Op cCXxX10 HA 
Alloy (atoms) (°K) (°K) (deg/cgs) (8 units) 
Gd-La: 
46.6 18(?)+5 —3+42 30.0 8.70+0.06 
75 130+5 70+5 43.2 8.38+0.15 
83.3 155+5 17248 34.5 7.14+0.4 
90 200+2 53.3 8.70+0.2 
Gd-Y: 
25 111+2 10242 22.1 8.66+0.1 
50 182+2 186+3 36.7 8.49+0.2 
60 19742 217+1 43.0 8.63+0.1 
66.7 229+2 48.6 8.84+0.2 
75 252+1 50.0 8.65+0.1 
83.3 266+1 54.4 8.72+0.1 
90 280+1 58.6 8.84+0.15 
Pure Gd* 302.7 7.93 
* Data taken from reference 2. 
TABLE IV. Ferromagnetic results. 
Sat. moment ¢,,0 in emu 
Percent 6 per g of per g of Gd Ma 
of Gd (°K) sample in sample (8 units) 
Gd-La: 
90 258+1 234 +1 257 7.22+0.03 
Gd-Y: 
60 95+2 201.341 277.4 7.79+0.03 
66.7 2i11+1 211.6+1 271.6 7.63+0.03 
75 24141 228.6+1 271.8 7.6340.03 
83.3 262+1 241.3+1 268.7 7.55+0.03 
90 281+1 250.2+1 266.0 7.47+0.03 
Pure Gd* 


289+1 253.6 





253.6+0.6 7.12+0.02 





® Data taken from reference 3. 
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Also shown are dotted curves which bring out the 
antiferromagnetic behavior of the 50 and 60% alloys 
at lower fields. 

The significant characteristic temperatures and 
magnetic moments for the various alloys are listed in 
Tables III and [V. The last column of each table gives 
the magnetic moment per Gd atom in Bohr magnetons. 
In Table III the number of Bohr magnetons, ua, is 
computed from the Curie constant C obtained from the 
slope of the 1/x vs T straight-line plot at the right of 
each of the graphs represented by Figs. 1 to 4. Here x 
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Fic. 6. Significant temperatures of Gd-La alloys. @,, 6/, and 
Oy are the paramagnetic and ferromagnetic Curie points and the 
Néel point, respectively. Vertical dashed lines indicate composi- 
tions studied. Dashed portions of curves are estimated. 
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Fic. 7. Significant temperatures of Gd-Y alloys. @,, 6;, and 
6y are the paramagnetic, ferromagnetic Curie points, and the Néel 
point, respectively. The dashed portion of the @, curve is an 
extrapolation. 


is the mass susceptibility. In Table IV, M4 is calculated 
from the saturation moment ¢.,,0, and represents the 
ferromagnetic moment per atom. 

Figures 6 and 7 show the paramagnetic and ferro- 
magnetic Curie points, @, and 6;, and the Néel points 
6n plotted against atomic percentage of Gd atoms. 


V. DISCUSSION 


It is seen that the experimentally determined values 
of both ws and My, are significantly higher than the 














MAGNETIC PROPERTIES 
theoretical values for gadolinium obtained on the 
assumption of contributions by spin only. These are, 
respectively, ws = gl J(J+1) }!=7.94and M4=g/ =7.00 
in Bohr magnetons, where for gadolinium the Lande 
factor g is 2 and the total angular momentum quantum 
number J has the value §. It appears that the presence 
of the diluent either brings into play contributions to 
magnetism by orbital moments, or alters the probability 
of transfers from the conduction-band electrons in a 
manner favoring an increased magnetic moment. 
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It is noteworthy that, except for the marked de- 
partures in the neighborhood of 60% Gd concentration, 
the Néel points @y and ferromagnetic Curie points 6, 
of the alloys with yttrium tend to be close to the 
corresponding paramagnetic Curie points 6,. Dilution 
with yttrium appears to change the magnetic properties 
of gadolinium for the most part continuously. 

The authors wish to acknowledge the assistance of 
Mr. Robert Johnson who prepared the alloys and 
examined their structures. 
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By using the photoconductive decay method, lifetime is measured as a function of excess electron density 
in p-type silicon over the temperature range 200-400°K. The linear dependence of 7, on An expected from 
the Shockley-Read theory of recombination is not obeyed; instead a much stronger dependence is found 
with minority carrier densities less than 10" cm™ than at larger densities. The data are discussed in terms 
of two separate recombinative levels of the Shockley-Read type of of more complex behavior for a single 


kind of center. 


I. INTRODUCTION 


F the parameters which characterize the bulk 

behavior of a semiconductor, minority carrier 
lifetime is one of the most important, and many 
methods have been devised for its measurement. 
Unfortunately, various measurements on a single 
sample do not always agree, since there are two ways 
in which ambiguity can arise. 

Firstly, the extent to which surface recombination 
adds to that of the bulk depends on the details of the 
experimental arrangement, and due attention must be 
paid to minimizing this perturbation. Secondly, we 
must note that in some materials, of which p-type 
silicon is a good example, bulk lifetime varies with 
the density of excess minority carriers and is meaningful 
only when expressed together with the corresponding 
carrier concentration. 

Thus in p-type silicon it is desirable to measure the 
lifetime 7, as a function of electron density An. Such 
measurements have been reported for one specimen by 
Bemski! who found a linear dependence of r, on An as 
expected from the Shockley-Read theory of recombina- 
tion centers.” In brief reports on the work described in 
this paper,’ it was noted that the dependence can 
depart from linearity, suggesting the influence of more 
than one recombinative level. 


1G. Bemski, Phys. Rev. 100, 523 (1955). 

2 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

3 J. S. Blakemore, Bull. Am. Phys. Soc. Ser. II, 2, 153 (1957); 
3, 101 (1958). 


Il. EXPERIMENTAL ARRANGEMENT 


Lifetime was measured from the time constant of 
photoconductive decay following 0.7-usec pulses of 
light from a spark gap. Specimens were operated 
under constant-current conditions so that a transient 
voltage was developed on illumination. This was 
amplified and displayed on a Tektronix 514AD oscil- 
loscope. In the preamplifier gain and 
oscilloscope sweep rate were varied to match the 
photoconductive decay against an exponential curve 
drawn on the cathode ray tube face (Fig. 1). Since the 
decay is not a pure exponential, the time base speed 
was found for which a coincidence occurred between the 
drawn exponential and one section of the decay. From 
the sweep speed (which can be read directly on this 


operation, 


Fic. 1. Oscilloscope 
trace of photocon- 
ductive decay in 
p-type silicon. The 
time base is adjusted 
for coincidence be- 
tween a portion of 
the trace and one of 


the two black ex- 
ponential marker 
curves. 
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oscilloscope) and the signal amplitude, the time 
constant could be recorded corresponding to a certain 
excess conductance. This procedure was repeated for 
a wide range of light intensities to determine the 
dependence of +, on excess carrier density. Since in 
p-type silicon 7, is smaller for lower electron densities, 
the decay drops below a simple exponential at later 
times, as Fig. 1 shows. 

The specimens used were cut from single crystals 
of boron-doped DuPont silicon. This material was 
essentially free from traps‘ since long tails to the 
photoconductive decay were seen only at temperatures 
below 225°K. All specimens were checked for uniformity 
of resistivity and absence of bulk photovoltaic effects. 

Illumination was confined to an area on the front 
face of a specimen comprising perhaps 25% of the 
length and 50% of the width, in order to avoid end 
contact effects and surface recombination on the side 
faces, respectively. Recombination at the front and 
rear faces is unavoidable, but conditions were arranged 
so that this was small compared with bulk recombina- 
tion, and could be allowed for with a simple correction.® 
The higher order modes of surface recombination® 
which can seriously affect the initial period of a decay 
were obviated by using very penetrating light so that 
carrier generation was essentially uniform through the 
thickness of each specimen. 

The nonpenetrating spectral components of the 
incident light may be removed with a filter made from 
the same semiconductor as the sample. This widely 
used practice was followed here, but our filters were of 
much greater thickness than commonly used, for a 
reason which merits a few words of explanation. 

Consider the distribution of optical carrier generation 
rate g through the thickness d of a sample exposed to 
light through a filter of thickness a. If the light has 
I(d)dd\ photons/cm? sec in a wavelength range dX, for 
which the absorption coefficient is a(A), then at depth 
x in the specimen the generation rate is 


ca)= f I(1—r)'a expl—a(a+x) ]dd, (1) 
0 


where r is the optical reflection coefficient. The terms 
involving multiple reflections are omitted since they do 
not materially affect the conclusions. Now J and ¢ 
will be slowly varying functions of \, and the integral 
is determined by the behavior of a for wavelengths 
around the intrinsic absorption edge. The optical 
data of MacFarlane, and Roberts’ indicate that 
amexp[ K(Ao—A) ] for wavelengths corresponding to 
penetration depths of a few millimeters, and when 


4J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955). 

5 W. Shockley, Electrons and Holes in Semiconductors (D. van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 323. 

6 Reference 5, p. 320. 

7G. G. MacFarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 
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this is applied to (1) the result is 
g(x)=1(1—1)®/K(a+x). (2) 


Thus the generation rate varies inversely as the total 
thickness of semiconductor penetrated, a conclusion 
which we have indirectly checked experimentally.* 
This result demonstrates that it is desirable to use 
a filter at least as thick as the sample under test, and 
preferably even twice as thick. When only a thin 
filter is used, generation near the front face is much 
faster than the volume average and high-order modes 
of surface recombination come into play. At the same 
time, bulk recombination is reduced in a material such 
as p-type silicon where 7, increases with An, since now 
most of the extra electrons are clustered in a small 
volume and enjoy the long lifetime appropriate to such a 
large local density. Unless bulk lifetime is an exceedingly 
sensitive function of carrier density, the additional 
surface recombination will generally be the more 
powerful of the two opposing tendencies. This is illus- 
trated in Fig. 2 for a p-type silicon filament 2.5 mm 
thick, when illuminated through thick or thin filters. 
For various light intensities, the apparent lifetime 
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Fic. 2. Photoconductive decay lifetime in a filament of p-type 
silicon 2.5 mm thick as a function of excess electron density, at 
T =297°K. Free hole density = 1.2 10" cm™ in this material. 

®Integration of (2) through the depth suggested that the 
photoconductance of a sample should vary with filter thickness 
as In(1+d/a), or a more complex expression with the same 
tendency if multiple reflections are allowed for. This was found 
experimentally to be correct; thus with a sample 6 mm thick 
and filters of 1.07, 2.29, and 4.15 mm, signals were in the ratios 
1.00:0.74:0.50, in good agreement with the expected ratios of 
1,00:0.70:0.49. 
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—An(dt/dAn) was obtained by matching the decay 
when the photoconductance was down to half the peak 
value. 

When the 5-mm filter was used, the surface recom- 
bination rate was v,~2000 sec. For the conditions 
of the thin filter a small reduction in bulk recombination 
was computed, but since the over-all lifetime was 
smaller, the surface rate must have increased by 
~3000 sec™!. This is by no means a negligible change 
if meaningful results are to be obtained. 


III. SHOCKLEY-READ RECOMBINATION 
(a) Single Type of Recombination Center 
In this paper we are concerned with a p-type semi- 
conductor which in thermal equilibrium contains po 
free holes per unit volume but virtually no electrons. 
When disturbed from equilibrium, the hole and electron 
densities increase by amounts Ap and Am; these are 
equal if the recombination center density .V; is small. 
If this is so, then in steady state the electron lifetime is 


Tot (trot T po) (An po) 


Tn= (3) 
1+An/po 


following the terminology and reasoning of Shockley 
and Read.2 The appropriate form for 7» depends on 
the location of EF, in the intrinsic gap. If this lies in 
the upper half of the gap, then 


ny N, E.-E, 
To= Trot rol e ) wr root rol ) exp( 5 ), (4) 
Po Po kT 


while for recombination levels nearer to the valence 
band the appropriate expression is 


a. N, E.—-E, 
rom tad L+ ‘|= raf 1+( ) exn( I (5) 
Po Po kT 


In the analysis of experimental data, the variation 
of 7, with An and temperature will normally show one 
of (4) or (5) to be impossible. This approach was 
followed by Bemski,' who found r,(1+An/po) to vary 
linearly with (An/po) for his samples of p-type silicon, 
in accordance with (3). The strong variation was 
consistent with y=Tno/tpo=9.025. The values for 
To were fitted to the sum of a constant term and one 
which varied as exp(—0.20/kT) as expected from either 
(4) or (5), and Bemski chose the latter representation 
on the grounds that the coefficient of the temperature- 
dependent term was too small by a factor of 3000 to 
permit comparison with (4), But he did not note that 
this coefficient was still too small by a factor of 30 for 
a proper identification of his results with (5). This 
factor could be accounted for by assuming that the 
recombination levels move further from the valence band 
on heating, but several alternative explanations are 
possible if the variation of r,(1+An/po) with (An/po) 
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was not precisely linear at low modulation levels. 
Bemski’s measurements, like those presented in this 
paper, were made using a transient rather than steady- 
state method, and transient decay departs more easily 
from the form of (3) and (5) than does steady-state 
recombination; nevertheless, even for steady-state 
conditions (3) is an approximation. 

Thus An and Ap are rarely exactly equal, the differ- 
ence comprising the change in the population of the 
recombination centers An;=Ap—An. The importance 
of this depends on the density and energy level of these 
centers, and on whether transient or steady-state 
conditions are under discussion. In the latter case, the 
situation of a p-type semiconductor with centers in 
the lower half of the gap [previously described by (3) 
and (5) ] must now be generalized to 


tno(1+p1/po) + (An/ po) rpotrno(Ap/An) | 
Ta . . : es ‘ 


1+ (An/ po) (Ap/An) 


which evidently gives the same result as before for 
An=0 or ~, but will be different for finite modulation if 
(Ap/An)#1. Fortunately, it develops that V, must be 
several times larger than (fo+ 1) to make a serious 
difference,’ and this complication can be neglected for 
crystals with moderately long lifetime. 

The influence of carriers trapped at recombination 
centers on the form of a transient decay is more acute. 
The equations governing decay are 


dp pil; 
— TV; = 84] pot prt | 
dl pot hr 


—An(potpi)+(Ap?—AnAp), (7) 

dn po: 
—troV.—= an| not n+— | 
dt pot pr 
—Ap(no+m)+(An?—AnAp), (8) 





and the terms involving An and Ap can be separated 
to give highly nonlinear second-order equations for 
An and Ap as functions of time. An adequate discussion 
of the solutions to this problem has not been published 
and it is proposed to remedy this deficiency soon." 
Sandiford" has examined the much simplified situation 
of very small excess carrier density [ignoring the 
second-order terms in (7) and (8) ], but for some 
reason he avoided discussion of the most interesting 
case, that in which the density and energy of the 


* With low-lying recombination levels as discussed above, 
we have a 
Ap _ (pot pr) (pot Pit Apt An/y)+N tho/y 


An (pot pr) (pot pit AptAn/y)+Nipr * 


Unless N; is very large, Ap/An will not depart far from unity 
except for centers where y is very small, and in this case the 
value of Ap/An does not affect the result for r, very much. 

1 K, C. Nomura and J. S. Blakemore (to be published). 

DP. J. Sandiford, Phys. Rev. 105, 524 (1957). 
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centers are appropriate for trapping most of the 
minority carriers. Clarke” considered the transition 
to a trapping character, but he too discussed only the 
solutions for infinitesimal modulation. Wertheim" has 
recently approached the question of extension to 
finite modulation, but only for rather special cases. 

The general problem posed by (7) and (8) cannot be 
solved in closed form for many of the possible cases. 
In p-type silicon we can start by supposing that only 
terms appropriate for centers in the lower half of the 
gap need be retained, so that the excess electron decay 
follows as 


-— <—"(=)] 
T pd eet eSBs: eae eit < 
dt An dt 


— ae | 
Pit po Ni 








dt 





Ant po potAn 
ads eae 
TnoL pot pi Ni 

This can be solved exactly for small modulation in the 
form 


—tpo 
An= Ang exp| — 
Tn0( Pot pi) 


» == f ot uy 
x | 1+C exp| ("+ . )|} . (10) 
tpo\ N; pot pi 


This looks formidable, but note that C=O if the 
initial conditions are An=Ap at time t=0 (which is 
true if the decay follows a very short period of illu- 
mination). Then the low-level lifetime is exactly as 
given by Eq. (5), even for large V,. 

The extension to finite modulation can be made by 
perturbation methods; the apparent complexity of the 
result disguises a basic similarity for the dependence of 
7, on An with that of the simple steady-state theory. 
But this is not the complete story if lifetime is measured 
by photoconductive decay, where the signal is influenced 
by the separate contributions of electrons and holes. 
From the increase of conductivity can be deduced the 
quantity Ai=(Ap+bAn)/(1+) (where d is the ratio 
of electron to hole mobility), but An=Ap=An only 
for small recombination center densities. With centers 
having energies in the lower half of the intrinsic gap, the 
densities and decay time constants of excess minority 
electrons and majority holes are different if .V, is 
comparable with or larger than N=~y(po+ ,)?/ 
(po—vpi). We are concerned mainly with donor-like 
centers where y<1; then the critical center density 
may be considerably smaller than fo at rather low 
temperatures. 


2D). H. Clarke, J. Electronics 3, 375 (1957). 
13 G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 
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For center densities comparable with N the linearity 
of the relationship between 7,(1+An/po) and (Ani/po) 
is modified in that the apparent lifetime increases more 
rapidly with Av for small modulation than for large, 
the initial slope being up to (1+) times larger than 
the final slope for heavy modulation. Since this sounds 
qualitatively similar to the behavior of the specimen in 
Fig. 2, it is important to note the other attributes of 
this model. Thus, the curvature of the lifetime-modula- 
tion characteristic becomes less marked at higher 
temperatures, since the ratio (N,/N) declines as p, 
increases. Moreover, the larger V, is for material of a 
given resistivity, the more marked and more persistent 
with heating is this curvature. As a further corollary, 
the larger the free hole density for a given .V;, the less 
prominent should this curvature be at the lower 
temperatures. 

It might be noted at this point that the results of 
Sec. IV do not accord with the expected temperature 
dependence of the above model, and it is useful to 
consider another possible extension of the Shockley- 
Read model, that corresponding to recombination via 
more than one kind of center. 


(b) Several Types of Recombination Center 


In the preliminary presentation of data on p-type 
silicon,’ it was noted that the dependence of 7, on An 
could be fitted to a model supposing two species of 
recombination center. Ludwig and Watters’ remarked 
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Fic. 3. Dependence of lifetime, expressed as r,[1+An/po], 
on excess electron density for three boron-doped silicon crystals, 
at T=300°K. (a) Specimen 1, po=10" cm™*. (b) Specimen 2, 
po=2.5X 10" cm™. (c) Specimen 3, po= 1.110" cm™, 

“R. L. Watters and G. W. Ludwig, J. Appl. Phys. 27, 489 
(1956). 
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that the temperature dependence they found for ro ad 


was not suitable for representation by a single Shockley- 
Read process, and other recent reports on the intensity 





dependence of lifetime have similarly been ascribed by 
their authors'® to the influence of more than one 
kind of center. 

Kalashnikov"* has discussed the theory of recombina- 
tion through several kinds of center for the limiting 
case of small carrier disturbance. He showed that if one 
kind of center is present in sufficiently large numbers, 
then the total recombination rate is not equal to the 
sum of the contributions each kind would make 
seperately; but the center density required for this 
complication must be much larger than N if the 
semiconductor is extrinsic. 

Then for two kinds of center each present in a density 
smaller than N it seems reasonable to expect the 


lifetime to follow 
ta=[ntn}", 


1+An Po 
Tot (taot T por) (An po). 


(11) 
where 


(12) 


y= 


with a similar expression for the second set of centers. 
It will readily be appreciated that if the factor 
(rnotT po)/To is larger for one set of centers than for 
the other, a variety of forms for the dependence of 
lifetime on excess carrier density become possible. 
Some of the results given later are fitted to expressions 
of this kind. 

As a further theoretical possibility, we might consider 
recombination via a divalent impurity center which 
can lose either one or both electrons. Champness" has 
discussed the somewhat academic case of the Fermi 
level in a semiconductor containing divalent donors 
but no other impurities. Two more recent papers'* 
consider the general principles of steady-state recom- 
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Fic. 4. Variation of lifetime with modulation at various 
temperatures for specimen 4 (f)=6.0X 10" cm“), 


bination via multivalent defects. We have examined 
the statistics of divalent ceaters with arbitrary Fermi 
level and nonequilibrium conditions. Recombination 
is more complicated than for separate sets of levels 
since now the concentrations of the two levels are 
interdependent. There are many possible cases, but for 
a p-type semiconductor with a first donor recombination 
level above the mid-point of the gap and the second 
in the lower half of the gap, the electron lifetime can 
be expressed in the form of Eq. (11) where now 


(1+An ‘po) 
y1>- — — aaa ee (13) 
An ny Tn02( Pot An) An 
polos one) oo) 
, Po Po T po2AN+ Tno2p2 Po 
and 
(1+<An/ po) 
”= — ——— —_———, (14) 
pe An Tnoopo+ T pon 
rae( 1+ )+ | T poet Troot rol 7 |} 
Po po Tnoipot T potty 


These expressions are discussed in Sec. IV in relation 
to the experimental results obtained. 


16M. S. Ridout, Report of the Meeting on Semiconductors 
(Physical Society, London, 1956), p. 33; E. B. Dale and R. W. 
Beck, Electrochemical Society Meeting at Buffalo, October, 
1957 (unpublished). 

1€S. G. Kalashnikov, J. Tech. Phys. (U.S.S.R.) 26, 241 (1956). 

17C, H, Champness, Proc. Phys. Soc. (London) B69, 1335 
(1956). 

18 P. T. Landsberg, Proc. Phys. Soc. (London) B70, 282 (1957); 
C. T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958). 





‘IV. RESULTS AND DISCUSSION 


The typical form of variation between lifetime and 
excess electron density is illustrated in Fig. 3. These 
specimens came from crystals doped with boron in 
varying amounts, yet all showed a change in the 
characteristic slope for about the same electron density, 
An~10" cm~*. A thought occurred that the connecting 
link might be the quasi-Fermi level for electrons: this 
would be important if recombination were via a single 
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Fic. 5. Variation of lifetime with modulation at various 
temperatures for specimen 5 (pp=6.6X 10" cm). 


agency which did not obey Fermi statistics when 
strongly charged, such as a set of dangling bonds on a 
dislocation.” But dislocation densities were small in 
these samples, and not correlated with lifetime. 

As remarked in III (a), curvature of the characteristic 
between lifetime and modulation will occur with a 
single set of recombination centers whose density is 
comparable with N. The applicability of this model can 
be tested through observations of lifetime at various 
temperatures. Typical sets of temperature characteristic 
are shown in Figs. 4-6; these curves provide comparison 
between specimens of similar resistivity but different 
lifetime, and between specimens of similar lifetime but 
different resistivity. In the case of specimen 5, measure- 
ments are illustrated down to 206°K, but the curves 
for the lowest temperatures may be affected by the 
onset of slow trapping. In any event, the range 273- 
393°K gives ample room for comparisons. 

The model discussed in III(a) is not supported by 
the curves for our various specimens. Thus the model 

1 W. T. Read, Jr., Phil. Mag. 45, 775 (1954); S. R. Morrison, 
Phys. Rev. 104, 619 (1956). 
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Fic. 6. Variation of lifetime with modulation at various 
temperatures for specimen 6 (~o=9.0X 10 cm). 


predicts that isothermals should be more nearly 
linear at high temperatures, which is patently not so. 
The model further requires that for two samples of 
similar resistivity but different lifetime, the one of 
higher lifetime should show more nearly linear iso- 
thermals; but comparison of Figs. 4 and 5 shows that 
this is not necessarily so. The predictions for comparison 
between specimens of different majority carrier density 
are not borne out either. Moreover, in none of our 
specimens does 79 vary with temperature in accordance 
with (5), as expected for a single-level recombinative 
model. Typically, for specimen 4, the data for the 
extreme temperatures must be ignored to force a 
mediocre fit to 


N —0.18 
r= 4.651 +0.0053( *) exp( ‘)| usec, (15) 
Po kT 


This can be reconciled with ro= Tpol1+p1/po] only by 
supposing that the recombination level moves rapidly 
away from the valence band on heating, (£.—£,) 
= (0.18+4.5X 10~T) ev, a rather unlikely situation. 











LIFETIME 


Thus it seems desirable to examine other possible 
explanations of the experimental results. For two 
independent sets of centers, lifetime would be expected 
to follow (11) and (12). An attempt to fit the behavior 
of a typical specimen in this manner is illustrated by 
Fig. 7. The solid curve follows 


An 1 
r+ |-{: i 
Po 39.2+ 760(An / Do) 


1 -t 


+ : - (16) 
83-+25 000(An/ pr) 


MSEC, 


so that if this is a legitimate way to represent the 
behavior of the specimen, most recombination occurs 
in a set of donor-like centers for which y=Tno/Tpo is 
approximately 0.05. The other centers, which become 
prominent at low modulation levels, are much more 
strongly donor-like with y approximately 0.003. 

This feature encourages examination of models for 
recombination via divalent donors, where strong 
asymmetry of capture cross sections is to be expected. 
But no definite conclusions have been reached in 
attempts to compare experiment with expressions such 
as (13) and (14), or the corresponding ones for both 
levels in the same half of the gap. The comparison is 
difficult since so many unknown parameters are 
involved, but tentatively it may be remarked that the 
arrangement of these parameters which permits the 
best fit with experiment is also that which minimizes 
the distinction from the behavior of two separate 
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Fic. 7. Variation of r,[1+An/po] with (An/po) at 300°K for 
specimen 7, in which po=1.5X 10" cm™. The solid curve follows 
Eq. (16), based on two separate recombination processes. 
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Fic. 8. Temperature dependence of 11, T02, and (tn02+7po2)/ 
1000 for specimen 4, when the results of Fig. 4 are fitted by 
Eq. (17). (rn01+-7 p01) is constant at 120 usec. 


systems. Accordingly, the following discussion is 
pertinent to recombination via two independent sets 
of centers, such that 


An 1 
rfi+—|-| —_—_____— 
Po Tort (Tort por) (An/ po) 
1 -1 
bp 
Toot (Tnoxt T por) (An po) 





(17) 


Data for a number of specimens have been fitted to this 


. form at various temperatures, as described above for 
specimen 7 at a single temperature. In doing so, 


(tTaortT por) and (7,02+7 poz) as well as ro: and To were 
optimized for each temperature. For although the 
original Shockley-Read theory makes no allowance for 
temperature dependence of 7,0 or 7 po, such dependencies 
have been noted in germanium” and may be anticipated 
here. 

The subscript 1 is used to distinguish the process 
involving only moderate asymmetry of capture cross 
sections. These type 1 centers, which account for 
rather more than half the recombination in all our 
samples, demonstrate fairly repeatable characteristics 
from one crystal to another. For specimen 4 (Fig. 4) 
the optimum value of (rn01+7 p01) is 120 usec over the 
whole temperature range, while 7; varies with tempera- 
ture (Fig. 8) in accordance with the following relation: 


N, —0.34 
Tu1= sf 1 +0.36(—) exp(——) fase (18) 
Po kT 


This indicates levels some 0.34 ev above the valence 


~ % J. F. Battey and R. M. Baum, Phys. Rev. 100, 1634 (1955); 
R. G. Shulman and B. J. Wyluda, Phys. Rev. 102, 1455 (1956). 











1308 Fi 4. 






































'OU0) 
NR aa (Thos +Tpor) 
400 4 — 
~~ 
* N 
° —ee (Thoe +Tp592)/100 
” 
° 
id 
21 
: < 
‘, 
‘ 
™, 
Tor 
4 
Toe 
2074 28 1000/T 3.2 eK") 3.6 40 


Fic. 9. Temperature dependence of roi, T02, (tn0it+Tpo1), 
and (rnoz+7po2)/100 for specimen 6, in order to fit the results of 
Fig. 6 with Eq. (17). 


band for which r,o=111ysec and 7,0:=8.5 usec, 
whence y:=0.077. The data for other crystals indicate 
centers of similar asymmetry and energy level, though 
rather more complex behavior is evident in a few 
samples, including specimen 6 (Figs. 6 and 9). For these 
samples (7n01+7po1) falls off at the lower temperatures 
while a variation of zo, continues down to lower 
temperatures than expected; yet the high-temperature 
behavior is in excellent accord with centers of y;=0.077 
at (E,— E,)=0.34 ev. It is suspected that these crystals 
contain a few centers with energies closer to the valence 
band in addition to the normal type 1 centers: the 
complication does not arise in specimens for which 
7,01 iS less than about 25 usec. 

The type 1 centers are tentatively identified with 
gold, which provides a donor level 0.35 ev above the 
valence band,” active in recombination. The capture 
cross sections reported for gold by Bemskiand Struthers” 
bear a ratio not wholly consistent with the asymmetry 
reported above, but on the other hand these authors 
describe experiences with heat treatment effects on 
lifetime in gold-contaminated silicon which are in 
good accord with observations on some of our samples. 


21 Collins, Carlson, and Gallagher, Phys. Rev. 105, 1168 (1956). 
2G. Bemski and J. D. Struthers, Electrochemical Society 
Meeting at Buffalo, October, 1957 (unpublished). 
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It is much more difficult to attribute to a single kind 
of center the highly asymmetric process designated by 
the subscript 2. Since the properties adduced very 
markedly from one crystal to another, it seems likely 
that several chemical residues are present in various 
proportions: in this way it is possible to explain the 
considerable temperature dependence which our fitting 
procedure prescribes for (702+ 7 02) in many specimens 
(Figs. 8 and 9). Moreover, in some specimens, such as 4, 
it is not possible to resolve 792 into the sum of a constant 
term and one which varies exponentially with 7~'. 
This is fortunately not so for all specimens; thus in 
specimen 5 the quantity (Tn02+7 poz) is independent of 
temperature and 792 varies as follows: 


N. —0,54 
rov=80-+7500(—*) exp( ~ asec (19) 
po kT 


The expression is written to facilitate comparison with 
Eq. (4), and indicates a donor level some 0.54 ev 
below the conduction band. While for specimen 6 
some variation of (7,,02+ 7 p02) with temperature appears 
necessary, the low-level lifetime does conform with 
the postulation of a donor level in the same position, 
following the relation 


N. —0.54 
ra=37-+2400(—*) exp( = )asec (20) 
po kT 


Several impurity levels are reported at the above- 
mentioned energy which could contribute to the 
recombination.” Of the rapidly-diffusing transition 
elements, both iron™* and manganese" provide levels 
at the appropriate energy which interact more readily 
with electrons than with holes. Traces of these elements 
up to approximately 10” cm™* (sufficient to explain 
the observed results) could occur in silicon grown by 
the Czochralski method. 
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*8 The existence of an acceptor level for gold 0.54 ev below 
the conduction band can only be a coincidence, since the re- 
combinative action implies a strongly donor-like nature. 

* C. B. Collins, Bull. Am. Phys. Soc. Ser. IT, 1, 49 (1956). 

25 R. O. Carlson, Phys. Rev. 104, 937 (1956). 
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New Room-Temperature Ferroelectric* 


R. Peprnsky, K. VepAmM, AND Y. OKAYA 
X-Ray and Crystal Structure Laboratory, Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 
(Received February 18, 1958) 


The neutral-salt complex with glycine, di-glycine manganous chloride dihydrate, (NH:CH:COOH), 
*MnCl,-2H,0, is found to be-ferroelectric from low temperatures to +55°C. Above the latter temperature 
the conductivity suddenly becomes excessive. At room temperature the spontaneous polarization is 1.3 10° 
coulomb/cm? and the coercive field is 5.6 kv/cm. A nonreversible surface change is observable optically 
above 72°C, probably due to loss of HxO. Thermal measurements indicate onset of water loss above 35°C; 
electrical conductivity increases sharply and irreversibly above 55°C, and care must be taken to prevent 
dehydration even at room temperature. No Curie temperature can be observed. X-ray measurements of 
this hitherto unreported salt show space group P2;, a=9.96 A, b=8.53 A, c=6.86 A, 8=107+0.5°, density 
= 1.8759 g/cc, and two formula units per cell. The ferroelectric axis is along b. The dielectric constants at 
room temperature are €,=6.6, 4=8.1, ¢.=7.4; and these decrease linearly and only very slightly as the 
temperature is lowered to 77°K. The corresponding neutral-salt complex of two glycines with MnBr» is 
not isomorphous, occurring as a tri-hydrate, and is not ferroelectric. It has not been possible to find any 
metal which will replace manganese and form an isomorphous crystal. 


1. INTRODUCTION 


HE discovery of ferroelectric behavior in guani- 
) g 

dinium aluminum sulfate hexahydrate (GASH) 
and isomorphs, by Holden, Matthias, and co-workers,' 
has eventually led to recognition of the importance both 
of substituted ammonium ions, and of the sulfate and 
closely related ions, in this very interesting type of di- 
electric anomaly. Following the GASH discovery, 
Pepinsky and associates* found similar anomalies in 
the ammonium and methylammonium alums. The 
phenomena in GASH and the alums led investigators 
to discovery of ferroelectricity in thiourea,’ ammonium 
sulfate‘ and ammonium fluoberyllate® (the ferroelectric 
phases of which are quite dissimilar®), and di-ammonium 
di-cadmium tri-sulfate,’ and eventually to the very im- 
portant (room-temperature) ferroelectric tri-glycine sul- 
fate [ (NH.CH.COOH)),- H.S( a, = GS ],° and its close 
relative tri-glycine fluoberyllate {[(NH»CH,»COOH); 
. H.BeF,, = G3F ]. 

As new classes of ferroelectrics are discovered, knowl- 
edge of the criteria for examination of still other 
materials grows. The importance of substituted acetates 
has been suggested, after the discovery of G,S (glycine 
=aminoacetic acid), by ferroelectric behavior in am- 
monium chloroacetate," glycine silver nitrate,'! and 

* This investigation is supported by contracts with the Air 
Force Office of Scientific Research and the Army Signal Corps 
Engineering Laboratories. 

1 Holden, Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
(1955); 101, 962 (1956). 

? Pepinsky, Jona, and Shirane, Phys. Rev. 102, 1181 (1956). 

3A. L. Solomon, Phys. Rev. 104, 1191 (1956). 

4B. T. Matthias and J. P. Remeika, Phys. Rev. 103, 262 
(1956). 

5 R. Pepinsky and F. Jona, Phys. Rev. 105, 344 (1957). 

® Okaya, Vedam, and Pepinsky, Acta Cryst. (to be published). 

7F. Jona and R. Pepinsky, Phys. Rev. 103, 1126 (1956). 

5 Matthias, Miller, and Remeika, Phys. Rev. 104, 849 (1956). 

9 Pepinsky, Okaya, and Jona, Bull. Am. Phys. Soc. Ser. II, 2, 
220 (1957). 

0 Pepinsky, Okaya, and Mitsui, Acta Cryst. 10, 600 (1957). 

" Pepinsky, Okaya, Eastman, and Mitsui, Phys. Rev. 107, 
1538 (1957). 


di-calcium strontium hexapropionate’? (propiononic 
acid = methylacetic acid). The essential features of the 
mechanism of ferroelectricity in G;S has been indicated 
by a structural study,” which suggests involvement of 
a proton in a bifurcated bond, and also the strong 
tendency of one of the three glycine groups toward co- 
planarity (nonhydrogen atoms of this one glycine lie 
in a mirror plane, and one proton is shared by that 
glycine’s amino nitrogen and two oxygens from a 
contiguous sulfate group, above the Curie point). 

As a consequence of recognition of the importance for 
ferroelectricity of substituted acetates, a program of in- 
vestigation of derivatives of alkyl and related carboxylic 
acids has been in progress in our Penn State Laboratory. 

The first practical result of this new program has ap- 
peared in the discovery of a new room-temperature ferro- 
electric, (glycine)2» MnCl.-2H,O (=G2MCD), which 
shows useful behavior up to 55°C if care is taken to 
prevent dehydration below this temperature. 


Il. PREPARATION AND PROPERTIES OF DI-GLYCINE 
MANGANOUS CHLORIDE DIHYDRATE 


Although the compound (glycine).-MnCl.-2H,O 
(GzMCD) has not been reported heretofore, complexes 
of glycine or other amino acids with neutral salts are well 
known. Glycine silver nitrate, NH»,CH:;COOH- AgNO; 
(=GSN), and partially-substituted mixed crystals 
of that class [glycine-(Ag, TI)NO; and _ glycine 
- (Ag, Li) N¢ ); ], the ferroelectric behavior of which was 
recently reported from this laboratory,'' is one such 
salt. GSN becomes ferroelectric below —55°C; and 
substitution of Tl] or Li for Ag, up to about 15%, raises 
the Curie temperature by as much as 10°C. Many other 
neutral-salt complexes of glycine have been prepared. 
One of the very first of these to be measured by us was 


2B. T. Matthias and J. P. Remeika, Phys. Rev. 107, 1727 
(1957). 

13 Hoshino, Mitsui, Jona, and Pepinsky, Phys. Rev. 107, 1255 
(1957). 
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Fic. 1. (CHgNH:COOH)2-MnCl.-2H20: coercive 
field vs temperature. 


G2MCD. It proved to be ferroelectric at room tem- 
perature. 

G2MCD grows readily from stoichiometric quantities 
of its constituents in aqueous solution: two moles of 
glycine to one of manganous chloride. Excellent crystals 
are easily obtained. The chemical constitution was first 
indicated by single-crystal x-ray data and a density 
measurement, and was confirmed by chemical analysis. 
The cell is monoclinic, with a=9.96 A, b=8.53 A, 
c=6.86 A, 8=107+0.5°. The space group is P2). 
A density determination by the flotation method at 
20°C gave 1.8759 g/cc. There are two formula groups 
per unit cell. These data give a measured formula 
weight of 314.9; the calculated molecular weight for 
(NH2CH2COOH):: MnCl: 2H20 is 312.0. A structure 
analysis is in progress. This suggests the existence of a 
complex ion involving short Mn—Cl bonding, as found 
in the structure of the MnCl»-hexamethylenetetramine 
dihydrate complex as reported by Tang and Sturdivant." 

The ferroelectric direction is that of the monoclinic 
axis.!° The coercive field is 5.6 kv/cm and the spon- 
taneous polarization is 1.3 10~* coulomb/cm’, both at 
room temperature. Variations of these quantities with 
temperature are shown in Figs. 1 and 2, respectively. 
Figure 3 shows the variation of « with temperature. 
The dielectric constants at room temperature are 
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4 Y. C. Tang and J. H. Sturdivant, Acta Cryst. 5, 174 (1952). 

18 This is true also for G;S and isomorphs, and for GSN. It is not 
the case for ammonium monochloroacetate, however. The latter 
crystal has space-group C2/c above its Curie temperature, but 
the ferroelectric axis is along the [101] direction. [ Unterleitner, 
Vedam, Okaya, and Pepinsky (to be published) ]. The symmetry 
of the low-temperature phase is perhaps Cc. 
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é.=6.6, @=8.1, and ¢,=7.4. These decrease very 
slightly and linearly as the temperature falls to 77°K. 
The value of « climbs sharply just below 55°C, and 
the rise is not attributable to increased conductivity. 
The dielectric constant cannot be measured above that 
temperature; nor do the crystals show ferroelectricity 
when the temperature is again lowered below 55°C. 
Observations on the heating stage of a polarizing micro- 
scope reveal the gradual and irreversible nucleation of 
a new phase, at the crystal surfaces, at temperatures 
above 72°C; this no doubt involves loss of water 
molecules. Below this temperature the crystals must 
be protected from dehydration. Storage in kerosene at 
room temperature is one adequate means to such pro- 
tection. The dehydration interferes with calorimetric 
measurement above 35°C. 

It has not as yet been possible to observe domain 
structure, even with application of strong electric 
fields, with the polarizing microscope. 

No isomorphous compound has as yet been found. 
Manganous bromide forms a neutral-salt complex with 
glycine, but this proves to be a tri-hydrate, (glycine)» 
-MnBr.-3H,0. The cell of this complex is monoclinic, 
space group P2,/c, a=11.10 A, b=6.12 A, c=9.05 A, 
8=91°, density = 2.23 g/cc, and two molecules per cell. 
The observed formula weight is 416, and the calculated 
weight for the tri-hydrate is 418. It has not as yet been 
possible to substitute any other metal in place of 
manganese and maintain isomorphism. 


III. COMPARISON WITH GASH AND G;S 


As in the case of GASH,! no Curie point is attainable 
for G2EMCD. GASH shows ferroelectric behavior right 


TABLE I. Comparison of room-temperature values of P, and E, 


for GASH, GVSH, G;S, G;F, and G_MCD.* 














P, (1076 coul/cm?*) E, (kv/cm) 
GASH» 0.35 1.5 
GVSH* 0.38 6.0 
G;S4 2.2 0.2 
G;Fe 3.2 5.0 
1.3 5.6 


G.MCD 


* GASH =guanidinium aluminum sulfate hexahydrate; GVSH =guani 
dinium vanadium sulfate hexahydrate; GsS =(glycine)s-H2SO«;  GaF 
= (glycine)s- H2BeFs; GEMCD = (glycine)2MnCl2-2H20, 

» See reference 1. 

¢ J. P. Remeika and W. J. Merz, Phys. Rev. 102, 295 (1956). 

4 See reference 8. 

¢ See reference 13. 
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up to its dehydration temperature, above 200°C. G;,S is 
entirely stable up to its Curie temperature,® 47°C; and 
GsF is equally stable to its Curie temperature at 70°C.* 
G2MCD alone among the three classes of compounds is 
unstable at room temperature, and increasingly less 
stable above. 

A comparison of values of spontaneous polarizations 
and coercive fields for GASH and its vanadium analog, 
G;S, G;F, and G:MCD, is given in Table I. G,S is by 
far the most advantageous of the three. GASH has the 
disadvantage of unsymmetric hysteresis loops. The 
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coercive field of G_MCD is thirty times higher than that 
of G,S, and the spontaneous polarization is half as high, 
but the hysteresis loops in both classes of crystals are 
nicely square and unbiased. 
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Ferromagnetic Resonance Line Width in Yttrium Iron Garnet Single Crystals 


R. C. LeCraw,* E. G. Spencer,* ANp C. S. Porter 
Diamond Ordnance Fuze Laboratories, Washington, D. C. 


(Received February 24, 1958) 


A study of ferromagnetic resonance line width in polished, single-crystal spheres of yttrium iron garnet 
is described. Wave-guide cavity perturbation techniques are used with samples 0.013 in. to 0.020 in. in 
diameter. An extremely narrow line width of 520 millioersteds (the full width) is observed at 9300 Mc/sec 
along the hard axis [100]. It is believed this is the narrowest resonance line yet reported on ferromagnetic 
materials. The line width is shown to be strongly influenced by the sample surface, with the line narrowing 


by over a factor of twenty as the polishing proceeds. 


The line width at 3000 Mc/sec on the same sample is 530 millioersteds. The approximate invariance of 
the line width for more than a three-to-one change in frequency is compared with the predictions of some 
recent theories of ferromagnetic resonance line width. The invariance of liae width with frequency is also 
used to conclude that dw and 7) in the Landau-Lifshitz and Bloch-Bloembergen equations of motion, 
respectively, are approximately constant over this frequency range. 


STUDY of ferromagnetic resonance in single 

crystals of yttrium iron garnet (YIG) has been 
made at 9300 Mc/sec and 3000 Mc/sec using cavity 
perturbation techniques. The samples are polished 
spheres 0.013 in. to 0.020 in. in diameter, the same 
samples being used at both frequencies. At 9300 Mc/sec 
the samples are placed in the center (away from all 
walls) of a tunable Tio transmission cavity with 
inside dimensions of 0.8X0.9X7.16 in. At 3000 Mc/sec 
a tunable TE; transmission cavity is used with inside 
dimensions of 0.72.74 2.74 in., the samples being 
placed approximately six diameters off the wall. In both 
cases the samples are placed in an essentially uniform 
rf magnetic field. 

Standard cavity perturbation techniques are used,} 
with the value of u’’ being computed from the change 
in transmission through the cavity when the applied 
de field is moved from a reference point considerably 
above resonance to the point being measured. One 
important change in the usual technique was introduced, 
however, because of the narrowness of the resonance 
line. In obtaining AH, the'usual procedure of shifting 





*Now at Bell Telephone Laboratories, Murray Hill, New 
Jersey. 

1 Spencer, LeCraw, and Reggia, Proc. Inst. Radio Engrs. 44, 
790 (1956), 


the frequency of the microwave source at each of the 
sumax points, to counteract the detuning effect of the 
sample, was found to yield erroneously narrowed lines. 
Thus for the data in this paper the cavity is manually 
retuned by tuning screws at each of these points, and 
the frequency of the frequency-stabilized source is 
never varied. 


LINE WIDTH AT 9300 Mc/sec 


A line width of 2.3 oe at 9300 Mc/sec has been re- 
ported previously” on YIG crystals grown at this labora- 
tory. In a later batch and with more refined polishing 
techniques, an extremely narrow line width AH of 
520 millioersteds (moe) has been observed at 9300 
Mc/sec with the de field along the hard axis [100]. 
(Fig. 1.) (AH here is the full width between 3umax” 
points.) The line widths along the medium and easy 
axes are slightly higher. It is believed this is the nar- 
rowest resonance line yet reported on ferromagnetic 
materials.’ The quantities 4rM, and K,/M, have also 


2 LeCraw, Spencer, and Porter, J. Appl. Phys. 29, 326 (1958). 

‘A line width on a YIG disk of ®00 moe was reported by 
J. F. Dillon at the Philadelphia meeting of the American Physical 
Society, March, 1957. The line width he reported for YIG spheres 
was approximately 10 oe, 
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Fic. 1. Ferromagnetic resonance at 9300 Mc/sec in a 0.014-in. 
single-crystal sphere of yttrium iron garnet with the dec field 
along the hard axis [100]. The value of umax’’ is 3380. 


been measured on spheres from this batch and are 
1750 gauss and 45 gauss, respectively.‘ 

Because of the large values of u” in Fig. 1 and the 
implied large values of yu’, the following comments are 
pertinent concerning “propagation” effects in spherical 
samples: 

It is well known that the absorbed power P,, in a 
sphere (neglecting anisotropy) is a maximum at w= 7H, 
where H is the applied dc field. The yw” in Fig. 1 is 
the imaginary part of a complex scalar defined by 
u=1+42m,/h,, where h, is the applied linearly-polar- 
ized rf field. It can be shown for spheres that P,, is 
proportional to wu”. However, this u is not the permea- 
bility which determines the wavelength in the sample. 
It has been pointed out previously® that the intrinsic 
permeability (a tensor) which enters into Maxwell’s 
equations and determines the wavelength in the sample, 
does not resonate at w=yH but at w=yH', where H' 
is the internal dc field and corresponds in this case to 
an applied dc field of 3400+ 42M, oe. Hence the 
intrinsic permeability components are small in the 
vicinity of the resonance shown in Fig. 1. In fact it can 
be shown that their real and imaginary parts, respec- 
tively, are approximately —2 and 0 in this region.® 
This important point has not always been fully recog- 
nized. Thus for an ¢’ of approximately 10, the wave- 
length in the sample is not greatly reduced, and propa- 
gation effects in spheres approximately 0.015 in. in 
diameter are negligible at 9300 Mc/sec. 


‘The value of 44M, was kindly measured for us by S. Foner 
of the Massachusetts Institute of Technology Lincoln Laboratory. 

5A. D. Berk and B. A. Lengyel, Proc. Inst. Radio Engrs. 43, 
1587 (1955); see Eq. (30). Spencer, Ault, and LeCraw, Proc. 
Inst. Radio Engrs. 44, 1311 (1956); see Figs. 5 and 6. 

® See reference i, Eq. (23). This was also pointed out by I. H. 
Solt in a paper at the Washington Conference on Magnetism and 
Magnetic Materials, November, 1957. For a detailed treatment 
of size effects in spheres, see J. E. Tompkins and E. G. Spencer, 
J. Appl. Phys. 28, 969 (1957). 
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SPENCER, AND PORTER 


In the course of polishing the samples, the remarkable 
effect of the surface upon the line width became 
apparent. Figure 2 shows AH vs the mean grit size of 
the polishing papers used with the usual air-jet tumbling 
technique, and shows that in YIG the condition of the 
surface dominates the line width, at least for AH above 
about 500 moe. The effect can be explained qualita- 
tively in terms of the numerous spin-wave modes which 
in spheres are degenerate with the uniform precession 
mode and which can be excited by small surface 
irregularities. These degeneracies do not occur in thin 
perpendicularly magnetized disks. Because of the above 
effect the line width varied, before final polishing, very 
nearly as the surface to volume ratio, with the smallest 
samples always having the widest lines (comparing 
samples with the same degree of polish). After final 
polishing, however, spheres from 0.013 in. to 0.020 in. 
in diameter yielded essentially the same line width. 

An additional effect of the surface is that the direction 
of narrowest line width changes as the polishing 
proceeds. Down to 15 microns of mean grit size, the 
direction of narrowest line width is the easy axis [111 ]. 
Between 15 and 5 microns of mean grit size, the 
direction of narrowest line width shifts from the easy 
to the hard axis. This effect is not completely under- 
stood as yet. 


LINE WIDTH AT 3000 Mc/sec 


The measurement of line width at different fre- 
quencies is an important method of studying the 
validity of theories and models of the damping mecha- 
nisms in ferromagnetic resonance as well as the forms 
of the various equations of motion. In reference 2 the 
line width of YIG spheres was reported to be 2.3 oe at 
9300 Mc/sec and 5.7 oe at 3000 Mc/sec. It was pointed 
out that this frequency dependence of line width is 
opposite to that observed in YIG spheres by Dillon’ 
who reported 13 oe at 9300 Mc/sec and 31 oe at 
24 000 Mc/sec. 

The variation in line width of 2.3 oe to 5.7 oe from 
9300 Mc/sec to 3000 Mc/sec appeared to be in approxi- 
mate agreement ratio-wise with the variation predicted 
between these two frequencies by the line width theory 
in ferromagnetic insulators of Clogston ef al.§ The 
theory is based on the assumption of a random volume 
distribution of magnetic inhomogeneities with spatial 
variations of the order of atomic dimensions. (This 
assumed distribution is probably a satisfactory approxi- 
mation in the various magnetic spinels.) After more 
refined polishing, however, the line width at 3000 
Mc/sec on the same sphere as used in Fig. 1 narrowed 
to 530 moe along the easy axis, and slightly higher 
along the medium and hard axes. It is interesting to 
note that the shift in the direction of narrowest line 


7J. F. Dillon, Jr., Phys. Rev. 105, 759 (1957). 
§Clogston, Suhl, Walker, and Anderson, J. Phys. Chem. 
Solids 1, 129 (1956). See Eq. (29) together with Fig. 2. 
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width from the easy to the hard axis did not occur as 
the samples were polished, as was the case at 9300 
Mc/sec.t 

The fact that on the same sample the line width is 
520 moe at 9300 Mc/sec and 530 moe at 3000 Mc/sec 
suggests that the model used by Clogston et al. probably 
does not apply in these samples. Similar reasoning may 
be used in connection with the line width calculations 
of Geschwind and Clogston® based on a random distri- 
bution of magnetic inhomogeneities with spatial vari- 
ations large compared to atomic dimensions but small 
compared to sample dimensions. This theory also 
predicts a rather strong frequency dependence of line 
width from 9300 Mc/sec to 3000 Mc/sec. One is led 
then to propose that in these samples it is quite likely 
the surface (or possibly some as yet unidentified 
mechanism) which is still the dominant contributor to 
the line width. 

The approximate invariance of the line width be- 
tween these frequencies leads also to certain conclusions 
concerning the Landau-Lifshitz and Bloch-Bloembergen 
equations of motion given, respectively, in the following 
two equations: 


dM (H'-M)M 
=1(MxH)-a); -H| (1) 
di ? 
dM Mus 
( ) =7(MXH),,,-—_, 
dt} ay T. 
(2) 
dM (M.—M,) 
( ) =1(MxH9,- : 
dt z T 


where A is a damping parameter, and 7; and 7» are 
the spin-lattice and spin-spin relaxation times, respec- 
tively. H‘ is the total internal magnetic field. 
Assuming small-amplitude rf fields, the damping 
parameter \ in Eq. (1) is given in terms of the line 
width by 
A= 7M AH /(2H xy), (3) 


where H,,., is the applied dec field at resonance. There 
has been considerable speculation as to whether A is an 
intrinsic constant of a ferromagnetic material and 
independent of the frequency of the rf driving source. 
Experimentally H,,., changes by a factor greater than 
three from 9300 to 3000 Mc/sec while the line width 
remains essentially constant. Thus it appears that A is 

t Note added in proof. —Another point of interest at 3000 Mc/sec 
is that the critical rf field, /crit, for onset of nonlinear effects is only 
250 micro-oersteds. This very low value of /erit is a Consequence 
primarily of the 530 moe line width and is explained quantita- 
tively by the theory of H. Suhl [J. Phys. Chem. Solids 1, 209 
(1957) ] for the case of coincidence of the main and subsidiary 
resonances. 


9S. Geschwind and A. M. Clogston, Phys. Rev. 108, 49 (1957). 
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Fic. 2. Line width at 9300 Mc/sec 2s the mean grit size of the 
polishing paper. These data were obtained on spheres 0.014 in. to 
0.015 in. in diameter. The lowest two points are along [100] and 
the other two points are along [111], each point being measured 
along the direction of narrowest line width for the corresponding 
grit size. 


not characteristic of the material alone and must be 
taken as approximately inversely proportional to fre- 
quency, if the Landau-Lifshitz equation is to be applied 
in this frequency range to these samples. 

The spin-spin relaxation time T; in Eq. (2) is given by 


T:=2/(yAH). (4) 


If one uses the Bloch-Bloembergen equation of motion, 
the assumption can then be made of an approximately 
constant spin-spin relaxation time over this frequency 
range. The value of T2 corresponding to a 520 moe line 
width is 0.22 microsecond. The value of 7; in Eq. (2) 
can also be expected to be at least 0.22 microsecond. A 
technique for measuring 7, directly without using 
Eq. (4) or making a line width measurement has 
recently been reported.” 

It is of interest to compare the predicted value of 
u’’ at resonance, obtained by solving Eqs. (1) and (2), 
with the measured value of 3380 in Fig. 1. Equations 
(1) and (2) both yield, for small amplitude rf fields, 


Umax =4eM, ‘AH. (5) 


With the measured 4rM, of 1750 gauss and AH of 
520 moe, the predicted value is 3360, which is in very 
good agreement with the measured value. 

A detailed study of this narrow resonance line as a 
function of temperature and magnitude of the exciting 
rf field is in progress, and should be highly informative 
from the viewpoint of critically examining a number of 
existing theories of ferromagnetic phenomena. 


0 E. G. Spencer and R. C. LeCraw, Bull. Am. Phys. Soc. Ser. 
II, 3, 145 (1958). 
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The study of Hall effect along with conductivity at high electric fields will shed more light on the behavior 
of carriers at such fields. This can be done by little modification of existing apparatus. 

In this paper the authors have obtained an expression for Hall mobility applicable in a large range of 
fields and non-Maxwellian distribution of velocities of carriers. This expression, together with the velocity 
distribution ‘of carriers in the presence of the field, obtained by Yamashita and Watanabe, has been used 
for the theoretical investigation of the variation of Hall mobility with electric field. 





INTRODUCTION 


O far the measurement of electrical conductivity has 
been the only experimental approach to the study 
of the velocity distribution of carriers in a semicon- 
ductor at high electric fields. In interpreting the data it 
is usually assumed that the number of carriers does not 
change with electric field, an assumption probably true 
but not proved. If we apply a small magnetic field and 
study the Hall effect we can get more data to compare 
with theory. Moreover, the product of Hall coefficient, 
velocity of light, and conductivity is equal to Hall mo- 
bility and is independent of the number of carriers. It 
may be added that the study of the Hall effect involves 
very little modification of the apparatus. 

In this communication the authors have obtained an 
expression for Hall mobility applicable in a good range 
of fields. Utilizing this expression and the velocity 
distribution obtained by Yamashita and Watanabe! by 
solving the Bloch integral equation to second order of 
approximation, the authors have studied the variation 
of Hall mobility with electric field. 


MOBILITY 
Using Conwell’s? notation and Eq. (8) of her treat- 


ment, one has 


2s. af 
dj=——— —Er—F' cos’6 sinOd6d ¢dk. 
(2r)'m dk 


(1A) 


If we apply a small magnetic field H so that terms 
involving second and higher orders of (gH/mc) are 
negligible, Eq. (1A) remains unchanged and?® 


dJ = (gH/mce)rdj, (1B) 


where J is the Hall current. 
Proceeding in the same way as Conwell? from Eqs. 


1J. Yamashita and N. Watanabe, Progr. Theoret. Phys. 
(Japan) 12, 443 (1954). 

2 E. Conwell, Phys. Rev. 88, 1379 (1952). 

3 W. Shockley, Electrons and Holes in Semiconductors (D. Van 


Nostrand Company, Inc., New York, 1950). 


(1A) and (1B), we obtain 
{25 —(rv*) (2) 
ir 


ae ne al ie © i) “ 


where yw and y’ are the drift and Hall mobilities, respec- 
tively, and v the carrier velocity. 

For a Maxwellian distribution, Eqs. (2) and (3) are 
equivalent to the expressions given by Shockley.’ 


DISTRIBUTION FUNCTION 


Yamashita and Watanabe! have obtained the velocity 
distribution of carriers in the presence of an electric 
field by solving the Bloch integral equation for non- 
polar semiconductors to the second order of approxi- 
mation. They found the following velocity distribution 
in the presence of a field E: 


N(x)dx= Ax? (x?+-y)" exp(—x*)dx, (4) 


where x=0(m/2kT)!, N(x)dx is the number of carriers 
in the range x to x+dx, m is the effective mass of 
electrons, k is the Boltzmann constant, 7 is crystal 
temperature, yo is the zero-field drift mobility, c is the 
velocity of sound in the crystal, and y= (3m/16) 
X (uo?E?/c*). Equation (4) was obtained by neglecting 
the scattering of carriers by optical modes. 


MOBILITY IN PRESENCE OF FIELD 


The time of relaxation of a carrier due to scattering 
by acoustical modes is given by’* 


r=1/x, (5) 


where / is constant at a given temperature. Using 
expressions (2), (3), (4), and (5), we obtain the drift 
and Hall mobilities: 
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and 1.16 ro . . 
p’ 3mt\ /9 ’ 
={ — ~ B, (7) L 
Mo 4 I ae 
where 
n -{ x?(x*+y)" exp(—2*)dx, = 
0 
° 1.10 
[=2 f x(x?+y)" exp(—2x")dx, 
0 
a 1.08 
s-f (x?+ y)” exp(—.x*)dx. 
( 1 7 L Lt PD i. wa weerk ee ey! i 
‘ ' : 0.1 0.2 0.406 1.0 20 40 60 10 20 
For integral values of y the integrals can be evaluated y 


by expansion of («*+ yy)” and remembering that ’ tina 3 ‘. , 
j . Fic. 2. Variation of u’/u with y. 


f een ES), where ¥ is also a tabulated function,‘ we may write in 
the low-field case 
where II is a tabulated function.‘ 
For nonintegral values of y the integrals have to be 


n= [ 4(1+-y Ins)e~*dz= $11(3){1+y¥(4)}, 


0 


evaluated numerically. 
LOW-FIELD MOBILITY 
When the electric field is low, y is small and we =f (1-+-y Ins)e~ds=11(0) {1+ yh (0)), 


may put 
(x?-+-y)¥= 1+ y In(x?). 


x 










Remembering that ’ 
6 g=} s-4(1+y Inz)e~*ds= $11 (—}){1+y¥(—})}. 
~ 0 
[ s"e~* In(s)dz==I1(n) KV (mn), 
“0 Hence, from Eqs. (6) and (7) we get 
‘ u/po= 1—0.6137y, (8) 
ee 3 7 
uw’ /wo= Fr {1—1.3863y}, (9) 
and 
1.0 4 wu’ /w= 3a(1—0.7726y). (10) 
7 Equation (8) has already been derived by Sodha.*® 


2 
© 





HIGH-FIELD MOBILITY 


For high fields, y is large and Yamashita and 
3 Watanabe! have pointed out that 


° 
® 


2 Pr rr rrr prrrryprrrryrrr 
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(x*+-y)” exp(— x?) « exp(—at/2y). 


0.7 
Hence we may write 


Seeewereeee at 
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n= f x? exp(—at/2y)dx=2-*(2y)*I1(—}), 


0 


=f 2x exp(—x4/2y)dx=2-'(2y)4II(—}), 
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y s=f exp(—a*/2y)dx=2-*(2y)'I(— 4). 
Fic. 1. Variation of w/o and w’/uo with y. 0 


‘E. Jahnke and F. Emde, Tables of Functions (Dover Publica 
tions, New York, 1945), fourth edition, p. 9. 5M. S. Sodha, Phys. Rev. 108, 1375 (1957). 
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Thus at high fields we get 


u/wo= 1.078y-?, (11) 


bh’ /wo= 1.143 y-4, (12) 
wu’ /u=1.001. (13) 
CALCULATIONS 


The authors have calculated pu/yo and yp’/uo for 
y=1, 2, 3, 4, 5, 6, 7, 8, 9, 10, and 20 by exact integration 
and for y=0.1, 0.2, 0.3, 0.5, 0.8, and 1.0 by numerical 
integration. The values for y=1 obtained by numerical 
integration and exact integration are found to be in 
agreement to the third decimal place. 

The high-field approximation gives an error of 7% 
in the values of w/o and y/o at y= 20. The values of 


AND 


P:; €:) EASTMAN 


u/uo and p’/yo obtained by the low-field approximation 
are 0.939 and 1.020, compared to 0.953 and 1.098 given 
by the numerical integration for y=0.1. Thus the high- 
field and low-field approximations are justified in the 
ranges 20<y< and 0<y<0.1 respectively. 

The results are graphically illustrated by Figs. 1 
and 2. 
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A study has been made of the Barkhausen pulses that occur 
during polarization reversal in single crystals of barium titanate. 
By both pulse counting and oscillographic techniques, the pulse 
shapes and in particular their heights and rise times have been 
studied as a function of the crystal thickness and the applied 
field strength. The pulse shape represents an initial rapid increase 
in the volume of the region switched followed by a slower relaxa- 
tional type of growth, the latter being described by a time constant 
of 5 to 6 usec. The pulse heights increase with the crystal thickness 
and linearly with the applied field while they are practically 
independent of temperature between room temperature and 94°C. 
The relaxation time is essentially independent of the crystal 
thickness, of the applied field, and of the pulse height. The total 
number of pulses in a given crystal is independent of the field 
and temperature. In crystals 5X10~* cm thick, the average 
volume corresponding to a pulse is 10-™" cm* while the total 
volume represented by all the pulses is less than one percent of 
the crystal volume between the electrodes. Individual pulses occur 
quite independently of each other and of their surroundings. 

These observations are not consistent with the usual jerky 
domain-wall motion models for the generation of Barkhausen 
pulses. It is concluded that the eventual size and shape of the 
rapidly switching region represented by a Barkhausen pulse are 
mainly determined by the crystal thickness and the condition 
that the depolarizing field within the region must not exceed the 


INTRODUCTION 


ROM the investigations made particularly by Merz! 
and Little? using electrical and optical techniques 
has evolved the following description of the sequence 
by which the reversal of the polarization of barium 
titanate is accomplished: spike- or wedge-shaped do- 


1W. J. Merz, Phys. Rev. 95, 690 (1954). 
2 E. Little, Phys. Rev. 98, 978 (1955). 


applied field. This criterion is successful in accounting for some 
of the features of the pulses if the region is assumed to be spike- 
shaped and extending more or less through the crystal thickness, 
in particular, the average pulse size and its dependence on the 
field. These deductions suggest that the Barkhausen pulses could 
represent the nucleation and initial stages of growth of new 
spike-shaped domains extending along the ¢ axis and that the 
fixed number of pulses given by a crystal would then indicate a 
definite number of nucleating sites on the crystal surfaces. Under 
certain conditions a spike-shaped critical nucleus is consistent 
with the empirically determined nucleation probability factor, 
exp(—a/E), where E is the applied field strength. 

To account for the polarization reversal in the remainder of 
the crystal it is presumed that, after their formation, the spikes 
expand radially (sideways) in all directions. By using this model 
the rate of polarization reversal as a function of time can be 
formulated, assuming that the radial wall velocity is proportional 
to the field and the nucleations occur randomly. Satisfactory 
agreement with experiment is obtained at low fields if it is assumed 
that the expanding domains stop short of overrunning adjacent 
nucleating sites. Relaxing this restriction for higher fields again 
leads to good agreement with experiment. Also, the observed 
dependence of the switching time and the maximum current on 
the applied field is predicted by using certain approximations. 


mains are nucleated at the surfaces of the crystals and 
grow in the forwards direction, that is, along the 
c axis. Merz concluded that there was negligible side- 
ways expansion of these domains but this is contra- 
dicted to some extent by Little’s work, though the 
latter used a quite different orientation of the field 
with respect to the crystal axes and the direction of the 
spontaneous polarization. ‘ 
When the polarization state is slowly reversed many 

















BARKHAUSEN 


Barkhausen pulses can be resolved.’ The shapes of 
these pulses are strikingly similar both in a given crystal 
and among various samples of different origins. In mag- 
netic materials, Barkhausen pulses are usually ascribed 
to jerky motion of domain walls caused by nonmagnetic 
inclusions. However, such a process would be expected 
to result in pulses of varying shapes (reflecting a distri- 
bution of inclusion shapes and sizes) which is not the 
case in barium titanate. Furthermore, preliminary 
estimates of the size of the region represented by the 
average Barkhausen pulse in barium titanate were not 
very different from the domain sizes determined by 
Merz, suggesting that a careful study of Barkhausen 
pulses in ferroelectrics might yield information con- 
cerning the formation of new domains. 


EXPERIMENTAL 


To obtain reproducible data it was necessary to cycle 
the voltage applied to the crystal in a regular manner; 
studies of the effect of different voltage cycles have been 
made and these suggest that relaxing space-charge 
fields present in the barium titanate crystals affect the 
rate of nucleation of new domains. These experiments 
together with a description of the circuitry employed 
will be described elsewhere.’ In the present studies, 
steady or slowly rising voltages were applied to the 
crystal for a definite time interval to produce the 
Barkhausen pulses followed by a shorter application of 
a somewhat greater field in the opposite direction to 
prepare the crystal for the next cycle. At all times while 
Barkhausen pulses were being studied, the switching 
speed was kept low enough to prevent superposition of 
pulses. Two methods of studying and recording the 
pulses were employed: pulse-height analyses could be 
made by conventional counting techniques while indi- 
vidual pulses could be studied from photographs of 
triggered oscilloscope traces. By applying sine waves of 
suitable amplitude to the amplifier input, it was 
established that the pulse-height analyzer triggered 
reliably at frequencies ranging from those corresponding 
to the fastest rising to those corresponding to the most 
slowly rising Barkhausen pulses. 

The crystals used in these experiments and the 








Fic. 1. Oscilloscope photographs of typical Barkhausen pulses. 
The total length of the trace is 100 usec. 

3 Newton, Ahearn, and McKay, Phys. Rev. 75, 103 (1949). 

4A. C. Kibblewhite, Proc. Inst. Elec. Engrs. 102B, 59 (1955). 

5 A. G. Chynoweth (to be published). 
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Fic. 2. Plot of [Vo—V (t)] against time where V¢ is the height 
a Barkhausen pulse would eventually attain in the absence of any 
distortion due to the input circuit and V (¢) is its height at time ¢. 


method of attachment of the electrodes are described 
elsewhere.’ The crystals were kept in a dry atmosphere 
during all the experiments. Examination with a polar- 
izing microscope showed the crystals to be entirely 
c domained. 


RESULTS 
I. Study of Pulse Shapes 


The growth of a Barkhausen pulse was found to be 
significant for a period of up to 40 usec or more. This 
necessitated the use of input and amplifier circuits with 
good low-frequency response if appreciable distortion 
was to be avoided. A photograph of typical output 
pulses obtained with such a system is shown in Fig. 1. 
It will be observed that the pulses grow rapidly at first 
followed by a period where the growth gradually slows 
down. Analysis of such wave forms showed quite 
definitely that the output pulse could not result from 
the effect of the circuit on a linearly rising input pulse 
(as could result from steady wall motion alone). Nor 
could it result solely from an exponentially growing 
input signal of the form: g= gol 1—exp(—t/r) ], with 7 
some characteristic relaxation time for the pulse and g, 
its amplitude. In particular, matching the maximum 
pulse height given by this model to that of the Bark- 
hausen pulse showed that the latter rose initially very 
much faster than the exponentially growing signal. 

The pulse shapes were analyzed in the following 
manner: an estimate was made of the voltage asymp- 
tote, Vo, towards which the output pulse would ap- 
proach in the absence of any clipping effect due to the 
circuit. (In practice, Vo was taken to be slightly higher 
than the maximum height attained.) Then semilog 
plots were made of [Vo—V (é)_] against ¢; some typical 
results are shown in Fig. 2. It is evident that after the 
initial rapid increase in g, the slower growth can be 
represented satisfactorily by an exponential term. Thus 
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Fic. 3. Integral pulse-height distribution curves for different 
values of the time constant of the input circuit. 


the total pulse shape can be represented approxi- 
mately by 


g=(q:/h)t for O<t<h, 
!; being the duration of the linear growth, and 
g=q1+ (go—gqi) {1—exp[—(t—h)/7]} for t>h. 


It should be noted that the distortion to the exponential 
part of the pulse produced by the circuit now applies 
mainly to the amplitude (go—gq:) and so is relatively 
much less than when it affects the total amplitude, go, 
if (go—g.) is not very large compared to go. From the 
slopes of the linear portions in the semilog plots, the 
relaxation time 7 was found to be 51 usec. It is also 
apparent that the amplitude of the rapid first stage is 
comparable to that of the slower second stage in the 
growth of the pulse. 

The slowly growing part of the pulse was also 
analyzed by a different technique. The incoming pulse, 
besides being applied to the Y amplifier of a wideband 
oscilloscope, was used to trigger a square-pulse generator. 
The generated pulse, of rise time of about 0.1 usec and 
about 50 usec in duration, was distorted by an inte- 
grating RC circuit of variable time constant. The 
resulting exponentially growing voltage was applied to 
the X axis of the oscilloscope. The value of RC was 
adjusted until the oscilloscope traces produced by the 
pulses, after the initial rapidly rising portion, appeared 
as near to straight lines as possible. Very good straight 
lines could be obtained, the corresponding value of RC 
at typical fields was 6+1 usec. It is interesting to note 
that a relaxation time of 5.5 usec has been deduced 
from studies of the frequency dependence of the di- 
electric constant and loss of barium titanate.® 





6 Drougard, Funk, and Young, J. Appl. Phys. 25, 1166 (1954). 
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II. Pulse-Height Analyses 
1. Relation between Height and Rise Time of Pulses 


The pulse rise time is defined arbitrarily as the time 
taken for the output signal to attain its maximum value. 
The rise time is thus determined by a combination of 
the circuit parameters and the shape of the Barkhausen 
pulse. As described above, the shapes of the pulses 
could be described quite well by a rapid linear rise 
followed by a much slower growth, where the time 
dependence of the slow growth was approximately of 
the form [1—exp(—¢/r) ]. If such a pulse shape is 
impressed on an RC circuit of time constant 77, then 
the output pulse has the form: 


TI 
( )tew- er), 
ve: 


It is easily shown that for 7;>>7, the output pulse 
attains a maximum amplitude at time 





tr In(rz/7). 


Hence, because 7 varies more rapidly than the loga- 
rithmic term, ¢r will increase with 7 arid therefore, 
a measurement of the rise time, ¢, does indeed reflect 
the duration of the slowly growing part of the pulse. 

In general, 7; was kept very large compared with + 
but for the measurements described in this section, the 
integrating time constant, 77, of the input circuit was 
varied by altering the crystal load resistor. Applying 
square voltage pulses to a 2.5-yyf calibration condenser 
in the input circuit enabled 7; to be measured from the 
resulting waveform displayed on the oscilloscope with 
calibrated sweeps. Integral pulse height distribution 
curves were taken for different values of 77. A typical 
set of results is shown in Fig. 3 where the same steady 
externally applied field was used for all the curves. 
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Fic. 5. Plots of scaling factors versus input circuit time constant 
for crystals of different thicknesses. The scaling factor is the 
amount by which the abscissas of the points on the curve for a 
particular value of the time constant must be multiplied so that 
they lie on the curve that applies for infinite time constant, the 
latter curve being obtained by extrapolation. 


Qualitatively similar results were obtained for several 
crystals, most of them showing curves of comparable 
shape at high values of r;. For the larger pulse heights, 
the count tends towards an exponential drop-off with 
pulse height while the slope of the curve decreases 
somewhat at lower pulse heights. As 7; is reduced, the 
count at a particular bias drops because of the drastic 
clipping effect the integrating time constant has on the 
pulse shapes. Of particular significance, however, was 
the fact that by choosing suitable scaling factors for the 
abscissas only, all of the curves could be superimposed 
to within the limits of experimental error. The result 
of scaling the curves of Fig. 3 so as to superimpose on 
the curve for 7;= 36 usec is shown in Fig. 4. 

To interpret this result it is necessary to consider the 
effect of the input circuit on pulses of different heights, 
different rates of rise, and different rise times. It will be 
supposed that, as suggested by inspection of Fig. 1, the 
pulses have somewhat similar shapes; that is, they can 
be made to superimpose roughly on one another by a 
suitable choice of scaling factors for both their magni- 
tude and time axes. 

In case (i), suppose that all the pulses have com- 
parable rise times but that there is a distribution of 
pulse heights. Then, the input circuit will reduce the 
heights of all the pulses by equal fractional amounts. 
Thus, the bias curves for different input time constants 
can be superimposed by a suitable choice of scaling 
factors for the output pulse heights, in agreement with 
the experimental situation. 

In case (ii), suppose all the pulses have comparable 
rates of rise but that there is a distribution in rise times, 
and hence, pulse heights also. Then the input circuit 
will produce a greater fractional reduction in the height 
of the pulse the greater its rise time. Thus, as ry is 
reduced, the larger pulses tend to drop out of the bias 
curves more rapidly than the smaller ones. This leads 
to a change in the shape of the bias curve, making 
fitting impossible. 

In case (iii), let all the pulses be of the same height 
but of different rise times. Then, those pulses with 
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Fic. 6. Integral pulse-height distribution curves for various values 
of the applied field. (Crystal thickness was 5X 10™* cm.) 


longest rise times will suffer greater clipping than those 
of shorter rise times. Consequently, the input circuit 
will alter the distribution of pulse heights, so making 
the fitting of the curves impossible. 

Finally, the general case, (iv), where there is a dis- 
tribution of both pulse heights and rise times, can be 
regarded as a combination of cases (ii) and (iii) and 
again, the curve fitting will not be possible. 

Thus, it is concluded that most of the actual Bark- 
hausen pulses at a given field have roughly equal rise 
times and that they differ from each other by a scaling 
factor for their heights. In particular, the pulse height 
is independent of the rise time. 

By plotting the scaling factors against 7; it was 
possible to obtain the bias curve for r;= © by extrapola- 
tion. In practice, this was seldom very different from 
the curves obtained at the highest value of 77. 


2. Dependence of Rise Time on Crystal Thickness 


In Fig. 5, the scaling factor is plotted against 7; for 
crystals of different thicknesses. Here the scaling factor 
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Fic. 8. Integral pulse-height distribution curves for 
crystals of various thicknesses. 


is the amount by which the abscissas of the points on 
the curve for a particular value of 7; must be multiplied 
so that they lie on the curve for 7;= ©. Thus, while 
the scaling factor approximates unity, the input circuit 
is producing negligible distortion of the pulse shapes. 
From Fig. 5 it is evident that as 7; is reduced, pulse- 
shape distortion sets in first for the thickest crystal and 
last for the thinnest crystal. This means that the 
average rise time of the Barkhausen pulses increases 
with crystal thickness. However, though the semi- 
logarithmic form of plotting establishes the trend of the 
thickness dependence of the rise time, it is not easy to 
determine the magnitude of the dependence. Actually, 
the five-fold increase in thickness resulted in about a 
20% increase in rise time. The data are too meager to 
allow any more precise conclusion to be drawn. 


3. Dependence of Pulse Height on the Applied Field 


Integral bias curves were taken for different field 
strengths applied to the crystal; the results are shown 
in Fig. 6. The range in field strengths is limited by the 
fact that if the field is too small, pulses occur too 
infrequently while at somewhat higher fields, the pulses 
occur too rapidly to be resolved. However, it can be 
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seen from Fig. 6 that all the bias curves appear to be 
heading for the same intercept on the pulse count axis 
to within the limits of experimental error. Also, the 
higher the field, the wider the distribution in pulse 
heights. Thus, from these data it is concluded that the 
total number of Barkhausen pulses of all sizes does not 
vary with the applied field over the given range but 
that their height increases with the field. Plots of the 
pulse height versus the field as interpolated from Fig. 6 
show that the pulse height increases approximately 
linearly with the applied field (Fig. 7). 
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Fic. 10. Top. The points represent the pulse height and rise 
times for a number of pulses. These points are plotted in the form 
of a histogram in the bottom figure. 


4. Dependence of Pulse Height on Crystal Thickness 


In Fig. 8, are shown integral pulse count curves for 
crystals of different thicknesses though of similar elec- 
trode areas and with roughly comparable applied fields. 
As the number of pulses per unit electrode area varied 
from crystal to crystal it was not possible to make a 
truly realistic normalization of the ordinates of these 
curves. With this caution, the results suggest that the 
pulse height increases with crystal thickness and this 
was confirmed by qualitative observations on many 
crystals. Also, it appears that the total number of 
pulses decreases as the thickness increases though this 
result was not true of all crystals. 
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Fic. 11. Rise-time histograms for various values of the applied field. 


5. Effect of Field Polarity 


An example of the bias curves obtained for the two 
polarities of the field is shown in Fig. 9. In spite of care 
being taken to ensure that the fields and calibrations 
were the same, there remained a small but definite 
disparity between the two curves. It can be concluded 
that the total number of Barkhausen pulses depends 
somewhat on the direction of the field. In some crystals 
there were considerable differences between the two 
bias curves. 


III. Photographic Pulse Recording 
1. Relation between Pulse Height and Rise Time 


Photographs such as Fig. 1 were taken throughout the 
switching period and from them the rise times and pulse 
heights were obtained for an appreciable number of 
pulses, the rise time again being taken as the time 
required for the output pulse to reach its maximum 
value, the latter being recorded as the pulse height. 
The rise time is plotted against the pulse height in the 
top part of Fig. 10 and it is clear that the points do not 


follow any particular trend, i.e., it can again be con- 
cluded that the rise time of a given pulse bears no 
relation to its height, which confirms the conclusion 
drawn from the bias curve measurements described 
above. Figure 10 shows again that there is an average 
rise time under the conditions of the measurements. 
This average rise time can be determined from the 
histogram shown in the bottom part of Fig. 10. It is 
also significant that an approximate lower limit can be 
placed on the rise times. 


2. Dependence of Rise Time on Applied Field 


From histograms showing the rise-time distributions 
for different applied voltages, the field dependence of 
the average rise time can be determined. A set of such 
histograms is shown in Fig. 11, where the ‘number of 
pulses” plotted as ordinate refers to the number of 
pulses photographed and bears no relation to the total 
number of Barkhausen pulses that occur. The photo- 
graphs were taken at intervals throughout a switching 
sequence for each™value of the applied field. It is 
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Fic. 12. Barkhausen pulse counting rate versus time while the crystal is being switched by a slowly 
rising field. The different curves apply to various settings of the pulse-height analyzer bias level. The 


curves are traced directly from a chart recorder. 


apparent that there is no appreciable change in the rise 
time for a field variation by a factor of 2.5. 


IV. Counting Rate Studies 


1. Stage of Switching at which the Various 
Sizes of Pulses Appear 


Using a ratemeter of sufficiently short integrating 
time constant, the counting rate was recorded on a 
paper recorder as a function of the time during the 
switching. The curves so obtained at different settings 
of the pulse-height analyzer bias level are shown in 
Fig. 12 as traced directly from the chart record. (For 
these measurements, a slowly rising voltage was used 
to switch the crystal, which resulted in a more rapid 
completion of the switching than that caused by the 
usual steady voltage.) The lowest curves represent 
solely the largest pulses while, as the bias level is 
lowered, the curves move progressively higher reflecting 
the increasing number of smaller pulses included in the 
recorded counting rate. From several such experiments 
it was established that there was no leaning in the set 
of curves, showing that pulses of all sizes are distributed 
in the same way throughout the switching sequence. 


2. Counting Rate Versus Switching Current 


By connecting an electrometer across the load re- 
sistor in the crystal circuit, the switching current could 


be studied simultaneously with the counting rate. The 
electrometer and ratemeter outputs were compared 
directly by feeding them on to an X-Y recorder. During 
the switching the recorder pen made an excursion out 
from its starting point, returning when both signals 
had again reached zero. A typical trace is shown in 
Fig. 13; the noisiness of the trace results from the short 
ratemeter integrating time constant that was necessary 
to eliminate the lag in the output signal. However, it is 
apparent that at the field used, the counting rate 
varied close to linearly with the switching current. In 
particular, there was no noticeable tendency for the 
Barkhausen pulses to occur somewhat ahead of the 
main switching current, this being found to be true 
over most of the fields used in the present experiments. 
On the other hand, recent more detailed investigations 
by Miller? have revealed some instances where, with a 
low field applied to the crystal, a significant number of 
the pulses'do not appear until most of the switching 
represented by the current has ended. 


V. Some Quantitative Results 
1. Maximum and Average Pulse Sizes 


The maximum and average pulse sizes, gu and q 
respectively, can be estimated from the bias curves 
taken with the maximum value of 77; negligible dis- 


7R. C. Miller (private communication). 
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tortion is then introduced by the input circuit. Reason- 
able values appear to be for gv, about 4X 10- coulomb, 
and for g about 10~-“ coulomb for the crystal used to 
obtain the curves of Fig. 3. The pulse height’ is given 
by q=2Pv/d, where P is the spontaneous polarization 
(26X10-* coulomb cm-*), d is the crystal thickness 
(~5X10~ cm), and » is the volume of the crystal that 
switches to produce a pulse of charge g. Thus the 
volumes vy, 5 corresponding to gm, 9 respectively, are 
4X10-" cm* and 10-" cm*. Using the same argument, 
Newton, Ahearn, and McKay’ arrived at volumes about 
100 times greater than these. However, their crystal was 
30 times thicker than the present one, which supports 
the above conclusion that the pulse size increases with 
the crystal thickness. ? 
Kibblewhite‘ has suggested that the above method of 
estimating the volume associated with a Barkhausen 
pulse may be fallacious in that it assumes that the usuas 
charge calibration of the input circuit (carried out with 
the crystal polarization saturated) is the same as that 
while it is in the midst of switching. To test this assump- 
tion the calibration pulse generator was triggered by a 
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Fic. 13. Barkhausen pulse counting rate versus switching current 
as traced by the X-Y chart recorder. 
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Barkhausen pulse so that the oscilloscope showed the 
calibration pulse (of about 10 usec duration) super- 
imposed on the rising part of the Barkhausen pulse. 
No difference could be detected between the amplitude 
of the calibration pulse in the two methods. To obtain 
an estimate for 1, Kibblewhite assumed that the total 
charge in the Barkhausen pulses at high enough fields 
was equal to the total charge switched by the crystal, 
2PA, and thus, knowing the total number of pulses, 
he arrived at a value for v. Kibblewhite estimated the 
total number of pulses at high fields by interpolating 
data obtained at low fields and at a pulse-height 
analyzer bias level other than zero. The evidence of 
Fig. 6 indicates that it is misleading to extrapolate the 
low-field pulse count at a bias level other than zero to 
other field strengths, particularly for fields greater by 
an order of magnitude. 

The area under the differentiated] bias curve of 
Fig. 3 for r7=128 usec represents the total charge, Q, 
contained in the pulses. Graphical integration showed 
that Q was about 0.1% of the total charge 2PA. The 
value of this fraction varied somewhat from crystal to 
crystal though it was usually much less than one per- 
cent. These results are in good agreement with that of 
0.4% obtained by Newton, Ahearn, and McKay at low 
fields while their estimate of about 6% at high fields 
may be at fault because of the danger of extrapolating 
low-field data to high fields without knowing the pulse- 
height dependence on the field. 


VI. Effect of Temperature on 
Barkhausen Pulses 


The effect of temperature on the Barkhausen pulses 
was studied by obtaining bias curves at various tem- 
peratures, the field being kept the same. Since increasing 
the temperature produced faster switching the field 
was made just sufficient to switch the entire crystal at 
room temperature within the time that the field was 
applied. In this way it was possible to obtain runs quite 
close to the Curie point without the switching being so 
rapid as to produce pulse pile-up. The input time con- 
stant was high so as to avoid distortion of the pulses. 
As the temperature altered, so did the crystal capacity, 
thereby necessitating separate charge calibrations of the 
input circuit for each of the temperatures at which bias 
runs were made. The results are shown in Fig. 14 and 
it is clear that to within experimental error, the total 
number of pulses, No, is constant, and also, the pulse 
height is independent of the temperature. 


VII. Abnormal Pulse Shapes 


The complex pulse shapes noted by previous authors® 
were rarely seen in the present studies. An interpretation 
of these pulses is that they represent the triggering of a 
nucleation by another through the agency of a-domain 
coupling; @ domains were present in Kibblewhite’s 
crystals and probably in those of Newton, Ahearn, and 
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Fic. 14. Integral pulse-height distribution curves 
at various temperatures. 


McKay also, whereas the crystals described in this 
paper were free from a domains. 

Abnormal pulse shapes were seen occasionally, how- 
ever. Figure 15 shows some typical examples of pulses 
which rise slowly at first but faster than linearly 
with time. 


VIII. Summary of Experimental Results 


Let ¢r represent the average rise time for the group 
of pulses produced throughout the switching sequence 
and let NV be the total number of pulses as extrapolated 
from the bias curves. Let g represent the pulse height 
and let d represent the crystal thickness and V the 
applied voltage. Then, the above experiments have 
shown that: 


(i) At a given field, there is no relation between /z 
and g for a given pulse. 

(ii) ¢g increases slightly with d. 

(iii) There is an appreciable minimum value of tp 
under given switching conditions, there being no pulses 
with rise times shorter than this. 

(iv) The average and maximum values of g increase 
with d. 

(v) g increases linearly with V. 

(vi) No remains constant while V is varied. 

(vii) No appears to increase as d decreases. 
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(viii) No differs with the polarity of V. 

(ix) There is no evidence for pulses of any given size 
showing any preference for a particular period during 
the switching cycle. 

(x) The pulses occur at a rate proportional to the 
total switching current (except at low V when they 
sometimes occur towards the end of the switching 
current). 

(xi) The maximum and average-sized pulses corre- 
spond to the switching of crystal volumes of 4X 10~" 
cm’ and 10~" cm’, respectively, in crystals of thickness 
5X10 cm, 

(xii) The total charge obtained by summing the 
charges in all the individual pulses is less than one 
percent of the total charge switched in the crystal. 

(xiii) Individual pulses represent, apparently, a two- 
stage process for the polarization reversal in a small 
region, an initial rapid change in the polarization 
followed by a more slowly growing phase. The slow 
growth can be described by a relaxation time of 5.5 psec. 

(xiv) The number and size of the Barkhausen pulses 
do not vary with temperature over the range 27°C 
to 94°C, 


It is relevant to include some of the facts about the 
Barkhausen pulses that will be given in reference 5. 


(xv) The rate of appearance of the pulses is in- 
fluenced by the field in the surface layers of the crystal 
near the electrodes. 

(xvi) The rate of appearance of the pulses is governed 
by the field, E through a probability factor which, at 
least, approximates exp(—a/£), where a is a constant. 

(xvii) Individual pulses occur independently of each 
other and of their surroundings. 


INTERPRETATION OF BARKHAUSEN PULSES 
I. Jerky Wall Motion Hypothesis 


In magnetism, Barkhausen pulses are commonly 
interpreted as being manifestations of jerky motion of 
a domain wall.’ It has been postulated that in magnetic 
materials there exist nonmagnetic inclusions which 
hinder the motion of a domain wall.? The Barkhausen 
pulse can arise when the wall, or part of it, snaps past 





Fic. 15. Oscilloscope photograph showing some of the abnormal 
pulse shapes that were occasionally observed 


° H. J. Williams and W. Shockley, Phys. Rev. 75, 178 (1949). 
®R.S. Tebble, Proc. Phys. Soc. (London) B68, 1017 (1955). 
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the inclusion. Alternatively the pulse may be produced 
by the wall, or part of it, becoming free of the inclusion 
and sweeping on until it is again stopped. That the 
pulses in barium titanate whose characteristics are out- 
lined above cannot be accounted for by such mecha- 
nisms is the conclusion reached from the arguments 
detailed below. 

In this discussion, two basic assumptions are made, 
namely : 


(i) The inclusion density is roughly the same for all 
the crystals used (which came from the same melt and 
were processed in identical ways). 

(ii) The velocity of a domain wall varies roughly as 
the applied field in both the forward and sideways 
directions—a linear dependence of the wall velocity on 
the field has been demonstrated in Rochelle salt! and 
also, it is the observed behavior in magnetic materials."! 

The magnitude of the Barkhausen pulse is determined 
by the volume of material swept out by the moving 
wall, that is, g varies as Ax, where A is the wall area 
and x is the distance it travels. 

There are four basic models for jerky wall motion, 
each of which must be considered for sideways as well 
as forward motion. Schematic representations of the 
various models are shown in Fig. 16. Let s represent 
the linear dimension of an inclusion and r the distance 
between inclusions. 

Medel A.—When an inclusion is encountered, the 
whole wall moves rapidly into a position of equilibrium 
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Fic, 16. Diagram illustrating the models for jerky wall 
motion discussed in the text. 
0 T. Mitsui and J. Furuichi, Phys. Rev. 95, 558 (1954). 
J. K. Galt, Bell System Tech. J. 33, 1023 (1954). 
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at the inclusion. Alternatively, if the field is sufficient, 
the wall can move discontinuously through the inclusion 
and then proceed at its former smooth and slower pace. 
The pulse height, g, will be determined by As. There are 
two subdivisions to this model: (a) the distances s swept 
out by the wall are roughly the same for all the walls, 
then the distribution in g arises from a distribution 
in A; (b) the wall areas are approximately the same, 
the range in pulse heights representing the range in s. 

Model B.—The wall can be regarded as getting 
trapped at an inclusion, eventually breaking away and 
moving rapidly until it is trapped by the next inclusion. 
In this case, gx Ar. This model can also be subdivided 
into (a) approximately constant r and (b) roughly the 
same A for all pulses. 

Model C.—Instead of the whole wall behaving rigidly, 
the motion of only a part of the wall may be affected 
by the inclusion while the major part of the wall con- 
tinues to move on. The hindered part produces a pulse 
by moving discontinuously into or across the inclusion 
as in model 4; the size of the pulse reflects the size of 
the inclusion. 

Model D.—Similar to model C, except that the 
hindered part produces a pulse when it breaks away 
from the inclusion and catches up with the rest of the 
wall. The size of the pulse is determined by the distance 
that the hindered part has to catch up which in turn, 
is determined by the time the segment of the wall 
remained trapped at the inclusion. 

Consideration of the above models leads to various 
predictions as to the field and thickness dependence of 
the measured heights of the pulses. These predictions 
are summarized in Table I. In cases where the distance 
jerked by the wall in the thickness direction is pro- 
portional to the size s or the distance r, the electro- 
static situation decrees that the magnitude of the signal 
depends on the value of (s/d) or (r/d) (line 1). For 
sideways motion of walls extending through the whole 
thickness of the crystal, g is independent of d (line 2). 

Ignoring the electrostatic problem and considering 
only the effect of the increasing total number of in- 
clusions as d increases (keeping electrode area constant), 
then, an extensive wall in forward motion will encounter 
more inclusions while crossing through the total thick- 
ness of the crystal. In sideways motion, though the 
distance it travels remains the same, increasing d will 
cause an extensive wall to encounter inclusions more 


. frequently. Thus, No increases with d and this will 
: certainly be true also for all models in which part of 


the wall is hindered by the inclusion (line 4). In side- 
ways motion, model B requires that g decreases as d 
increases (line 3). 

Keeping d constant and increasing V will have no 
effect on the sizes of the pulses (line 9) except in the 
complicated case of model D where the volume swept 
out by the wall depends on the time it is trapped at 
the inclusion which, in turn, will be some function of 


the field. 
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TaBLE I. Comparison of the observed field and thickness 
dependence of the pulse heights and rise times with the behavior 
predicted by the various models for jerky wall motion. 








Model 


Sideways Forward Prediction Experimental 





a. For comparable field strengths, different crystal thicknesses 


i. 6 Aa, Ab ¢isinversely proportional to g increases with d 
Ba, Bb d (by considering the elec- 

c,D trostatic situation only and 

ignoring effect of greater 

number of inclusions) 

q increases with d 


2 Aa, Ab @ is independent of d (wall 


Ba, Bb extending through crystal 
thickness and considering 
electrostatic problem only) 

3 Ba, Bb q@ decreases as d increases gq increases with d 


(because of greater total 
number of inclusions and 
ignoring electrostatic prob- 
lem) 
4 All models No increases with d No decreases with d 
5 Ab, Bb Ab, Bb q increases with tr q independent of tr 
Cc, D Cc, D 


6 Aa,Ba Aa, Ba q independent of tz 


7 All models 


q independent of tr 

tr independent of d (under tr increases with d 
same conditions as line 1) 
tr decreases as d increases tr increases with d 
(under same conditions as 

line 2) 


8 Ba, Bb 


b. Crystal of given thickness, various applied fields 


9 Aa,Ab Aa,Ab qis independent of V q@ increases linearly 
Ba, Bb Ba, Bb with V 
Cc Cc 
10 Aa,Ab  Aa,Ab tr decreases as V increases ir independent of V 
x Xd Ke 








It is also possible to make some predictions concern- 
ing the field and thickness dependence of the rise time, 
assuming it to be related to domain wall motion. It will 
be apparent later, however, that this assumption is, 
most likely, false. Nevertheless, for the sake of com- 
pletion, the predictions are included in Table I. 

For all the models where the spectrum of pulse 
heights reflects a spectrum in the distances travelled by 
the walls it is to be expected that the greater the dis- 
tance traveled, the longer it takes, that is g increases 
with ¢z (line 5). For those particular models where the 
spectrum of pulse heights is brought about by a range 
of wall areas, all walls moving about the same distance, 
tr will be the same for all pulses (line 6). 

If the field is kept constant, then, for all models, 
tr will remain the same while d is varied (considering 
the electrostatic problem only and ignoring the effect 
of more inclusions, line 7). If the electrostatic problem 
is ignored, the increasing number of inclusions as d in- 
creases will cause an extensive wall to move shorter 
distances between inclusions when in sidewise motion. 
Then, ¢r will decrease as d increases (line 8). 

Finally, except again for the complex situation of 
model D, since the distance moved by the wall is 
independent of V while its velocity increases with V, 
tr will decrease as V increases. 

On comparing the predictions listed in Table I with 
the experimentally observed behavior, it is apparent 


A. G. CHYNOWETH 


that all of the above models of jerky wall motion fail 
completely to account for the observed behavior. The 
same conclusion is reached even if all the predictions 
about fr are excluded from the table. Some further 
considerations follow. 

An alternative proposed explanation of Barkhausen 
pulses is that the more or less steady motion of a domain 
wall past an inclusion results in sudden rearrangements, 
in the subsidiary domain pattern surrounding the 
inclusion.” However, this alone would give rise to 
both positive and negative pulses whereas, in the 
crystals used for these experiments, only pulses of sign 
appropriate to the direction of switching were observed. 
This rearrangement mechanism is of no consequence if 
it occurs simultaneously with the much larger discon- 
tinuities discussed above. 

Because there will be a range of inclusion sizes, there 
will be a range of pulse sizes for the cases where the 
wall moves discontinuously through the inclusion, i.e., 
models A and C. It is to be expected that the relaxation 
time for moving a wall through an inclusion will increase 
with s, or alternatively, higher fields will be required. 
Thus, if a slowly rising field is applied to the crystal, 
the smaller pulses should occur earlier, and the largest 
ones at the end of the switching. This is quite contrary 
to the conclusions drawn from Fig. 12. 

For model B, the distribution of pulse sizes should 
show a maximum corresponding to the average distance 
between inclusions. Differentia! bias curves show no 
evidence of any such maximum; rather, the number of 
pulses of given height drops continuously with height. 

If jerky wall motion is responsible for the pulses, the 
maximum counting rate would be expected to occur 
near the maximum of the total switching current when, 
presumably, the greatest number of walls are in motion. 
Though such a correspondence is represented by Fig. 13, 
preliminary studies at lower fields have indicated that 
sometimes very few pulses occur until most of the total 
charge has been switched,’ i.e., there may be no corre- 
lation between the pulses and the switching current. 
This phenomenon will be discussed in a future paper. 
However, it is difficult to conceive of a wall motion 
that is jerky (owing to energy minima) at high fields 
becoming less jerky at lower fields. 

Conceivably, Barkhausen pulses could be generated 
if two domain walls in sideways motion approached 
each other closely, the pulse corresponding to a hastened 
polarization reversal of the narrowing space between the 
walls. The expected consequence of this, however, 
would be for the counting rate to always lag behind the 
switching current and become a maximum towards the 
end of the switching. 

The arguments outlined above as well as further con- 
sideration of the remaining experimental facts listed 
lead to the conclusion that the Barkhausen pulses are 
not manifestations of jerky wall motion. It should be 


21. F. Bates and D. H. Martin, Proc. Phys. Soc. (London) 
B69, 145 (1956). 
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noted also that the very great differences in the domain 
wall thickness of ferroelectrics and ferromagnetics 
might argue against jerky wall motion models for 
ferroelectrics. 


II. Polarization Reversal in Spike-Shaped Region 


The fact that the Barkhausen regions are of finite size 
and that the variation of the average size with field and 
crystal thickness follows a well-established pattern sug- 
gests that the extent of the Barkhausen region is 
determined by energy considerations. In this section, 
the possibility that the Barkhausen region is in the 
form of a long thin spike extending along the c axis will 
be explored. Such a picture is made attractive on several 
counts: (1) The Barkhausen volumes are not very 
different from those of the smallest spike-shaped nuclei 
(or domains) observed optically by Merz’ and Little,? 
and by etching techniques by Hooton and Merz'* and 
Cameron." (2) These domains nucleate near the crystal 
surfaces which is consistent with the conclusion that 
mobile space charges modulate the field near the elec- 
trodes and so regulate the occurrence of the Bark- 
hausen pulses’ through the nucleation probability 
factor, exp(—a/£). (3) The Barkhausen volume is in 
very close agreement with that calculated by Landauer’® 
for a spike-shaped quasi-stable nucleus. (4) If it is 
supposed that the spike grows mainly in the forwards 
direction (along the c axis) and that the initial rapid 
rise of the largest pulses represents motion essentially 
through most of the crystal thickness, then the forwards 
wall mobility determined from the Barkhausen pulses is 
about 3 cm? volt~! sec! (at a field of 600 volts cm™) 
which compares very well with that deduced by Merz 
from switching studies, 2.5 cm? volt~ sec’, and is con- 
sistent also with Little’s forward velocity measurements. 

The change in free energy resulting from the rapid 
polarization reversal in a given region is usually taken 
to be the sum of three terms: the electrostatic energy 
due to the applied field, the electrostatic energy due to 
the depolarizing field, and the energy due to the domain 
wall energy. It is of inferest to examine whether the 
main features of the behavior of the Barkhausen pulses 
can be accounted for by the condition that the de- 
polarizing field within the Barkhausen region must not 
exceed the applied field. From Landauer’s work it 
follows that this condition can be written (in equi- 
librium) as 


é£=2LP, (1) 


where E is the applied field and ZL is the depolarizing 
factor. The factor 2 appears because of the head-to- 
head or tail-to-tail configurations of the polarization 
vectors at the domain boundary and the permittivity 
along the a axis, €,, enters as a consequence of the di- 


18 J. A. Hooton and W. J. Merz, Phys. Rev. 98, 409 (1955). 

4D. P. Cameron, I.B.M. J. Research and Development 1, 2 
(1957). 

© R, Landauer, J. Appl. Phys. 28, 227 (1957). 
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electric anisotropy of barium titanate. If the nucleus is 
approximated by a prolate spheroid of length / and 
radius r, with />>r, L is given by,'*® 


L= (4e/m*)(—1+1n2m). (2) 


In this expression m=/*/r, where /*= (e,/e.)'/, and €, is 
the permittivity along the c axis. Using the values 
quoted by Landauer, (/*/1)~4+1. 

From Eq. (2) m can be calculated for any value of E. 
Putting E=600 volt cm~ yields (//r)~10. This esti- 
mate is less than the length-to-radius ratio observed by 
Merz by up to an order of magnitude. A similar dis- 
crepancy results if the known Barkhausen volume is 
taken to represent a spike extending right through the 
crystal. However, the calculated value of m can be 
regarded only as very approximate as it pertains to 
ideal geometry and field configurations (that is, with no 
image fields due to the presence of an electrode other 
than the one which nucleated the domain) and there is 
considerable uncertainty as to the value to be used 
for ¢,. Also, the effect of domain wall energy has been 
ignored though it can easily be seen that if this were 
more important than the depolarizing energy, very 
different field and thickness dependencies would result 
for the Barkhausen pulses. In particular, an increase in 
the field would cause a decrease in the Barkhausen 
region. For a spike-shaped region of volume 10-" cm‘ 
and //r=10, it follows that r~10~* and 1~10-* cm. 
This makes the calculated spike extend only a fifth of 
the way through the crystal whereas in view of the 
thickness dependence of the average pulse size it seems 
necessary to suppose that the average spike extends 
more or less right through the crystal. The calculated 
basal radius is not inconsistent with the radii of small 
domains observed optically or by etch patterns. Scatter 
in the values of / and r could then account for the 
observed distribution of pulse sizes though it is purely 
an empirical fact at this stage that frequently the 
distribution of pulse heights is approximately expo- 
nential. 

The pulse height g is given by 


q=2Po/d, (3) 


where 2 is the volume switched and is proportional to r’U. 
From (2) and (3) it follows that 


q © (¢a'/€)EP/d. (4) 


Thus, g increases linearly with E, as observed, and it is 
independent of P. Increasing d may cause the average 
value of / to increase though probably more slowly. Thus 
the empirical fact that g increases roughly in proportion 
to d over the relatively narrow range studied is not 
inconsistent with (4); for thin crystals it would be 
expected that / would be limited by d, making g~d’, 
whereas for thick crystals, / may approach a constant 
making g vary as d~'. The insensitivity of pulse size to 


16 J, A. Osborn, Phys. Rev. 67, 351 (1945). 











1328 


temperature is not explained because of appreciable 
changes in the permittivities over the temperature 
range covered. It must be concluded, therefore, that 
the simple condition that the depolarizing fieid balances 
the applied field is only partially successful in account- 
ing for the observed behavior of the Barkhausen pulses. 

The fact that there is a marked uniformity in the 
pulse shapes might also argue in favor of some generally 
applicable energy criterion but the cause of the actual 
pulse shape can only be guessed at at present. It seems 
plausible to associate the initial rapid rise with forward 
growth of a spike while the slower relaxational growth 
may represent an adjustment of the spike shape to that 
of a long, thin, domain extending more or less right 
through the crystal, the rate of adjustment being con- 
trolled by image fields both ahead of and within the 
switched region. The 5-usec relaxation time, which 
seems to be characteristic of barium titanate and 
independent of its impurity content, would not be 
particularly evident in high-field switching current 
transients as the Barkhausen pulses account for less 
than one percent of the total switched charge. Alter- 
natively, the relaxation time might become negligible 
at high fields. On the other hand, there is some evi- 
dence” that the relaxation might be associated with 
the dynamic behavior of the space-charge layers near 
the surfaces of the crystal. 

It is also pertinent to consider whether the slow 
growth could result from some sideways growth of the 
spike due to the applied field. It is not unreasonable to 
picture sideways motion of a wall as a switching of the 
dipoles adjacent to the wall so that the switched region 
propagates basically in the forward direction, layer by 
layer.” Thus, the net field promoting this switching is 
determined, at least partly, by the applied field, which, 
in turn, will influence the velocity of the domain wall. 
It is easy to show that as a consequence, the growth 
rate will depend in some way on the value of the applied 
field; this applies equally to wall motion in either the 
forward or the sideways directions. A further objection 
to ascribing the slow growth to sideways expansion 
promoted by the applied field arises from the fact that 
pulses of various heights have equal rise times; if the 
different heights reflect to some extent different amounts 
of sideways travel, the larger pulse heights would be 
expected to possess larger rise times. 

Thus it appears that slow sideways wall motion of the 
sort envisaged in the previous paragraph does not occur. 
(Note, though, that it seems necessary to expect some 
sideways motion to occur in a time not greater than the 
time taken for the forward growth. This conclusion 
follows if it is assumed that the effect of the depolarizing 
field is important during much of the growth of the 
nucleus.) 

If, as seems plausible, a Barkhausen region represents 
the start of a new domain, it is necessary to reconsider 


17 Private communication from M. Drougard, International 
Business Machines, Poughkeepsie, New York. 
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briefly the nucleation problem. From switching studies, 
Merz! deduced that the probability of nucleation was 
determined by the factor exp(—a/E) and he could 
account for the E~' dependence of the exponential 
factor by allowing the critical nucleus to be wedge- 
shaped. This restriction is not necessary, however, if the 
depolarizing field during nucleation is negligible. On 
this interpretation, the Barkhausen pulse represents the 
growth of a nucleus after it reaches critical size and, 
consequently, the critical nucleus must be much smaller 
than the Barkhausen volume. If the critical nucleus is 
assumed to be in the shape of a prolate spheroid, then 
its length/radius ratio could be much larger than the 
value that makes the depolarizing field important. 
Neglecting the depolarization energy term in the ex- 
pression for the free energy, it becomes 


AF = —2EP (3)rrl+o(x/2)rl, 


where g is the wall energy. Now if the fluctuations in AF 
are brought about mainly by fluctuations in r, then the 
condition that (@AF/dr)=0 results in the critical value 
of r being 

r* = 3a /16EP. 


Thus, the critical free energy is 
AF* = (32'o*1/64)/EP, 


and the nucleation probability is exp(—AF*/kT) which, 
in Merz’s notation, is equal to exp(—a/E). Hence, 


a= 3n'o°l/64PRT. 


Merz has determined a to be 5X10* volts cm™. Thus, 
at room temperature, 


o°l=3.4X10-* erg? cm™. 


Now for the depolarization field to be unimportant we 
must have //r>>10. Also, at E=600 volts cm, 


r*=3.9X10~%o. 


To meet these requirements, ¢ must be appreciably 
smaller than about 10 erg cm~. 

From these estimates, the critical-size nucleus that 
emerges is a long thin spike a few lattice constants in 
diameter and extending perhaps for one micron or more 
into the crystal along the ¢ axis. Thus, the condition 
that its length be considerably less than the crystal 
thickness is met. The value that @ is required to have is 
considerably less than that previously estimated by 
Anderson! (10 erg cm~), and more recently by Kinase 
and Takahasi'* (1.4 erg cm~), but for such a small 
critical nucleus, the validity of an estimate based on the 
macroscopic permittivity and elasticity constants is 
questionable. Also, it is conceivable that crystal im- 
perfections or dislocations which may provide the 
nucleating sites could drastically modify the crystal 
properties in the immediate neighborhood. The lower 


nef Kinase and H. Takahasi, J. Phys. Soc. Japan 12, 464 
(1957). 
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value of o arrived at above facilitates sideways motion 
of domain walls much more so than did Anderson’s 
estimate. 

The fact that the total number of Barkhausen pulses 
produced by a crystal when switched is independent of 
the applied field and the temperature strongly suggests 
that nucleations occur at a very definite set of sites at 
or near the crystal surfaces. It is reasonable to suppose 
that these nucleating sites lie at crystal imperfections 
of some sort, possibly dislocations. 

The total number of Barkhausen pulses was found to 
vary over an order of magnitude or more from crystal 
to crystal of equal electrode areas. In view of the above 
discussion this could reflect differences in the concentra- 
tion of surface imperfections amongst crystals. Further 
study of this point is in progress. Though the number of 
pulses from a crystal remained constant as long as it 
was regularly cycled, slow changes in No did occur 
when the crystal was left for some time. Also, No 
appeared to depend somewhat on the electrical history 
of the crystal prior to being regularly cycled. It is un- 
likely that these changes in No reflect changes in the 
number of nucleating sites resulting from some sort of 
annealing or plastic flow occurring at room temperature. 
Rather it is felt that electrochemical reactions may take 
place at the surfaces of the crystals, the resulting space 
charges serving to modify in some way the nucleating 
properties of the imperfection sites. 

Finally, it is of interest to discuss the way in which 
the whole crystal reverses its polarization in the light 
of the Barkhausen pulse studies. It has been noted 
above that the total charge represented by all the 
Barkhausen pulses amounts to less than one percent 
of the charge 2PA. Also, the total switching current is, 
at all stages of the switching, more or less proportional 
to the rate of occurrence of Barkhausen pulses. Thus, 
it seems necessary to conclude that a domain cannot 
switch until a nucleation has occurred but that the 
volume of the nucleus corresponding to the Barkhausen 
pulse is 10? to 10° times smaller than that of the domain 
it controls. Thus it appears to be most likely that the 
Barkhausen volume expands, on the average, by a 
factor of 10? to 10° and the most plausible picture is 
that it does so by sideways motion of the 180° walls. 
Little’s experiments together with studies of etch pat- 
terns tend to support this conclusion. The velocity of 
the sideways motion is limited by the fact that the 
expansion must take 10~' sec or longer for the height 
and shape of the Barkhausen pulse to be relatively un- 
affected. On the other hand, the switching current 
does not lag the Barkhausen pulses by more than 1 sec. 
Thus, the expansion of the nucleus by a factor of 10° to 
10° occurs in a time between 107 and 1 sec. Since the 
Barkhausen nucleus is regarded as a spike, it will most 
likely expand radially. The radial velocity of the wall 
motion is therefore, 10~**! cm sec~!. Thus the ratio of 
forwards to sideways velocity at fields of the order of 
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10° volt cm™ is of the order of 10°+', a ratio that is not 
inconsistent with Little’s description of the growth of 
a nucleus. 

From the experimental facts it appears that at low 
fields the expanding nuclei do not overrun adjacent 
regions that have not been nucleated. This conclusion 
follows from the independence of No on the field and, 
particularly, from the exponential tails to the Bark- 
hausen pulse counting-rate curves. It is this last fact 
which shows that Barkhausen pulses occur independ- 
ently of each other and of their surroundings. The 
reason for not ingesting adjacent nucleating sites is not 
clear, Speculating, as nucleating sites probably reside 
at crystal imperfections they will be surrounded by 
stress fields such that a domain wall moving in the 
stress field of its nucleating site may find a potential 
barrier preventing it from entering the stress field of an 
adjacent nucleating site. At high applied fields, the 
wall may be able to get past the barrier. 

Summarizing, the Barkhausen pulse studies have 
suggested that at low fields, a crystal switches by the 
random nucleation of a certain number of spike-shaped 
nuclei which extend through the crystal thickness and 
thereafter grow by slow sideways expansion until the 
whole of the crystal is switched though the expanding 
domains do not overrun adjacent nucleating sites. This 
model enables the switching current transient to be 
formulated if some assumption is made as to how the 
nucleus expands. This is done in the Appendix where it 
is shown that good agreement with experimentally 
obtained current transients results for both the low- and 
the high-field regions. 

CONCLUSIONS 

From the detailed studies of the electrical charac- 
teristics of Barkhausen pulses in barium titanate, it is 
concluded that they do not represent domain wall jerks 
of the particular kinds usually felt to be responsible for 
Barkhausen pulses in magnetic materials. An attempt 
to account for their properties on the basis of the condi- 
tion that the depolarizing field in the Barkhausen 
region must not exceed the applied field is partially 
successful if the region is assumed to be spike-shaped 
and lying along the ¢ axis. An alternative condition 
assuming domain wall energy to be the dominant factor 
is much less satisfactory. The depolarizing field criterion 
yields Barkhausen regions not too different from the 
smallest spike-shaped domains that have been observed 
optically, suggesting that the Barkhausen pulses are 
manifestations of the formation of new domains. If this 
is correct it seems necessary to conclude that after its 
formation, a spike-shaped domain must expand side- 
ways in all directions with a wall velocity slow compared 
with the forward growth of the spike. This radial, or 
sideways, wall motion eventually ceases; it appears 
that there is a potential barrier preventing an expanding 
domain from overrunning an adjacent region controlled 
by another nucleating site. This barrier may arise from 
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crystal strains associated with imperfections that pro- 
vide the nucleating sites. The volume of a domain when 
it ceases to grow is of the order of 10° to 10° times 
greater than that of the initial spike. When all the 
nucleations and expansions have occurred, the crystal 
is fully switched. 

Merz’s picture of switching is modified to some extent 
since the Barkhausen experiments indicate that a rela- 
tively large amount of sideways wall motion occurs. 
However, the resulting domains in crystals of the 
thicknesses normally used will still appear as long 
columns, circular in cross section. Thus, it is true to 
say that at low fields, the crystals switch by the appear- 
ance of many thin domains rather than by walls sweep- 
ing sideways through the crystal in the same way as 
they do in magnetic materials. The picture of a nucleus 
first growing rapidly in the forwards direction and then 
expanding very slowly in the sideways direction is in 
complete agreement with Little’s conclusions. 

Formulations of the switching current transient based 
on the above model of switching lead to pulse shapes 
which reproduce the main features of the observed 
transients at low fields. Also, the correct form for the 
field dependence of the switching time and the maxi- 
mum current are predicted. At high fields the model 
becomes modified in that it appears that the sideways 
moving domain walls can sweep on through the crystal 
overrunning many nucleating sites before they have 
had a chance to nucleate. Formulating the switching 
transient resulting from this model again leads to 
agreement between the predicted and observed pulse 
shapes as well as the observed form for the field de- 
pendence of the switching time and maximum current. 

The total number of Barkhausen pulses differs quite 
considerably from crystal to crystal. These differences 
could reflect perhaps, different imperfection concentra- 
tions and it would be of interest to learn more about 
the nature of these nucleating sites. Also, it is not 
understood at present why, over a period of hours or 
days, appreciable changes in the number of pulses from 
a given crystal sometimes occur. Certainly more investi- 
gation into how the pulse count depends on the im- 
mediate past history of a crystal is indicated. 
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APPENDIX. FORMULATION OF THE CURRENT 
WAVE FORMS 


It is proposed to show that the model of the switching 
sequence suggested by the Barkhausen pulse studies 
yields current wave forms in reasonable agreement with 
those observed experimentally. In particular it will be 
supposed that spike-shaped nuclei extending more or 
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less through the crystal thickness appear randomly 
according to the nucleation law and then proceed to 
expand sideways in all directions. Also, it will be 
assumed that this model still applies at field strengths 
sufficient to cause switching to be completed within a 
few microseconds. At these speeds, slow time effects 
caused by relaxing space-charge fields will be unim- 
portant. The mathematical approach is standard in 
nucleation theories. 
For random nucleation, the nucleation rate is 


dN/dt=k,(No—N), (5) 
where NV is the number of nucleations that have occurred 
and ; is the nucleation probability, that is, 

ki=g exp(—a/E), (6) 
where g is a frequency factor. Thus, 

(dN/dt) nv = ki Nove kit! | (7) 
The growth of a nucleus by sideways expansion may 
be represented by the expansion of the area that it 
subtends at the crystal surface, namely, s. It is now 
necessary to choose particular models for the time 
variation of s. We note that the nucleus is regarded as 
expanding radially and it seems a reasonable assumption 
that the wall velocity, c (that is, the radial velocity), 
is roughly proportional to the field. Thus, 


c=kE, (8) 


where & is a constant. Equation (8) tacitly assumes 
that E is much greater than a threshold field, if the 
latter exists.”° Therefore, the area, s, of a nucleus that 
appeared at time /’ increases such that 


Sv=C(t—t’), (9) 


The total area covered by all those nuclei that have 
appeared up to time / is then given by 


é dN 
S(t)= J se(—) dt’ 
0 dt F tnx 


t 
=heNo f (t—t')?e*"'dt’ 
0 


2c?No 
=——[ pk? — kil 1—e™"*]. (10) 
2 
Now the switching current 7 varies as dS/dt. Thus 
2c?No 
i(t)« a [kit—1+e*]. (11) 
1 


When / is small, 7 varies as /?. At low fields, that is, less 


#9 P. W. M. Jacobs and F. C. Tompkins in Chemistry of the Solid 
State, edited by W. E. Garner (Academic Press, Inc., New York, 
1955), Chap. 7. 

*” H. H. Wieder, J. Appl. Phys. 27, 413 (1956). 
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than 5X10* volts cm, the switching transient does 
indeed show an initial increase of i with / that is faster 
than linear. It is interesting to note that this faster- 
than-linear dependence of the total current results 
from the above types of calculation only if the area of 
each individual nucleus expands more rapidly than 
linearly with ¢. In particular, wedge-shaped nuclei 
expanding by sideways motion of their major faces 
(that is, linear rather than radial expansion) yield a 
current transient for which d*i/d/? <0 at small ¢. 

Equation (11) was obtained assuming that the 
domains expanded indefinitely. If it is supposed that 
they expand up to an average size S; then (11) is no 
longer valid after the first nuclei have reached the 
size S;. This takes a time t;=S,'c. For times f2>¢;, we 
now have 


2 dN 
Su-e(—) dl’ 
te-t1 dt luo t’ 
f- 7dN 
+5: f (—) at 
0 dl tant’ 


te 
=hctNe f (to—t’)*e kit’ dt! 
tet 


te-th 
+5b.No f € kit'gy! 
0 


S(t2)= 


c?No 
=—_ [—2e kitat ¢ ki(te ) (Ry7t)?— 2k +2) | 
k;’ 


—NoS,[1—e*2 “) }. (12) 


Differentiating with respect to /, gives the current 
variation, namely, 


1(to)tg>t,« A exp(— ils), (13) 


where A is a constant given by 
A= [(c*No, ‘ky ) (2—ak,7t;?+ Zaki; —+ £0) NoSikia], 


and a=exp(k,/;). Thus the current transient predicted 
by this model has an exponential tail of decay con- 
stant ky. 

The current transient predicted by the above model 
is compared with an actual transient obtained at a field 
of about 4000 volts cm™ in Fig. 17. The decay of the 
pulse was found to be very close to an exponential and 
from the semilogarithmic plot a value for k, was 
obtained. Substituting this value into the expression in 
brackets in Eq. (11) allowed the form of the initial 
growth of the current to be caiculated. In the figure 
the ordinate of the theoretical curve for small ¢ was 
scaled so as to intersect the straight line at the time 
corresponding to the maximum of the current transient. 
It is seen that the agreement over the rising part of 
the transient is not very good though it is felt to be 
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Fic. 17. Comparison between the observed switching transient 
and the theoretical curves based on a nucleation model applicable 
at low fields. 


reasonable in view of the assumptions that have to be 
made regarding the mode of expansion of the nuclei. 
It is of interest to predict the field dependence of the 
switching time, /,, and the maximum current on the 
basis of the above model. The switching time is defined 
as the time taken for all but a small fraction of the 
crystal to switch. Thus, if the total crystal area is So, 
we have S(t,)/So=constant, G. From Eq. (12) it 
follows that 
(ki/c)*L (GSo/No) +51] 
eis =— —__—__—_—_——_—_————. (14) 
—2+ ek ty? — 2k +-24+S1(ki/c)*] 
Now G is slightly less than unity while So/No=5Sy. 
Also, at the fields used. ¢ is probably of the order 10~*+! 
cm sec™!, while reasonable values for ky, t;, and S; are 
10° sec™!, 10~® sec, and 10~* cm’, respectively. Thus, to 
a good approximation, (14) reduces to 


cite Dehn, (15) 


and in particular, ¢, varies linearly with ¢; which in 
turn, varies inversely as the sideways wall velocity. 
Thus 1//, varies linearly with the field, in agreement 
with experimental observations. ! 

The maximum current will occur when /~<¢; and, 
therefore, while k/; is appreciably less than unity. 
Thus, Eq. (11) can be approximated as 


2c?No ky?S; 


iye——- 


1 2c? 


Thus, i varies as k;, or 


(16) 


Iniy «< — (a ‘E), 


which, again, is the observed behavior. 

At fields higher than those supposed to be present for 
the above discussion, the expanding domains may be 
able to surmount the potential barriers between differ- 
ent nucleating regions and so overrun some adjacent 
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sites before they have had a chance to nucleate. These 
continually expanding nuclei will eventually cease to 
grow when they encounter other growing nuclei. Thus, 
the mathematics has to take into account the amount 
of overlap of domains and the number of nucleating 
sites that do not get a chance to nucleate. This problem 
has been solved for the case of random nucleation.” 
We have 
2c7ki No 
cs tir ante dA tine ailianh iat 


0 


(17) 


where F(t) is the fraction of the crystal switched at 
time /. The switching current, obtained by differenti- 
ating with respect to #, is 
) cis bah 7 2c7*kiNo 
i() « ———_[_kyt—1+e™"*] exp] -———_ 
S. S 


0 0 


ky 
x|——-tut1-e"l), (18) 


When / is large, e*'* is small and the current can be 
expressed, approximately, as 


207k? No c7?k;®No 
i(i)x— ter(— <r), 
5 . 


G 70 





or 


i(t)=d exp(—nl’), (19) 
where \ and yu are constants, It is interesting to note 
that this is the same form that has been found, em- 
pirically, to fit the switching transients at high fields.*! 
[ Alternatively, if kf is large, the transient takes on 
the form 

i(t)=d'? exp(—y’t’). 


It is well known that the shape of the transient can be 
modified appreciably by the nature of the voltage 
cycling the crystal receives. ] 
Again it is possible to make predictions as to the 
21C. F. Pulvari and G. E. McDuffie, Communications and 
Electronics, Am. Inst. Elec. Engr. 28, 681 (1957). 


G. CHYNOWETH 


field dependence of the switching time and maximum 
current. At F(t,)=G, we can write 


In ( 1— G)—~c*ky®N ot,?/So, 
or 
c*k,*t,?= const. 


Hence t, varies as (c?k;*)~! and, from Eqs. (6) and (8), 
{, varies as 


(RE) [1+ (3a/2E)+-- +]. 


Therefore, /, varies as E~ if E is sufficiently large 
compared with a. This also, is in line with experiment.! 
Finally, assuming that Eq. (19) is a reasonable 
approximation at ¢,, the time at which the current is a 
maximum, we find, by putting (di/dt)=0, that 


ty= (So /2N oc?k;') 4, ( 20) 
Substituting this in (19) yields 
im~ch=kE[1—(a/2E)+--- ]. (21) 


Thus, in this case, the maximum current varies linearly 
with the applied field if F is sufficiently large with 
respect to a. This again is in keeping with experiment.! 

Note added in proof.—Since this paper was written, 
Robert C. Miller of these Laboratories has obtained 
direct evidence that Barkhausen pulses of similar form 
to those described in this paper can be generated when 
two domain walls in sideways motion approach each 
other closely. Thus, there is some doubt as to whether 
Barkhausen pulses are generated when a new domain is 
nucleated. However, there is still no evidence that 
Barkhausen pulses represent jerky wall motion of the 
sort discussed in this paper, that is, where the magni- 
tude of the pulse is determined by the inclusion size or 
the distance between inclusions. Miller has also invoked 
the depolarizing fields to account for the Barkhausen 
pulses generated by the close approach of two domain 
walls (to be published). Whether or not Barkhausen 
pulses represent domain nucleations, the formulations 
of the switching transients still hold in the framework 
of the assumptions made in deriving them, namely, a 
definite number of nucleating sites giving rise to random 
nucleation of domains followed by sideways expansion. 
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The antiferromagnetic arrangement of moments in MnO, FeO, CoO, and NiO have been investigated by 
powder neutron diffraction. The results for the four oxides are consistent with a structure in which the 
magnetic moments are arrayed in ferromagnetic sheets parallel to (111) planes, and the direction of magne- 
tization in neighboring planes is antiparallel. The observation of diffuse neutron scattering limits the 
precision with which the magnetization direction can be specified. If the diffuse intensity is included with 
the Bragg scattering, the direction of magnetization in MnO, and NiO lies within the (111) plane; for CoO, 
the preferred direction is [117], intermediate to the (111) plane and the tetragonal axis. The magnetic axis 


in FeO is perpendicular to the ferromagnetic sheet. 


INTRODUCTION 


N their classic paper on the scattering of neutrons by 

paramagnetic and antiferromagnetic solids, Shull, 
Strauser, and Wollan described the arrangement of the 
atomic spins in the antiferromagnetic state of MnO, 
FeO, CoO, and NiO.’ The analysis is of considerable 
significance because it is direct experimental verification 
of the Néel hypothesis of an ordered antiferromagnetic 
arrangement of atomic spins and the superexchange 
interaction postulated by Kramers.’ The crystal struc- 
ture of all the monoxides is of the NaCl type, and the 
reported magnetic structure consists of (111) sheets of 
magnetic atoms in which the spins are parallel, but 
with an alternation of spin direction in adjacent sheets. 
The spin direction in MnO, CoO, and NiO was reported 
to be parallel to [100], and in FeO parallel to [111]. 

We have re-examined these magnetic structures in 
order to resolve the relationship between the antiferro- 
magnetic arrangement of spins and the crystal distor- 
tions which occur when the oxides pass from the 
paramagnetic to the antiferromagnetic state. In the 
paramagnetic state, the symmetry of all the oxides is 
cubic; in the antiferromagnetic state there is a small 
crystallographic distortion.** MnO and NiO become 
rhombohedral! with a> 60°, FeO becomes rhombohedral 
but with a<60°, whereas CoO becomes tetragonal 
with c/a<1. However, Shull and co-workers concluded 
that the spin structures of MnO, CoO, and NiO were 
identical, and only in the case of FeO does the spin 
structure conform with the crystal symmetry. 

The theory of antiferromagnetism has recently been 
reviewed by Nagamiya, Yosida, and Kubo,® and the 
most recent calculations of the anisotropy energies of 
the MO oxides have been made by Kanamori.* Two 
mechanisms for the deformation below the Néel 
+ Experimental work carried out at the Brookhaven National 
Laboratory Reactor, Upton, New York. 

1 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 

2H. A. Kramers, Physica 1, 182 (1934). 

3H. P. Rooksby, Acta Cryst. 1, 226 (1948). 

4N. C. Tombs and H. P. Rooksby, Nature 165, 442 (1950). 

5 Nagamiya, Yosida, and Kubo, Advances in Physics (Taylor 
and Francis, Ltd., London, 1955), Vol. 4, p. 1. 

6 J. Kanamori, Progr. Theoret. Phys. (Japan) 17, 177 (1957); 
17, 223 (1957). 


temperature can be distinguished: one is magneto- 
striction which arises from anisotropy energies and 
depends on the orientation of the magnetic moments; 
another is “exchange-striction” which arises from the 
dependence of the exchange energies on interionic 
distances. Greenwald and Smart’® have discussed the 
crystallographic deformations as a consequence of the 
exchange interactions, and Shull ef al. base their 
analysis of the neutron diffraction pattern of MnO on 
a similar premise. On the other hand, Li’ has proposed 
an alternative set of antiferromagnetic structures and 
considers the deformations a consequence of anisotropy 
magnetostriction. 

The anisotropy energies of FeO and CoO have been 
computed by Kanamori. The orbital state is degenerate 
and the magnetic anisotropy is considered to originate 
from four sources: (1) magnetic dipole-dipole inter- 
actions, (2) spin-orbit interactions, (3) orbit-orbit 
interactions, (4) anisotropy energy arising from de- 
formation. The calculations suggest that the principal 
source of magnetic anisotropy energy in the deforma- 
tion-free state originates from orbital multipole inter- 
actions, but the deformation of the crystals is a 
consequence of magnetostriction arising from the 
crystalline field energy dependent on deformation. It 
is concluded that in CoO the magnetization should be 
in the direction of the tetragonal axis, whereas in FeO 
the magnetization should be along the trigonal axis. 
In MnO and NiO the orbital state is nondegenerate, 
the dipole-dipole interaction predominates, and the 
magnetization should lie within the (111) plane. This 
is contrary to the conclusions of Li who predicts the 
spin direction in MnO and NiO to be perpendicular to 
the (111) plane. The various magnetization directions 
are summarized in Table I. 


ANTIFERROMAGNETIC MOTIFS AND THE 
MAGNETIC RECIPROCAL LATTICE 


The problem is best formulated in terms of the 
scattering of neutrons by a single-domain single crystal ; 


7S. Greenwald and J. S. Smart, Nature 166, 523 (1950). 
8S. Greenwald and J. S. Smart, Phys. Rev. 82, 113 (1951). 
®Y. Y. Li, Phys. Rev. 100, 627 (1955). 
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Fic. 1. The magnetic unit cell. The 32 atomic moments are 
distributed among 8 magnetic sublattices, paired to generate 4 
antiferromagnetic submotifs. 


powder diffraction intensities in the form {/kl} then 
are computed by summing the single-crystal intensities 
(hkl). The crystallographic distortions are small and it 
is convenient to use pseudocubic unit cells to describe 
the crystals in the antiferromagnetic state. 

In the paramagnetic state the four oxides crystallize 
in the cubic NaCl arrangement. In the antiferro- 
magnetic state magnetic scattering is observed which 
requires that the unit cell edge be doubled ; the pseudo- 
cubic magnetic cell contains 32 magnetic ions. The 
doubling of the unit cell requires alternate metal ions 
parallel to the unit translations to differ in a magnetic 
sense. Designating the difference by primes, the mag- 
netic ions are distributed as shown in Fig. 1. The 
magnetic ions fall into four submotifs,* each containing 
eight ions. The primed ions must be magnetically 
distinguishable from the unprimed ions in the same 
submotif, but are not necessarily antiparallel. The 
doubling of the magnetic unit cell edge does not require 
any relationship between the spins on differing sub- 
motifs. The magnetic structure problem then is to 
discover the structure of each submotif (the spin 
directions of the two distinguishable magnetic ions) 
and the relationship of the submotifs to each other. 

The problem is greatly simplified if two assumptions 
are made: (a) the direction of alternate spins in each 
submotif is antiparallel, in accordance with the usual 
superexchange hypothesis; (b) there is a single magnetic 
axis in the unit cell, ie., in an antiferromagnetic 
domain the spin directions in all submotifs are parallel 
and antiparallel to a single crystallographic direction. 
Solutions to the magnetic structures first will be found 
with the assistance of these two restrictive assumptions; 
the consequences of discarding assumption (b) will be 


* The term submotif is preferred to sublattice since the points 
are not translation equivalent. An alternative designation is sub- 
structure, but this would lead to confusion with magnetic domains. 
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considered in a following paper on multispin axis 
structures. 

There are only two ways in which the four magnetic 
submotifs may be correlated in a single magnetic axis 
structure. These are shown as A and B in Fig. 2, where 
the designations are the same as those given by Li. 
For the magnetic cell which contains 32 MO, we find 
for the nuclear and magnetic structure factors: 


Models A and B: 


Fuuci=32 (futfo) if h+k+l=4n 
=32 (fu—fo) if htk+l=4n+2 


= (0 if h+kt+l=4n+1. (1) 
Model A: 
Finag= 32 pur if h, k, l are all odd and 
h+k, k+l, l+h=4n+2 
= 0 otherwise. (2) 
Model B: 
Finag= 16 pu if h, k, l are all odd 
= 0 otherwise. (3) 


In these equations, fy and fo are the nuclear scattering 
amplitudes of the M and O nuclei, and py is the 
magnetic scattering amplitude which depends on both 
the magnetic moment of the M ion and the magnetic 
form factor. The scattering of an unpolarized neutron 
beam by both nuclei and oriented atomic spins is given 
by 

F?= Frau? +¢F mag’; 


g=1—(e-k)*=sin’a, 


(4) 
(5) 


where a@ is the angle between the unit vectors e and 
k parallel to the scattering and magnetic vectors, 
respectively. 

In a single crystal the nuclear and magnetic scattering 
are completely resolved, the nuclear scattering being 
confined to reciprocal lattice points making up the 
forms {222}, {400}, --- and the magnetic scattering to 
the forms {111}, {113}, {333}, ---. The magnetic 
reciprocal lattice of the two antiferromagnetic arrange- 
ments A and B is quite different. For model A there 
are magnetic space group absences for which the value 


TaBLE I. Magnetic axes and crystal deformations in anti- 
ferromagnets. The symbol (Akl) means the spin lies within the 
plane Akl and the direction is not further specified; [U VW] 
refers to the specific crystal direction. 











Compound MnO FeO CoO NiO 
Néel temp. °K 122 198 291 523 
Symmetry Rhomb. Rhomb. Tetr. Rhomb. 

a<60° a>60° c/a<l1 a<60° 
Magnetization 

Shull et al. rh 111 ch Ht} 

Li 111 111 001 111 

Kanamori 111) Hn 001 111) 
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Fic. 2. Correlation of magnetic sublattices. These are the two 
possible correlations subject to the restriction that there is a 
single magnetic axis within the cell. 


of F? vanishes regardless of the direction of the atomic 
spins. Thus in the form {111} only two reflections, 
(111) and (111), are possible whereas the remaining 
six must be identically zero. On the other hand, in 
model B the structure factor F* is the same for all 
members of the form {111} and the intensities of the 
individual reflections are determined only by gq’. 

There is an unfortunate ambiguity when the problem 
is considered from the point of view of powder diffrac- 
tion. The powder diffraction peak {hkl} is a composite 
of the individual reflections (kl). From Eq. (2) it may 
be seen that the spin arrangement in model A gives 
rise to absences which have the effect of reducing the 
usual multiplicity factor J by }. For the spin structure 
described by Shull for MnO, CoO, and NiO, which 
corresponds to model A with the spins pointing along 
a cube edge, the magnetic intensities are given by 
4J (32pm)? (q") w, Where (q°) w=§ for all the magnetic peaks. 
In model B the multiplicities are not reduced, but the 
magnetic intensities are given by /(16ps1)*(q°)m, and 
(¢?)w=4% for any direction of the magnetic spins. Con- 
sequently, powder diffraction information is unable to 
distinguish between the Shull structure A joo; and 
structures based on model B with any spin direction. 
It was this observation that lead Li to suggest the 
alternative structures based on B but with various spin 
directions which would be consistent with the crystallo- 
graphic distortions. 


NEUTRON DIFFRACTION POWDER PATTERNS 


Neutron diffraction patterns have been obtained 
from powders of MnO, FeO, CoO, and NiO at tempera- 
tures down to 4.2°K. Monochromatic neutrons with 
\=1.02 A were selected from the pile spectrum by 
diffraction from a lead monochromator crystal, colli- 
mated by Soller slits, and detected by a BF; counter. 
The counting times were determined by a monitor in 
the incident beam, and the usual pattern was measured 
at angular intervals of about 0.1°, counted for approxi- 
mately 25 minutes at each point. The observed inte- 
grated intensities are compared with those computed 
from F,q\” after applying the appropriate normalization, 
angular, absorption, and temperature factors. 
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SAMPLE PREPARATION 


We are grateful to Dr. Ralph Carter of this laboratory 
for preparing the samples of MnO, FeO, and CoO. 
The MnO was produced by heating Johnson, Matthey 
Mn,Q, at 1100°C in dry hydrogen for 24 hours, and 
quenching. The CoO was prepared from Johnson, 
Matthey Co;O, by heating to 1300°C in air and 
quenching. Since FeO exists over a large range of com- 
position, particular care was taken to prepare specimens 
in such a manner that the composition would be known. 
The raw material was Johnson, Matthey Fe.O; and 
10-gram specimens were equilibrated at 1100°C in 
water-hydrogen atmospheres in accordance with the 
equilibrium data of Darken and Gurry.” The composi- 
tion of each FeO lot was checked by x-ray diffraction 
and the individual lots combined to obtain the large 
sample required for neutron diffraction. Magnetic 
measurements proved the absence of a ferromagnetic 
phase. The NiO was a special sample provided by the 
Merck Chemical Company. 


MnO 


The neutron diffraction pattern obtained from MnO 
at 4.2°K is shown in Fig. 3. Magnetic superstructure 
peaks are observed which confirm the observation by 
Shull that the magnetic unit cell edge is double that of 
the nuclear cell. One essential difference in the patterns 
stems from the present use of higher resolution so that 
the magnetic {113} and nuclear {222} peaks are 
resolved. The aluminum scattering from the specimen 
holder and cryostat do not interfere with the MnO 
pattern. 

Careful inspection of the data reveals that the back- 
ground level beneath {111} is abnormal; there is a 
small but significant diffuse intensity ranging from 
approximately 9° to 15°. Several experiments were 
carried out to confirm the reality of the diffuse scatter- 
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Fic. 3. Neutron diffraction pattern from MnO at 4.2°K. The 
asymmetry of {222} is a consequence of the rhombohedral 
deformation. 


1 L. S. Darken and R. W. Gurry, J. Am. Chem. Soc. 68, 798 
(1946). 
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ing. A diffraction pattern was obtained in which a 
cadmium shutter was periodically inserted so as to 
intercept the diffracted beam just before it entered the 
BF; counter. In this way a measure of the instrumental 
and environmental background was obtained and the 
presence of diffuse scattered intensity confirmed. 
Further confirmation was provided by L. Corliss and 
J. M. Hastings of Brookhaven National Laboratory 
who kindly prepared a diffraction pattern of our 
material using their apparatus and obtained a compar- 
able result. 

The diffuse neutron intensity introduces a complica- 
tion into the interpretation of the diffraction pattern. 
It is not clear at this time whether the diffuse scattering 
should be included in the integrated intensity of the 
{111} Bragg peak. Broadly speaking, there are two 
likely origins of the diffuse scattering. First, the 
scattering may be predominantly inelastic in that there 
is significant momentum and energy transfer between 
the scattered neutron and the crystal. In this case the 
diffuse scattering should not be included in the Bragg 
peak which is to be interpreted as the consequence of 
the scattering of neutrons by the periodic spin lattice 
of the crystal. The second source of diffuse intensity is 
scattering which is not concentrated in the Bragg peak 
because the scattering system fails to meet the require- 
ments of three-dimensional periodicity. If the diffuse 
scattering is magnetic in origin, it could arise from the 
scattering of neutrons by spins in domain boundaries, 
from short-wavelength spin waves, or magnetic faulting. 
For these cases the physically significant solution is 
that in which the diffuse scattering is included in the 
Bragg peak and the resultant analysis corresponds to a 
description of the spin system in a perfect single- 
domain crystallite. The latter analysis is analogous to 
the thermal diffuse scattering of x-rays. 

In Table II are summarized the observed integrated 
neutron intensities and intensities calculated from 
several spin models subject to the limitations of super- 
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Fic. 4. Neutron diffraction pattern from NiO at 77°K. Rhombo- 
hedral indices are used to describe the crystal deformation. 
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exchange and a single magnetic axis common to the 
submotifs. Since the Mn*? ion is in a spectroscopic Sj 
state, its magnetic moment is due to spin only (u=Syuz) 
and the magnetic scattering amplitude is p= (e*y/mc’*) Sf 
=(0.539X 10-"($)f, where f is the magnetic form factor. 
The intensity scale was established by normalizing with 
respect to the nuclear peaks. 

The first column gives the intensities computed for 
the structures A joo; or Bwyw), corresponding to the 
structure originally proposed by Shull and the alterna- 
tive suggested by Li. Both models predict too small an 
intensity for {111}, even after the diffuse intensity is 
subtracted from the Bragg peak. A sensitive criterion 
for the agreement of models is the intensity ratio 
{111}/{113} since the ratio is independent of normali- 
zation errors. The predicted ratio for A (oo; is 2.0, 
whereas the observed ratio is 3.1 or 3.9 depending on 
the inclusion of the diffuse scattering. 

The remainder of the models must be based on the 
A structure, a structure in which the spins are ferro- 
magnetically arrayed in planes parallel to (111). 


TABLE IT. Neutron diffraction intensities for MnO at 4.2°K. 


Spin arrangement 


{Akl} Ajooy,Bruyw) Aqauy Api Aut) Apa Ape  Observeds’ 
111 673 1009 785 897 913 989 804 (1002) 
113 331 256 306 280 227 401 258 
222 665 665 665 665 665 665 665 
400 17 oe 17 17 17 20 
331 105 113 107 110 110 112 110 
333,115 56 71 «61 66 67 44 88 
440 18 18 18 18 18 18 22 
531 36 Swe 6 SB: B @& 


aC ylindrical specimen 2- cm diam ; fun = —0,37 X10™" cm, fo =0.58 X107" 


em; p =1,.35 K107 finag; 2B =1.0 K10™* cm?, 
» Includes diffuse scattering. 


Several models exhibiting approximate agreement are 
given in Table II. The best agreement is found for 
Au», the structure where the spin direction lies within 
the ferromagnetically coupled (111) sheet. The powder 
data does not discriminate between directions within 
(111), so various directions [110], [112]--- are 
possible. This agreement is obtained if the diffuse 
scattering is included in the Bragg peak and suggests 
that the origin of diffuse intensity is in the disorganiza- 
tion of the spin structure. If the diffuse scattering is 
not included, to obtain agreement it is necessary to tip 
the spins out of the (111) plane. Since the minimum 
value for the ratio {111}/{113} is greater than 3, the 
best agreement is obtained for model A ,1:4) in which 
the spins point along a cube body diagonal [but not 
that diagonal which is normal to the ferromagnetic 
(111) sheet }. 

The low-temperature neutron diffraction data confirm 
the previously reported x-ray studies which showed 
that the antiferromagnetic form of MnO is rhombo- 
hedral, and provide in addition an estimate of the 
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magnitude of the distortion. As a consequence of 
rhombohedral distortion, the nuclear {222} peak 
should split into two components and the {400} peak 
should remain single. Large-scale plots show that this 
indeed is the case, and from the asymmetry of the 
{222} {222} peak one estimates for the magnetic cell 
of MnO at 4.2°K. 


a)=8.873 A, a= 90°26. 


Utilizing these parameters, the angular positions of the 
magnetic peaks of the distorted cell have been com- 
puted. The magnetic scattering appears to be concen- 
trated in {111}, and no scattering is observed at {111}, 
in agreement with the conclusion that the structure is 
based on ferromagnetic sheets perpendicular to the 
rhombohedral axis. 


NiO 
Neutron diffraction patterns from powders of NiO 
were obtained at room temperature and at 77°K 


TABLE III. Neutron diffraction intensities for NiO at 77°K. 


Spin arrangement 


hkl A (100, Bruvw) Aju) Aau Observed* 
111 246 328 369 326° 
113 126 107 98 97 
222 309 309 309 327 
400 2212 2212 2212 2207 
331 48 $1 52 49 

333,115 30 36 39 38 
440 2168 2168 2168 2178 
531 26 22 30 89° 

335,226 247 245 «245 290 
444 938 938 938 943 

* Intensities are averaged from four traverses; cylindrical specimen 2-cm 


diam; fri =1.03 X10™"% cm, fo =0.58X10°" cm; p =0,539 K10™" fisg; 


2B =1.0 X107'* cm?*, 
» No allowance for diffuse scattering included in this value. 
© Includes Al(220) from cryostat. 


(Fig. 4). The results are qualitatively similar to those 
observed for MnO, although the visual appearance of 
the patterns is considerably altered as a consequence 
of the negative nuclear scattering amplitude of Mn 
which reverses the relative intensities of the nuclear 
peaks. There is a magnetic superstructure which can 
be indexed on a magnetic cell with dmag=2@nuc1, and 
again there appears to be diffuse neutron scattering in 
the vicinity of the magnetic {111} peak. Although the 
spectroscopic state of the free Ni*® ion is *F4, the 
crystalline field should quench the orbital contribution 
to the magnetic moment and the resultant should be 
essentially 2u,, the spin-only value." Since the crystal- 
lographic distortions of MnO and NiO in the anti- 
ferromagnetic state are both rhombohedral with a> 90°, 
the antiferromagnetic structures are expected to be 
similar. 

See, for example, J. H. Van Vleck, Electric and Magnetic 
Susceptibilities (Oxford University Press, New York, 1932), 
pp. 282-310 
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Fic. 5. Neutron diffraction pattern from CoO at 77°K. The 
asymmetry of {400} and {440} is a consequence of the tetragonal 
deformation. 


These conclusions are confirmed by the neutron 
diffraction data summarized in Table III. The observed 
intensity ratio {111} /{113} =3.4 again serves to elimin- 
ate the original structure A j,00; or the group of struc- 
tures Biyyw) which requires a ratio of 2.0. Reasonable 
agreement between observed and calculated intensities 
is obtained for model A ¢y3:), the structure in which the 
spins lie in an unspecified direction in the ferromagne- 
tically coupled (111) sheet; as with MnO, this agree- 
ment would be improved by including diffuse scattering 
in the Bragg peak. To obtain quantitative agreement 
approximately 12% of the intensity would be associated 
with diffuse scattering, as compared with 20% for MnO. 
The positive identification of diffuse scattering is more 
difficult in this case since the magnetic scattering is 
much smaller and there is interference from the rela- 
tively strong 3A component of {400}. The intensity in 
the region of 14° appears too large to be completely 
accounted for by 3A, and it is possible to account for 
the discrepancy, Jcsie—Jors™43, by diffuse scattering 
in the vicinity 13°-15°. On the other hand, if allowance 
is not made for diffuse scattering, the spins must be 
tipped out of the (111) sheet and intensities computed 
for the structure A ,1;; again are in satisfactory agree- 
ment with the observations. 

The room-temperature. results agree with those 
obtained at low temperature if the room-temperature 
moment of Ni*® is taken as 1.9 Bohr magnetons, in 
agreement with the value computed assuming a 
Brillouin curve with J=4. The temperature factor 
B=0.5X10~'* cm?, obtained from the nuclear scatter- 
ing, yields @p>~490°K in fair agreement with low- 
temperature specific heat data.” 


CoO 


The neutron diffraction patterns obtained from 
powder samples of CoO at 77°K and 4.2°K (Fig. 5) 
are qualitatively similar to those observed for MnO 
and NiO. The quantitative analysis of the magnetic 

2R, R. Wenner, Thermochemical Calculations (McGraw-Hill 
Book Company, Inc., New York, 1941), p. 145. 
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TABLE IV. Neutron diffraction intensities for 
CoO at 77°K and 4.2°K. 











Nuclear scattering. {400} =1000 





Seo X102 
{hkl} 0.29 0.28 0.27 0.26 0.25 0.24 Observed* 
222 198 217 238 259 282 307 290 
400 1000 1000 1000 1000 1000 1000 1000 
440 972 972 972 972 972 972 972 
226 153 168 184 200 217 236 211 


444 422 422 422 422 422 422 <522 


Magnetic scattering. {111} =1000 
Spin arrangement 








{hkl} Aqau Afiin Afitn Api Ayooy Observed* 
111 1000 = 1000 1000 1000 1000 1000 
113 253 312 345 376 491 344 
331 130 142 150 156 181 163 
333,115 93 97 99 121 109 149 
531 66 i. ae 85 129 
335 13 a, eee 25 17 
117,551 23 = aa 31 <82 


x [UVW)],[001] 55°-90° 35° 114° 10° 0° 








® Cylindrical specimen 2-cm diam; fo =0.58 X10~" cm; 2B =1,0 K107* 
2 


b To relate nuclear and magnetic intensity scales: Tau )/J {100} =1.91. 


scattering is not as straightforward, however, since the 
Co*? ion is in a *F 9/2 state and a partial contribution of 
the orbital moment to the total magnetic moment is 
expected." Consequently, whereas for MnO the only 
adjustable parameters are those related to the arrange- 
ment and orientation of spins, for CoO the magnitude 
of the magnetic scattering amplitude must also be 
deduced from the diffraction data. An additional com- 
plication is that because of the extremely large tetrago- 
nal deformation (there is a 1.2% contraction along the 
c axis in the magnetically ordered state), it is probable 
that the 3d electron radial distribution function about 
the Cot? ion deviates considerably from a spherical 
distribution, and consequently the magnetic scattering 
amplitude will be asymmetric. 

Our earlier results led to the conclusion that the 
moments in antiferromagnetic Co Owere ordered ac- 
cording to the A structure, but that the moment direction 
must be tipped out of the ferromagnetic (111) sheet, 
and the most probable spin direction was approxi- 
mately along [111]. Since this result was unexpected 
and suggested that the magnetic arrangement was a 
compromise between the magnetic dipole forces which 
tended to order the moments within the (111) plane 
and the crystal anisotropy which tended to orient them 
parallel to [001], the measurements were repeated 
with improved experimental conditions. The present 
results agree with those obtained previously, but 
because of the improved statistical precision, there now 
are observed significant discrepancies between observed 
and calculated intensities. The present data require 
a revision of the value of the coherent nuclear scattering 


13 Magnetic arrangements of MnO, FeO, CoO, and NiO. 
Presented at Neutron Diffraction Symposium, American Crystal- 
lographic Association, French Lick Meeting, June, 1956. 
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cross section of cobalt, and since the cobalt cross 
section in turn enters into the determination of the 
value of magnetic moment of Co*?, it is desirable for 
clarity to consider the nuclear and magnetic scattering 
separately. 

The integrated intensities for the nuclear peaks are 
given in Table IV on the basis of an arbitrary scale 
where the intensity of {400} = 1000. The {222}, {400}, 
and {440} peaks are clearly resolved, but {226} and 
{444} have been reduced by subtracting the calculated 
magnetic contribution. If one uses the accepted value 
for the nuclear scattering amplitude of cobalt (0.28 
X10-"), the relative intensities of {400}/{222} should 
be 1000/217, whereas the observed ratio is 1000/2990. 
Since this discrepancy is of the same order as the 
differences in intensities expected for the various 
magnetic structures, several additional experiments 
were undertaken to increase our confidence in the 
reliability of the results. 

CoO is thermodynamically unstable with respect to 
Co;0, at room temperature, so the crystallographic 
and chemical integrity of the sample was rechecked by 
x-ray and chemical analysis. X-ray diffraction patterns 
showed only the expected lines for CoO, and chemical 
analysis for cobalt gave the following results: found, 
(78.6+0.15)%; calculated for CoO, 78.65%. The 
specimen was single-phase and stoichiometric. 

The possibility that the anomalous intensities were 
due to preferred orientation and/or extinction was 
eliminated by obtaining similar results from the speci- 
men after regrinding and lightly packing in a flat glass 
holder (in place of the aluminum cylindrical holder 
used for the low-temperature experiments). The signi- 
ficant angular region was shown to possess no abnormal 
fluctuations in background intensity, and the linearity 
of our neutron detection system was checked by 
attenuation experiments. The possibility that the 
anomalous intensities were due to atomic displacements 
in the low-temperature tetragonal modification was 
eliminated by room-temperature experiments, which 
showed that the same intensity ratio was observed in 
the cubic phase. 

The observed nuclear intensities are easily accounted 
for by reducing the value for the coherent scattering 
amplitude of cobalt from 0.28 10-" to 0.25 10-" cm 
(corresponding to a reduction in cross section from 
0.98 10-* to 0.78 10-* cm?*). In Table IV are given 
the computed intensities for several values of foo. The 
observed value for {444} is uncertain since it depends 
on an extrapolation of the measurements to large angles, 
as well as correction for contributions from {117} 
and {551}. 

The magnetic scattering from CoO in the magne- 
tically ordered state is summarized in Table IV. 
Identical results were obtained at 77°K and 4.2°K, 


4 We are indebted to Dr. D. H. Wilkins of this Laboratory for 
the cobalt analysis. 
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and the tabulated data are the average of runs at both 
temperatures. Comparison of the relative intensities 
with those computed for several models clearly show 
the data are inconsistent with a structure in which the 
moments lie along the tetragonal ¢ axis (A o91;) or one 
in which the moments lie in the (111) plane. In the 
final row are given the angles the magnetic axes make 
with the tetragonal c axis. Reasonable agreement is 
obtained if the moment direction is taken between the 
two extremes: A i171) is satisfactory, but the agreement 
is further improved if the moment direction is taken 
parallel to [117], a direction which makes an angle of 
11°30’ with respect to [001]. The intensities at large 
angles are somewhat greater than computed, suggesting 
that feot? does not decrease as rapidly with sin@/A as 
was assumed by scaling with respect to fan*. 

The original theory of Kanamori predicted the 
magnetization of CoO should be along {001}, with a 
possible 2° deviation from the tetragonal axis. 
Nagamiya and Matizuki'® have modified the theory 
and conclude that the magnetic axis in CoO might 
deviate as much as 10° from the ¢ axis of the tetragonal 
cell. The column headed A ,,0°; gives the results of their 
calculations for the A model in which the axis is tilted 
10° away from [001]. Their model essentially is 
identical with A iz), and the difference in calculated 
intensities reflects the effect of the asymmetric magnetic 
form factor since Nagamiya and Matizuki have utilized 
the wave functions deduced by Kanamori for CoO. 

The shapes of the nuclear peaks are in agreement 
with the x-ray observation that the symmetry of the 
low-temperature antiferromagnetic state of CoO is 
tetragonal. The tetragonal deformation results in the 
splitting of the {400} and {440} peaks into two com- 
ponents, whereas the {222} peak remains single. The 
peaks in Fig. 5 clearly show this deformation, and the 
separation of {400} from {004} (somewhat exaggerated 
in drawing) agrees both in magnitude and intensity 
with the previously reported compression of the cell 
corresponding to c/a=0.988. 

As a consequence of the large tetragonal distortion it 
is possible to obtain from the powder pattern additional 
information about the spin directions in CoO. In the 


TABLE V. Resolution of spin direction with respect to tetragonal 
axis of CoO. Neutron intensities computed for A jvyw). 


Spin direction [UVW] 





{aki} [001] [100] [110] [101] [ii2] [iit] [1i7] Observed 
{311} 91 54 35 82 98 86 97 Large 
{113} 9 4 65 18 > 8 3 Small 
a 2! lU6Sl Cem PT Se 7 39 = Small 
Goh 4 SS OO te oo Large 





18 The calculations of Nagamiya and Matizuki were based on 
our original data, which do not differ significantly from the 
present values. Their work was presented at the Crystal Physics 
Conference, Massachusetts Institute of Technology, July, 1957. 
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Fic. 6. Neutron diffraction pattern from FeO at 4.2°K. 


tetragonal cell, the magnetic reflections {113} and {311} 
are not equivalent, although both are allowed by the A 
motif and have nonvanishing values for Fina’. Accord- 
ingly, the relative intensities of {113} and {311}, and 
similarly {331} and {133}, depend on the direction of 
the magnetic moment. From Fig. 5 it is apparent that 
Tijuj>Ti and also J(3s1;<J{q33}. In Table V are 
summarized the intensities computed for several models 
A wvw}, and it is clear that the only acceptable struc- 
tures are those in which the magnetic moment has an 
appreciable component parallel to the tetragonal axis. 

The absolute values for the magnetic intensities 
depend on the magnetic moment of the Co** ion. The 
experimental ratio of the magnetic to nuclear scattering 
gives 3.80u, for the magnetic moment of Co**. 
From paramagnetic susceptibility measurements on 
CoO-MgO solid solutions, Elliott has reported Por, 
=5.1,'® corresponding to a moment 4.2u,, 10% larger 
than the present value deduced by neutron diffraction. 


FeO 


The final member of the antiferromagnetic series, 
FeO, differs from the others in that the compound 
exists over a broad range of composition. The relation- 
ship between the magnetic interactions and the non- 
stoichiometry will be reported separately, and it is 
sufficient to consider here only the general nature of 
the antiferromagnetic structure and its bearing on 
those of the other MO compounds. 

The symmetry of the deformation of the low-tempera- 
ture form is rhombohedral, but contrary to MnO and 
NiO, a<90° and the cell is elongated along the [111] 
axis. Neutron diffraction patterns were obtained at 
room temperature and 4.2°K (Fig. 6), and in agreement 
with Shull ef al. the magnetic {111} superstructure 
peak is absent, except for some diffuse non-Bragg 
scattering. The absence of {111} immediately eliminates 
all models based on A or B except for Aji), the 
structure based on ferromagnetic sheets parallel to 


16 N, Elliott, J. Chem. Phys. 22, 1924 (1954). 
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TABLE VI. Neutron diffraction intensities for FeO at 77°K. 








Neutron intensities 





hkl Calculated Afiiy Observed* 
111 0 20° 
113 141 142 
222 40 40 
400 467 473 
331 30 30 
333 12 12 
115 

440 478 478 
531 29 41 


® Cylindrical specimen 2-cm diam fre =0.945 X0.96 X10-2 cm, fo =0.58 
X10~2 cm, day =3.32u8; 2B =1 X10~ 6 cm?, 
> Diffuse. 


(111) planes and with spin directions alternately up 
and down with respect to the sheets. 

A comparison of the intensities of the observed 
Bragg peaks and those computed confirm the assign- 
ment of structure A ,111:; for FeO (Table VI). The com- 
position of the compound corresponded to the ratio 
Fe/O=0.945 and neutron intensities were computed 
assuming vacancies randomly distributed among the 
iron sites and an average moment per site of u=3.32yz. 


DISCUSSION 


The principal areas of uncertainty in deducing 
specific spin structures from the neutron scattering 
data relate to the proper magnetic scattering amplitudes 
and form factors required for the computation of the 
diffraction patterns from various assumed spin arrange- 
ments; questions about the neutron scattering process 
itself, which arise as a consequence of the observation 
of diffuse non-Bragg neutron intensity; and the 
uniqueness of a spin model which satisfies the neutron 
diffraction powder intensities. 

Theoretical intensities computed for models of MnO 
should be reliable; the Mn* ion is in an S state, the 
magnetic form factor is isotropic, and magnetic scatter- 
ing cross section depends on spin only. Although the 
Ni*? ion is in an F state, the orbital contribution is 
largely quenched in the pseudocubic crystalline field 
and the isotropic spin-only scattering assumption 
should be a reasonable first approximation. The situa- 
tion is different for Cot? and Fe*® and appreciable 
orbital contribution to the magnetic scattering may 
occur. In the present work we have used isotropic!’ 
form factors based on values calculated from Hartree- 
Fock radial functions,'* which are in general agreement 
with fyrn*? deduced by Corliss and Hastings.” 

The quantitative agreement of the magnetic and 
nuclear scattering confirms the spin-only value of 5yu, 





17 We have supplied our data to Professor T. Nagamiya who 
has carried out calculations for the neutron scattering based on 
the wave functions deduced by Kanamori for CoO. These results 
were reported at the Crystal Physics Conference, Massachusetts 
Institute of Technology, July, 1957. 

18 W. W. Piper (private communication). 

19 L, Corliss and J. M. Hastings (private communication). 
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for the moment of Mn**. Similarly, the moment of 
Ni*® is approximately equal to the spin-only value of 
2uz, although the relatively weak magnetic scattering 
from NiO (Frag? is approximately 15% that of MnO) 
reduces the precision of the measurements. The 
magnetic scattering from CoO is much greater than 
can be accounted for by the pure spin moment of 3yz, 
and the present estimate 3.8uz is to be compared with 
the value 4.2 deduced for Cot? from paramagnetic 
susceptibility measurements on solid solutions of CoO 
in MgO, and 4.0u, from the high-temperature suscepti- 
bility data of LaBlanchetais.” 

The uniqueness of a solution of the spin structure 
deduced from neutron diffraction powder patterns must 
be discussed by recognizing the limitations imposed by 
the assumption that the elementary spins are parallel 
and antiparallel to an axis of magnetization in the unit 
cell. In a subsequent paper” the nature of the solution 
of the multimagnetic axis problem will be explored, 
and it is well to point out here that the consequent 
expansion of degrees of freedom leads to many diverse 
solutions compatible with the powder diffraction data. 
By limiting considerations to single-spin-axis solutions. 
the problem is reduced to discovering the nature of the 
antiferromagnetic coupling scheme around each magne- 
tic ion and determining the direction of magnetization 
of the spins with respect to the crystal axes. 

There are only two antiferromagnetic coupling 
schemes possible, A and B in Fig. 2. In both arrange- 
ments, each spin has six parallel and six antiparallel 
nearest neighbors, and six antiparallel next nearest 
neighbors. The neutron data clearly eliminate all spin 
structures based on the cubic coupling scheme B. 
Interpreting the diffuse neutron intensity as elastic spin 
scattering leads to a consistent set of solutions: 


Salt Structure Magnetic axis 

MnO A parallel to (111) plane 

FeO A perpendicular to (111) plane 
CoO A parallel to [117] direction 
NiO A parallel to (111) plane 


These results suggest that for MnO and NiO the 
magnetic dipole-dipole interactions predominate and 
the choice of direction within the (111) plane is deter 
mined by second-order effects. Since the crystal distor- 
tion in the magnetically ordered state has rhombohedral 
symmetry, there is no angular dependence in the (111) 
plane of the deformation-produced anisotropy, and it 
is energetically easy to rotate the direction of magneti- 
zation as long as the spins lie within the sheet. As a 
result of the large exchange energy and small anisotropy 
constant, the thickness of the Bloch wall may be 
comparable to the domain dimensions,” and it is 


*” C. H. LaBlanchetais, J. phys. radium 12, 765 (1951). 

*1W. L. Roth (to be published). 

2 See, for example, C. Kittel, Introduction to Solid State Physics 
(John Wiley and Sons, Inc., New York, 1953), pp. 183-187. 
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reasonable to associate the diffuse neutron intensity 
with elastic scattering from the slightly disoriented 
spins which gradually change direction through the wall. 

The crystallographic distortion of CoO has tetragonal 
symmetry and the anisotropy in the (111) plane is 
asymmetric. In agreement with this, the neutron 
diffraction data suggest a strong preference for a 
direction nearly parallel to the tetragonal axis. This 
suggests that the spin direction is a compromise between 
the dipole-dipole interactions which tend to hold the 
spins within (111) and the crystalline field energy 
arising from the deformation which favors a direction 
parallel] to the tetragonal axis. In FeO the spin-orbit 
interactions apparently predominate, but since the 
crystallographic distortion is rhombohedral there is 
no conflict between the magnetic and crystalline 
anisotropies. 

The alternative solution of the neutron diffraction 
data arrived at by considering only the sharp portion 
of the Bragg peaks is to maintain the spins coupled in 
a ferromagnetic sheet parallel to (111) but with the 
magnetic axis parallel to [111]. From symmetry con- 
siderations it seems unlikely that this is correct for 
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MnO or NiO, although conceivably this result could 
be rationalized in the case of CoO as a consequence of 
the large spin-orbit interaction and crystalline deforma- 
tion. A more likely explanation for the discrepancy in 
the intensity of the first magnetic peak is that the 
assumption of a common magnetic axis for all the 
magnetic moments is invalid, and in the case of CoO 
part of the discrepancy may be the consequence of an 


asymmetric magnetic form factor. 
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The large part of the ferromagnetic anisotropy of Co,Fe3_,0, attributed to the presence of Co** is ex 
plained, for small x, by means of a one-ion model. The residual orbital angular momentum a(™1) of Co** is 
constrained by the crystal electric field to lie parallel to the axis of trigonal symmetry. Spin-orbit energy 
AL-S couples the spin to this axis, accounting for the anisotropy energy. By fitting the theory to cubic 
anisotropy data one finds ad = —132 cm™!. The assumption that cations are mobile at higher temperatures 
leads to a quantitative explanation of the annealing-induced anisotropy energy. The mean orbital magnetic 
moment yw, of Co** is predicted to be large (u,~0.5 Bohr magneton) and anisotropic (Au,~0.1 Bohr 


magneton) at low temperatures 


1, INTRODUCTION 


T has been shown! by means of torque measurements 
on single crystals that the substitution of a small 

amount of cobalt for iron in magnetite (Co,Fe3_,O,4) 
causes a large change in the magnetic anisotropy energy. 
The cubic anisotropy parameters K,; and K» were found 
to depend strongly on temperature and, at a given tem- 
perature, to be approximately linear in x for0<a#<0.15. 

It has been found also that the anisotropy energy in 
cobalt-iron ferrites is affected by magnetic annealing.’ 

* A brief description of this theory has appeared [J. Appl. Phys. 
29, 448 (1958) ]. 

! Bickford, Brownlow, and Penoyer, Proc. Inst. Elec. Engrs. 
London 104B, Suppl. No. 5, 238 (1957). 

2R. F. Penoyer and L. R. Bickford, Jr., Phys. Rev. 108, 271 
(1957). 

§ Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955). 


Suppose the temperature of the crystal is raised to an 
appropriate temperature 7, and the magnetization M 
is held for several minutes itva direction $ by an applied 
magnetic field. If the crystal is then quenched to a 
temperature 7, which is room temperature or lower, the 
free energy 5(7) is found to be a function of $ as well as 
of the direction @ of M at T. In general F does not have 
cubic symmetry in a, although the crystal is cubic. 
Penoyer and Bickford* have investigated in detail the 
dependence of ¥ on a, $, and x for 0<«*<0.15. 

It is the purpose of this paper to explain these effects. 
No attempt is made to explain the anisotropy energy of 
FesO,4. Only the changes caused by substituting small 
amounts of cobalt are considered. 

The basic assumption of the theory is that the lowest 
orbital level of Co**+ in the crystalline electric field is 
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Fic. 1. A view of the 
spinel structure _ illus- 
trating the trigonal sym- 
metry of the central B 
site shown. 
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doubly degenerate. The residual angular momentum of 
each of these two states is constrained to lie parallel 
(in either direction) to an axis of trigonal symmetry. 
The spin of cobalt is coupled to the angular momentum 
in a first-order approximation of the spin-orbit energy. 
The consequent interaction of spin with the crystal axis 
results in anisotropy energy.t 

This model differs from some previous models of 
anisotropy which assume that angular momentum is 
quenched in the ground orbital state.‘ In these models, 
the cubic anisotropy energy is given by a high order of 
perturbation by the spin-orbit coupling energy, or by 
magnetic dipole interactions. Consequently, the ani- 
sotropy energy per atom in these cases is very much 
smaller than that of the special model considered here. 
Two other crystals involving large antiferromagnetic 
coupling and large residual momentum are FeO and 
CoO.* 

In this paper we will calculate the energy levels of 
Co** in a simple approximation. From these levels we 
will obtain the cubic anisotropy energy. We can then fit 
the theory to cubic anisotropy data for Co,Fe3_,0, at 
all temperatures by a reasonable choice of a single 
parameter which is a measure of the spin-orbit 
interaction. 

In addition, we can explain the annealing effect by 
assuming that cobalt is free to exchange places with iron 
at the annealing temperature 7 ,, but not at much lower 
temperatures. Thus the thermal distribution of cobalt 
ion positions at 7, is frozen in when the temperature is 
lowered. We are then able to fit the theoretical expres- 
sion for the annealing-induced anisotropy to the data at 
all temperatures T by a reasonable choice of one addi- 
tional energy-level parameter—the molecular exchange 
field. 

Also, we predict a large and anisotropic orbital con- 





+ J. H. Van Vleck has proposed this explanation independently 
(contribution to the International Congress on Magnetism, 
Grenoble, July 2—5, 1958). 

‘F. Bloch and G. Gentile, Z. Physik 70, 395 (1931); J. H. 
Van Vleck, Phys. Rev. 52, 1178 (1937); K. Yosida and M. 
Tachiki, Progr. Theoret. Phys. 17, 331 (1957); W. P. Wolf, Phys. 
Rev. 108, 1152 (1957). 

5 J. Kanamori, Progr. Theoret. Phys. (Japan) 17, 177, 197 
(1957). 
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tribution to the magnetic moment of Co**. This is an 
immediate consequence of the model considered. 


2. ENERGY LEVELS 


In this section we calculate the energy levels of a Co** 
ion substituted for Fe*+ in the magnetite lattice. The 
crystal structure of FesO0, and CoFe, is the same as 
for the mineral spinel.* There is considerable evidence 
that both of these crystals are inverse, meaning that the 
Co** and Fe** ions occupy octahedral or B sites rather 
than tetrahedral or A sites.” Therefore, it is reasonable 
to believe that the cation distribution of the mixed ferrite 
is represented by the formula (Fe*+)[(Co,+Fe,_2*+Fe** JO, 
where the ions in parentheses occupy A sites and the 
ions in brackets occupy B sites. 

In a normal spinel (A)[ Bz ]O,, each B site lies on an 
axis of threefold symmetry which is parallel to one of 
the body diagonals of the cubic crystal. This symmetry 
is illustrated in Fig. 1 which shows how a B site is sur- 
rounded by neighboring B and oxygen sites to form a 
configuration having trigonal symmetry about the [111] 
axis. The B sites may be classified into four kinds; B, 
lies on the ith trigonal axis (¢= 111, 111, 111, 111). 

Suppose that one Fe** ion of a crystal of FesO, is 
replaced by Co**. Then, if one neglects the distinction 
between Fe** and Fe**, the cobalt ion lies on an axis of 
threefold symmetry. The nearest-neighbor oxygens, 
2.1 A distant from Co**, are close to the corners of a 
regular octahedron. The displacement in a (111) direc- 
tion from the regular positions has been found by x-ray 
diffraction to be 0.06 A (u=0.379) for FesO4.° Because 
the distortion of the octahedron from cubic symmetry 
is so small, we expect that the crystalline field has only 
a smal! trigonal distortion from cubic symmetry. 

The energy levels of Co** in a paramagnetic crystal 
have been treated by Abragam and Pryce.’ For the 
present problem we generalize their Hamiltonian to 
include the effect of exchange coupling. The Hamiltonian 
of the Co** ion, whose terms are arranged in decreasing 
order of magnitude, becomes 


W=WertVetVrt+W.4+WistW a, 


where Wr is the Hamiltonian of the free ion (without 
spin-orbit energy), Vc is the cubic crystal field (~10* 
cm~'), Vr is the trigonal crystal field (~ 10° cm~'), W, 
is the exchange energy (~ 10° cm~') coupling the spin of 
Co** to other spins, Ws is the spin-orbit energy (~ 10? 
cm~'), and W,, is the energy (~1 cm™') of interaction 
with magnetic fields. The quantities in parentheses 


(2.1) 


®R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1951), Vol. II, Chap. 8. 

7E. J. W. Verwey and E. L. Heilman, J. Chem. Phys. 15, 174 
(1947); E. Prince, Phys. Rev. 102, 674 (1956); C. G. Shull, Phys. 
Rev. 81, 626 (1951). A detailed description of the crystal structure 
of ferrites and its relationship to magnetic properties is given by 
E. W. Gorter, Philips Research Repts. 9, 295, 321, 403 (1954). 

§ A. Claassen, Proc. Phys. Soc. (London) 38, 482 (1925-1926). 

* A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951); A206, 173 (1951). 








MAGNETIC ANISOTROPY IN 
represent orders of magnitude of energy splittings 
caused by the respective terms. 

We base our model of the cobalt ion on conclusions of 
Abragam and Pryce® concerning the effects of the crystal 
fields, as illustrated in Fig. 2. The electronic configura- 
tion of unfilled shells of the Co** free ion in its ground 
state is 3d’ and the total spin S is }. If Vc is not too 
large, it leaves S unchanged in the ground state. If the 
oxygen coordination is octahedral, the ground state 
under the influence of V¢ is an effective P state with 
threefold orbital degeneracy. The wave functions be- 
longing to this level'are, in a first approximation, linear 
combinations of (3d’) 4F and (3d’) ‘P functions of the 
free ion. The effect of V7 is to split the orbital triplet 
into a singlet and a doublet. 

The last two terms in Eq. (2.1) are considerably 
smaller than the splitting due to Vc. Consequently we 
may, to a good approximation, calculate eigenvalues of 
W by using only the manifold of 3X4 eigenstates of the 
first four terms arising from the effective P state. In 
what follows, only this manifold is considered. 

For purposes of calculation a fictitious angular mo- 
mentum operator I (I’ of Abragam and Pryce) is defined. 
The basic ofbital states |m) satisfy the equation 


1,|m)=m\|m), (m=—1,0, 1), (2.2) 


where the z axis is the trigonal axis. The matrix repre- 
sentation of | in this manifold is the same as the usual 
representation for L in a P state. The phase of |m) is 
specified by the condition that the matrix elements of /, 
are real and positive. The x axis may have any orienta- 
tion perpendicular to the z axis. 

The submatrix of true angular momentum L (in units 
of ’) is related’ to I by 


L_= —a'l,, Ly= —a'l,, L,= —al,, (2.3) 


where @ and a’ are constants. This form of L may be 
deduced from the symmetry of the wave functions and 
the fact that they diagonalize a real Hamiltonian. In the 
special case in which the trigonal field is negligible, one 
has a=a’. If, in addition, the |m) are written as linear 
combinations of ‘F and ‘P free ion wave functions, it 
follows from the crystal-field matrix and equation for a 
given by Abragam and Pryce’ that 1<a<$. The limit 
a= 1 is approached if V¢ is large compared to the energy 
separation between ‘F and ‘P in the free ion. The limit 
a= # is approached in the opposite case. However, be- 
cause of covalent effects, it is not clear that the wave 
functions may be written in this form, so that these 
limits on @ are not rigorous. 

Explicit representations for the terms in Eq. (2.1) 
will now be given. The term W»+Vc is a constant, 
which we neglect. We may write V7 in the artificial 
form 


Vr=A(1—/,7), (2.4) 


where A is the energy difference between the singlet 
m=( and the doublet m=+1. 
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FREE , CUBIC | TRIGONAL , EXCHANGE . SPIN- 
10N FIELD FIELO *COUPLING * ORBIT 
COUPLING 


Fic. 2. Energy levels of Co** in Co,Fes_,0,, illustrating the 
splitting of the free-ion levels by crystal effects. All levels at the 
extreme right are nondegenerate. The energy differences are not to 
scale. 


For W, we use the molecular field approximation. 
Since the magnetization of the B lattice exceeds the 
magnetization of the A lattice and the exchange energy 
is predominantly antiferromagnetic A—B coupling, the 
molecular field has the same ‘sense as the total mag- 
netization M. In the absence of spin-orbit coupling, the 
degeneracy of the orbital doublet follows from tl.2 
symmetry of the crystal field, so it must exist for each 
spin state, even in the presence of the exchange field. 
Therefore, the exchange field must have the same value 
H, for both states of the orbital doublet. However, the 
exchange field H,’ for the singlet may be different. 

We may write therefore 


W = 2usH d2S;+ 2H.’ (1—12)S;, (2.5) 


where yg is the Bohr magneton and the ¢ axis is parallel 
to M. For Ws we have, from Eqs. (2.3), 


Wrs=AL-S=—oaN,S.—a’X(1,S,4+1,S,). (2.6) 
The magnetic energy is given by 
W m= sH-(L+28S), (2.7) 


where H is the total magnetic field acting on the cobalt 
ion. Part of H is the field Ha caused by the magnetic 
dipoles distributed in the crystal. The part of W,, 
arising from H, is small (~1 cm™) compared to W rs. 
The part of W’,, arising from the applied fields (~ 104 
oersteds) ordinarily obtained in the laboratory is also 
small (~1 cm"). Therefore, neglecting W,,, and substi- 
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tuting (2.4), (2.5), and (2.6) into (2.1), we obtain 


W=A(1—12)+2ugH d2S;+2ugH -/(1—12)S; 
—oN,S,—a'd(1S2+1,5,). 


The part of expression (2.8) proportional to A will be 
treated as a perturbation. The unperturbed levels con- 
sist of 4 doublets and 4 singlets as illustrated in Fig. 2. 
(In Fig. 2 it is assumed that A>0.) To a first approxi- 
mation, matrix elements of W connecting the singlet to 
the doublet may be neglected. Since the nonzero ele- 
ments of /, and/, occur only for Am= +1, the submatrix 
of I in the orbital doublet is diagonal and given by 


0 0 : 
n-h=(, .) u-( _). 
0 0 0 —!1 


It follows from Eqs. (2.8) and (2.9) that, in the first 
approximation, W commutes with /, which may there- 
fore be replaced by m, so that Eq. (2.8) becomes, for 
m=+1, 


(2.8) 


(2.9) 


W =2usH S;—adms.. (2.10) 


The eigenvalues of the Hamiltonian (2.10) are obtained 
very simply since it represents a system in which the 
resultant of exchange and spin-orbit fields acts on the 
spin moment. Therefore the energy levels for m= +1 
are 


e(+1, m,) 


=m.[ 4(usH -)*F4usH ad cosb;+ (ad)? }!, (2.11) 


where m, is the projection of spin on the direction of the 
resultant field (m,=+}, +3), and 6; is the angle be- 
tween the z and ¢ axes. Equation (2.11) may be ex- 
panded to the form 


e(+1, m,)=m,[ 2usH Fad cos6;+ (ad sind ;)?/4usH, 
+ (ad)? cos; sin*@;/8(ugH.)?+---]. (2.12) 


In the first approximation, the m=0 levels are undis- 
turbed by W zs and are given by 


€(0,m,) = A+2m.usH -. (2.13) 


For all of the quantitative discussion in the remaining 
sections, the first approximation is found to be sufficient. 
However, we consider a second approximation which 
takes into account matrix elements connecting the 
singlet to the doublet, because this has the effect of 
removing the degeneracy of the doublet levels (2.11) 
occurring when 6;= 32. The ordinary second-order per- 
turbation formula cannot be used because of this de- 
generacy in the first-order result. We may use, instead, 
a perturbation method of which a very direct demon- 
stration has been given by Léwdin.” 

The method consists of separating all the unperturbed 
states into a class A of degenerate states and a class B 
of all other states. To obtain the perturbed levels of 
class A to second order in the perturbing elements of W 


0 P.-O. Léwdin, J. Chem, Phys. 19, 1396 (1951), 
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the following finite matrix is diagonalized : 
B 
IP, * Want W nell on ‘(Ea ry W aa’), (2.14) 
q 


where m and » refer to class A states, W° is the unper- 
turbed Hamiltonian, and /, is the unperturbed energy 
of the A states. The summation is carried over all states 
q in class B. 

We choose a spin representation in which S; is 
diagonal. By letting the class A contain the doublet 
m= +1, S-=—3, and class B contain the remaining 10 
states, a quadratic secular equation is obtained from the 
Hamiltonian (2.8). Its solutions are 


e(4:1, —3)= —3ypH+[—a?/pupH.—3a'?/X-+a'/Y] 
X (32/8) sin*6;— 3a"d?/4V 
+[ (3ad/2—3(a’d)*/4Y )? cos’; 


+9(3X—-— Y-)2(a’d sind,)*/64}!, (2.15) 
where 
X=A+3us(H.—H.’), (2.16) 
and 
V=A+y9(3H.—H.’). (2.17) 


Thus the minimum separation between these two energy 
levels is 


(3a’*A?/8) | 3X—1— ¥| (2.18) 


for 0;=42. The terms ugH, and usH,’ should be only 
several times as large as |a\|. Then if A is sufficiently 
small, the correction given by the second approximation 
is appreciable near 6;= 37. 


3. CUBIC ANISOTROPY ENERGY 


If we take the orientation of M to be an extensive 
parameter, then the anisotropy energy, if measured 
isothermally, is a part of the Helmholtz free energy S. 
Since the energy levels of the cobalt ions are inde- 
pendent, the part of the free energy due to cobalt is 
given by 


Foo= —kT >; N, Ini, (3.1) 


where NV; is the cobalt population of the B; sublattice, 
and z, is the partition function given by 


2i= >; exp[—¢(6;)/kT ], 


where ¢; is an energy level of cobalt given in the previous 
section. 

To proceed further we must choose a sign for A. We 
assume that A>0 because we will see that this assump- 
tion leads to agreement with experiment. A good ap- 
proximation to z; is obtained by including only the two 
lowest levels of the first approximation given by (2.12). 
Terms of order A* and higher may be neglected. Then 
the anisotropic part of Fc. is given by 


Fan=—kT >; Nz \n cosh(3ad cos0;/2kT) 
— (30°d?/8ugH .)>> ; N ; sind. 


(3.2) 


(3.3) 
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Suppose all V;=4}N (N=1.35X 10"x cobalt ions per 
cc). Then the second term in (3.3) is isotropic and the 
cubic anisotropy energy is given by 


F.= —1LRTN >; In cosh(3ad cosb;/2kT). (3.4) 


We wish to compare Eq. (3.4) with the anisotropy 
determined by torque measurements. The results of 
measurements have been expressed in terms of the 
parameters K, and K, in the phenomenological energy 
expression 


Wa= Kot Ky (ay’ao*?+az’a3?+a)"a3"7) + K oay’ao*a;”, (3.5) 
where a, are the direction cosines of M with respect to 
the cubic axes. However, Eq. (3.4) cannot be written 
accurately in the form (3.5) except at large 7.{ We shall 
therefore make an approximate comparison by equating 
¥ to Eq. (3.5) at the three symmetry directions [100 ], 
[110], and [111 ]. The following relations are obtained: 


K,=4(5(110 ]— (100 }), 
K2= 275(111 ]—365({110 }4+-95[ 100]. 


(3.6) 
(3.7) 


Since the theory considers only the anisotropy due to 
cobalt, we introduce the quantity AK ,, which represents 
the excess of K; for Co,Fe3_,O, over that for Fe;,O,: 


AK ,(x)=K,(x)—K,(0). (3.8) 
Empirically, the anisotropy of one cobalt ion in 
Co,Fe3_,0, is more than 100 times as large as that of 
one iron ion. Therefore, it is reasonable to attribute ail 
of AK; to the presence of cobalt. From Eqs. (3.4), (3.6), 
(3.7), and (3.8), we obtain 


AK,=kTN[4 f(3-')—2 f(2/x/6) ], (3.9) 
AK2=kTN[18 f(2/1/6)— (27/4) f(1) 
— (81/4) f(1/3)—9 f(3-4)], (3.10) 
where 
f(s)=In cosh(3edAs/2kT). (3.11) 


Equations (3.9), (3.10), and (3.11) are compared with 
the experimental results in Fig. 3. 

The only atomic parameter in the theory is ad. A 
value |ad|=2.63K10-" erg (or 132 cm™) was de- 
termined by fitting the theory to the data of reference 1 
for AK,(0.01). In the ground state of the free ion, the 
value of \ as obtained by means of the interval rule from 


t Note added in proof.—This follows from the fact that the 
coefficients of an expansion of Eq. (3.4) in powers of a1, a2, and 
a; contain powers of (A/kT) so that convergence does not occur 
for small 7. In fact, at 7=0, discontinuities appear in the torque 
derived from Eq. (3.4), owing to the degeneracy in energy at 
6;=42. In Sec. 6 several perturbing effects are discussed which 
remove this degeneracy. We anticipate that these effects may 
smooth the angular dependence of F, so that it will resemble 
(3.5) more closely without causing a great change in the magnitude 
of the anisotropy as determined by the values of F, along axes of 
symmetry. A similar consideration holds for the component of free 
energy induced by magnetic annealing, which is discussed in Sec. 4. 
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Fic. 3. Temperature dependence of the difference in anisotropy 
between Coo.o;Fes ¢O, and Fe;O,. The values of AK» measured in 
the (110) plane were communicated privately. All other experi- 
mental results were obtained by multiplying the results of refer- 
ence 1 by the correction factor 1.19 explained in reference 2. In 
all AK» data, K+ for FesO, was neglected. The theoretical curves 
are based on the value jad! =132 cm™, obtained by fitting the 
AK, curve to experiment. 


spectroscopic tables" is about — 176 cm™. As observed 
in Sec. 2, a should lie in the approximate interval 
1<a< 4. The agreement is satisfactory, considering the 
effect covalence may have on i." Since A is negative in 
the free ion, we may assume that it is also negative 
when the ion is in a crystal. The measured parameters 
AK, and AK; are approximately linear in x for «<0.15, 
which must fellow from any one-atom model. 

If the same value of ad is used, the theoretical AX» 
has the right order of magnitude and a temperature 
dependence resembling the experimental dependence. 
The quantitative discrepancy for AK» is due at least in 
part to experimental error. 


i4. THE ANNEALING EFFECT 


We shall now show how our model can explain the 
annealing effect. Let M be held in a direction § at an 
elevated temperature 7. Suppose that at this tempera- 
ture the cobalt ions are free to jump from one B site to 
another by exchanging places with iron ions. For small « 
we may assume that the cobalt ions are distributed 
independently of each other. Then Boltzmann statistics 
lead to the equilibrium distribution given by 


N =N{d; exp[—€;(0:)/kT 2 }}/ 
D5 expl— €(0;)/kT a |] 


where 6,’ is the value of 6; at T,. If, after equilibrium at 
T, has been reached, the crystal is quenched to a lower 
temperature 7 at which the ions remain fixed in position, 


(4.1) 


1 Atomic Energy Levels, edited by Charlotte E. Moore, National 
Bureau of Standards Circular No. 467 (U. S. Government Printing 
Office, Washington, D. C., 1952), Vol. II, p. 85. (Analyzed by A. 
G. Shenstone.) 

2 A review of covalent effects in octahedral complexes is given 
by J. Owen, in Microwave and Radio-Frequency Spectroscopy, Disc. 
Faraday Soc. 19, 127 (1955). 
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the distribution (4.1) will remain. Then Eqs. (3.3) and 
(4.1) express the effect of annealing on $,, which is now 
a function of T, and § as well as T and a. 

The results of annealing experiments on Co,Fe3_20,4 
have been expressed? in terms of the parameters F and G 
appearing in the following phenomenological expression 
for the anisotropy energy minus its cubic part: 


Wo= —F ) a78B?2—G z aa ;8 8 ;. (4.2) 


>i 


This expression is the function of lowest degree in e 
and §, aside from terms depending on @ alone or § alone, 
which is symmetric with respect both to simultaneous 
cubic symmetry operations on @ and 8, and to inversion 
of @ or § separately. It is essentially the same as the 
“two constant” phenomenological expression for mag- 
netostriction.” The second condition on Wy is not in 
general necessary and would not hold if an “exchange 
anisotropy”* were present. However, it does hold for 
the mechanism of the present theory, and appears to 
hold in the annealing experiments. 

We may show that the model described here leads to 
F=0, by letting §=[100]. Then Eq. (4.2) becomes 


Wu=—Fa;’. (4.3) 


But in this case all of the 6,’ are equal. It follows from 
(4.1) that all N; are equal and therefore that F,, has 
cubic symmetry. This conclusion is consistent with 
Eq. (4.3) only if F=0. It is easily seen that G is not zero 
for our model. 

The experimental results for 7,=375°K and T 
= 301°K have been expressed” by the empirical relations 








F=(10.1X10°)x’, (4.4) 
and 
G= (9.25X 10°)x, (4.5) 
HO6 
8 
be 
3 ° 
+4 = 
Jl 
© 
rO3 = 
°o 
120 140 60 a0 200 220 240 260 280 300 


TEMPERATURE —— DEGREES KELVIN 


Fic. 4. Temperature dependence of the induced anisotropy 
parameter G for Coo.o0sFe2.9;04. Measurements were made by 
Penoyer and Bickford. The theoretical curve is based on the 
values |a\| =132 cm™, wgH.=320 cm™, and n=0.0273. The 
values of the last two parameters were adjusted to fit the data 
for G. 

18 See, for example, R. M. Bozorth, Ferromagnelism (D. van 
Nostrand Company, Inc., Princeton, New Jersey, 1951), p. 650. 

14 W. H. Meiklejohn and C. P. Bean, Phys. Rev. 102, 1413 
(1956); 105, 904 (1957). 
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which hold in the range 0.0<2<0.15. Thus, experi- 
mentally F/G approaches zero as x approaches zero, in 
agreement with the model. 

In comparing the theoretical dependence of G on T 
with experiment, we again have the difficulty that the 
theoretical expression for the annealing effect cannot be 
written accurately in the phenomenological form (4.2) 
for small T. We can make an approximate check by 
comparing the maximum annealing torque in the (001) 
plane for the case 8=[110]. 

From symmetry it follows that if 6=[110], then 


Nin=Nim (4.6) 
and 
Nin=Nim. (4.7) 
We let 
= (NintNim—Niu—Nim)/N. (4.8) 


Then the torque in the (001) plane, calculated by 
differentiating Eq. (3.3), has, at a= [010], its maximum 
value of 


£[010 ]=nN[ (v3ad/2) tanh (V3ad/2kT) 


pen (ad)*/4usH, J. (4.9) 


In the absence of an annealing effect this torque would 
be zero. If we set F=0, the same torque from (4.2) is 


£L[010 ]= 4G. (4.10) 
Combining (4.9) and (4.10), we obtain 


G=2nN[(v3|ad! /2) tanh(v3|ad| /2kT) 
~ (ad)*/4upH (4.11) 


To the parameter |aA| we assign the previously de- 
termined value of 2.63 10~" erg. Instead of using the 
value of m given by Eqs. (4.1) and (4.8), we can de- 
termine experimental values of as well as H, by fitting 
(4.11) to data of Penoyer and Bickford'® shown in 
Fig. 4. The temperature dependence of H, may be 
neglected for temperatures much smaller than the Curie 
temperature. 

The theoretical curve in Fig. 4 is for the values 
n=0.0273 and pgH,=320 cm~. This value of usH, is 
not very critical because the term in (4.11) containing 
H, is merely a correction (~20%) to the main term. It 
is reasonably consistent with the Curie temperature of 
993°K"* for CoFe20,. If this value of us, is accepted, 
the term in the energy expression (2.12) containing 
(ad)*® changes the splitting by less than 2% and is 
justifiably neglected, as we have done. 

To obtain a theoretical value of n, the energy levels 
given by Eq. (2.12) are substituted into Eq. (4.1), which 
is in turn substituted into Eq. (4.8). If we use the 
experimental value T,=375°K, we find that more than 
the two lowest levels given by (2.12) contribute per- 


16 R. F. Penoyer and L. C. Bickford (private communication). 
The experimental methods used are described in reference 2. 

16 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), Section 5, p. 211. 
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ceptibly to thesums in Eq. (4.1), and that the theoretical 
value of m is 0.061, or a factor of 2.2 greater than the 
empirical value. This discrepancy may be explained by 
recent work!’ showing that the annealing effect in 
Co,Fe3_20, is a function of the state of oxidation. In 
that work, it was concluded that appreciable migration 
of cobalt ions at 100°C occurs only if cation vacancies 
are present, and that the number of vacancies is pro- 
portional to the concentration of oxygen in excess of the 
stoichiometric concentration. Only those cobalt ions 
which happen to lie near vacancies participate in the 
annealing effect, so that m is smaller than theory 
predicts. We may conclude that our model gives an 
accurate account of the temperature dependence of the 
anneal-induced anisotropy and gives the correct order of 
magnitude of the effect. 


5. MAGNETIC MOMENT 


A consequence of the model considered here is that 
the orbital contribution to the magnetic moment of 
Co** is large and anisotropic. The statistical mean of the 
total moment of cobalt, averaged over all B;, is, in Bohr 
magnetons, 


aa exp[_— €;(0;) =] 
‘ nahne’ Seve qeamama : ~|. 
iN > ; expl — €;(0,)/kT ] 


We shall consider the energy eigenstates in the first 
approximation. Since L, is diagonal, we have, for the 
projection of L on the direction of the molecular field, 


(m| L;|m)= — ma cosb;. (5.2) 


The expectation value of spin may be calculated 
directly from the eigenstates. For the two lowest states 
(m=+1, m,= —}) we find, to the order of d’, 


(m| S;|m)= $— 5 (ad sind,)*/ (ugH,)*. (5.3) 
To illustrate, we calculate w along axes of symmetry 
for the case N,= 4}. We assume that T is low compared 
to the Curie temperature so that only the populations of 
the two lowest levels need to be considered. From 
symmetry we need to consider only ¢ components of L 
and §. Then from Eq. (5.3) and the fact that the 
average of sin’6; is 3, the spin part of u is given by 


us=3—(ad)?/ (QusH,)’, (5.4) 
and is, to order A”, the same for all three axes and inde- 
pendent of temperature. The deviation of us from 3-is 
very small. For the numerical parameters (aA) = — 132 
cm~ and us ,= 320 cm™, deduced previously, us= 2.96. 

To illustrate the orbital contribution to x, we consider 
the case where ps .>>|d|, so that Eq. (2.11) becomes, 


for ms= —3, 


e(m, —3) = —3yu3H .+3mad cos6;. (5.5) 


17 Bickford, Brownlow, and Penoyer, J. Appl. Phys. 29, 441 
(1958). 
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Then from Eqs. (5.5) and (5.1) we obtain, for the orbital 
part of u, when the magnetization is saturated along the 
axes indicated, 


u1(100)= (a/V3) tanh(—V3ad/2kT), (5.6) 
ur(110)= (a/+/6) tanh(— (\/$)ad/RT), (5.7) 
u1(111)=4a tanh(—3ad/2kT) 

+a tanh(—ad/2kT). (5.8) 


The temperature dependence of uz is plotted_in Fig. 5. 
We observe that, for small 7, the anisotropy of uz is of 
the order of 0.1 Bohr magnetons and conceivably could 
be measured. It should be observed that these curves 
are not accurate for the values of aA and yusH, given 
above, except near J7=0. The higher order terms of 
Eq. (2.11) might be required for actual comparison with 
experiment. 

The calculated moments are roughly consistent with 
the total moment of 3.7 to 3.9 Bohr magnetons reported 
for polycrystalline CoFe,O,.'* Precise agreement could 
not be expected even if a were known because the one- 
atom model may not be accurate in the case of large x. 


6. DISCUSSION 


There is sufficient agreement between the theory and 
the anisotropy measurements to justify confidence in 
the basic model. It is worth while to discuss effects 
which would alter the energy levels as given in the first 
approximation. Any effect which splits the energy level 
for 6;=43 by an amount comparable to |aA|(=132 
cm) should cause an appreciable change in the 
anisotropy energy. 

There are several effects which remove this de- 
generacy : 


(1) In Sec. 2 we showed that inclusion of the excited 
orbital singlet (m= 0) in the manifold of the perturba- 
tion calculation (second approximation) has the effect 
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Fic. 5. Theoretical temperature dependence of the mean orbital 
magnetic moment uz of Co®* in Co,Fe;_,O, with the saturation 
magnetization directed along the axes indicated. It is assumed that 
all V; are equal and that ug//,>>|d|. The constant a is of the order 
of unity, and |ad|/k=190°K. 
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of removing the degeneracy. The fact that the anisotropy 
energy calculated from the energy levels of the first 
approximation could be fitted to the experimental data 
implies that the trigonal splitting A is much greater 
than |aA}. 

(2) According to an ionic model of cubic Fe;O4, the 
B sublattice would have a disordered distribution of 
equal numbers of Fe?* and Fe*+ ions. A cobalt ion 
substituted into such a crystal would not be in a field 
of trigonal symmetry, so that the degeneracy of the 
orbital doublet would be removed. Part of this asym- 
metric crystal field would be caused by the direct action 
of the asymmetric charge distribution of the iron ions on 
B sites, whose effect would be partially shielded by the 
oxygen electrons. Another part, generally believed to be 
larger, would be caused by the asymmetric distortion of 
the arrangement of the neighboring oxygen ions. The 
difference between the ionic radius of 0.83 A for Fe** 
and 0.67 A for Fe** gives an indication of the amount of 
this distortion. Since the trigonal distortion of the 
oxygen arrangement is about 0.06A we expect the 
splitting due to the asymmetric field to be about as 
large as A. Since we find that A>/ad|, the asymmetric 
splitting should also be larger than |ad|. Since we find 
that it is much less than |aA|, we are led to the belief 
that electron charge is transferred from one iron ion to 
another at a frequency larger than |aA| /h, so that the 
cobalt atom is effectively in a symmetric field produced 
by the average charge distribution. This result suggests 
that the iron electrons of highest energy occupy Bloch 
states in a band whose width is greater than ad, rather 
than disordered ionic states. 

Although this line of reasoning is not rigorous, it is 
supported by evidence, discussed in reference 1, that 
addition of cobalt to ferrites containing two different 
elements on B sites causes much smaller changes in 
anisotropy energy. The asymmetric fields in these 
ferrites apparently split the orbital doublet of Co**, 
causing a further quenching of orbital angular mo- 
mentum. This in turn decreases spin-orbit energy so 
that the anisotropy is decreased. 

(3) There is a general principle’* which states that if 
the electronic orbital state of a molecular system is 
symmetry-degenerate, then the nuclear configuration is 
unstable, unless all of the nuclei are colinear. In the 
“static” treatment of this effect,'*"® the nuclei assume 
equilibrium positions which destroy the symmetry re- 
sponsible for the degeneracy, thereby removing the 
degeneracy. The more complicated ‘“‘dynamic”’ treat- 

18H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) A161, 220 
(1937); H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 (1938). 


1 J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939); U. Opik and 
M. H. L. Pryce, Proc. Roy. Soc. (London) A238, 425 (1957). 


SLONCZEWSKI 


ment, which takes into account motion of the nuclei, has 
also been considered.” This effect must alter the energy 
levels of our model, but apparently by an amount less 
than |ad|}. 

(4) There is a phase transition in FeO, at approxi- 
mately 120°K. Below this temperature the crystal 
symmetry is orthorhombic rather than cubic.” The 
trigonal symmetry of a B site is destroyed and the 
orbital doublet of a substituted Co** should be split. 
The anisotropy energy of cobalt-iron ferrite in the 
orthorhombic phase has not been measured. 

It would be of interest to study the anisotropy of 
Co,Fe;_,O, further, particularly at lower temperatures, 
to seek evidence of some of the effects described above, 
which would appear as departures from the theory given 
here. In comparing experiment with theory it will be 
best to compare experimental torque curves directly 
with torque curves calculated from the theory, because 
the theoretical anisotropy energy cannot be written 
accurately in the phenomenological form (3.5) at low 
temperatures. Observation of the anisotropy of the 
moment would also be of interest. 

The fact that the annealing parameter F is not zero 
for higher cobalt concentration deserves discussion. 
From the symmetry argument given in Sec. 4, the 
existence of a nonzero value of F is inconsistent with any 
theory which assumes that the energy levels of the 
cobalt ion depend only on 6;. Experimentally, F is 
proportional to x’. Therefore it seems likely, as has been 
suggested,” that pairs of Co** interact to change the 
energy levels. Another possible explanation is that cation 
vacancies or some other imperfections exert fields on 
Co**, and that the concentration of these increases 
with x. 

Measurement” of cubic anisotropy as a function of 
temperature in CoFesO, also shows that the theory 
given here cannot apply to cases of high cobalt concen- 
tration. Only the anisotropy energy in the neighborhood 
of the (easy) (100) axis was measured.”* The theoretical 
anisotropy, using the value of ad given here, is as much 
as 8 times as large as the experimental anisotropy. Also, 
adjustment of the value of aA cannot bring about agree- 
ment over the whole temperature range. 
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The Thomas-Fermi density is expressed in terms of free-particle eigenfunctions of angular momentum. 
Expressions are directly obtained for the density of electrons of specified angular momentum. With the 
angular momentum distribution restricted to zero values, the Fermi-Amaldi theory had been utilized to 
calculate the electron densities in hydrogen and helium. They are in poorer agreement with quantum- 
mechanical densities than those obtained with the original Fermi-Amaldi theory. The angular momentum 
distribution for the Thomas-Fermi field has been determined for several atomic numbers. In each case, 
the agreement with “experimental” values is moderate. 


ELLMANN' has pointed out that the spherically 

symmetric potential assumed by the Thomas- 
Fermi theory? permits one to introduce explicitly a 
dependence upon the angular momenta of the electrons 
which ordinarily is lacking in that theory. His procedure 
divided the region surrounding the atomic nucleus into 
spherical shells of uniform potential and yielded 
expressions relating the kinetic energy density to the 
electron density in each such region. Using the radial 
wave equation for each spherical shell, he was able to 
incorporate the quantum numbers for angular 
momentum. 

A related question concerns the distribution of 
angular momentum among the electrons of a poly- 
electronic atom. This was first investigated by Fermi,’ 
and has since received further attention.’ Different 
criteria have been suggested for the assignment of 
angular momentum to the electrons with the result 
that somewhat different distributions are obtained. 

The present paper is addressed to both of these 
matters. 

The procedure described here employs a basis of 
free-particle eigenfunctions of angular momentum to 
evaluate the electron density. However, because 
identical results are obtained from it, one more im- 
mediately related to the original Thomas-Fermi theory 
will be displayed. 

The Thomas-Fermi expression for the electron 
density is given by 


Po(r) 
p(r)= (x/i8) f dp= (4rr/3h*) P.}, (1) 
0 


where r is the spin degeneracy, Po is the maximum 
momentum of an electron at r. By expressing P» in 


* Supported in part by the Office of Naval Research. 

1H. Hellmann, Acta Physicochim. U.R.S.S. 4, 225 (1936); 
see, also, P. Gombas, Die Statistische Theorie des Atoms und Ihre 
Andwendungen (Springer-Verlag, Vienna, 1949), pp. 117-120. 

2L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927); 
E. Fermi, Z. Physik 48, 73 (1928). 

3 See, for example, J. H. D. Jensen and J. M. Luttinger, Phys. 
Rev. 86, 907 (1952); T. A. Oliphant, Jr., Phys. Rev. 104, 954 
(1956); see, also, P. Gombas, reference 1 and N. H. March, 
reference 4 for discussion and further references. 


terms of the maximum energy attainable by an electron 
and the potential energy at the point in question, 
the familiar expression‘ 


p(r) = (4ar/3h*) (2me)'(V—Vo)! (2) 


is obtained, —eV being the potential energy of an 
electron and —eV» being the maximum attainable 
energy; € is the magnitude of the electronic charge. 
Since the density is derivable from the more general 
density matrix,’ Eq. (1) can be shown to result from 
the expression 


p(r) = lim p(r’,r) 


dp ete: (r—9)/h (3) 


ko(r) 


= (7/4nr) e carts) f dk kJ i,°(kr), 
l=0 0 


where use is made of the addition theorem for Bessel 
functions.* Here J;,;(x) is a Bessel function of the 
first kind of order /+4; ko? =2me(V—Vo)/h’; 1 is the 
quantum number for the total angular momentum of 
an electron. If one defines 


ko(r) 


pilr)= (x/4e0) f dk kJi,,7(kr), (4) 
0 


Eq. (1) evidently can be written as 


p(r)= (21+1)p:(r). (5) 


l=0 


Now, p: represents the density associated with 
electrons having an angular momentum /(/+1)h?, the 
factor (2/+1) in Eq. (5) representing the effect of 


4 See, for example, N. H. March, Advances in Physics, edited by 
N. F. Mott (Taylor and Francis, Ltd., London, 1957), Vol. 6. 

5 See, for example, S. Golden, Phys. Rev. 105, 604 (1957); 
see, also, reference 4, pp. 87-89. 

®G. N. Watson, A Treatise on the Theory of Bessel Functions 
(The MacMillan Company, New York, 1948), Chap. IT. 
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Fic. 1, Comparison of electron probability densities for hydrogen. - 


The curves are normalized so that the area under each is unity. 


summation over the azimuthal quantum number. For 
a prescribed distribution of angular momenta, Eq. (5) 
would be modified accordingly and the summation 
would include only certain specified values. Each such 
designated group of electrons satisfies the normalization 
condition 


Nimae(2l4+) f dr r’pi(r), (6) 
0 


where the value of ko(r) in Eq. (4) is to be determined 
by a self-consistent method. 

Now, Eq. (6) gives the number of electrons which 
(for the assumed spherically symmetric potential) are 
in eigenstates of the indicated angular momentum. 
This can readily be shown when the density matrix 
of Eq. (3) is expressed explicitly in terms of angular 
momentum eigenfunctions; for brevity, the derivation 
presented here has not done so. One may note that this 
manner of assigning angular momentum differs from 
those which have been suggested previously.?* In 
particular, the present assignment leads only to the 
discrete values of angular momentum that are expected 
from a rigorous quantum-mechanical theory (for the 
assumed spherically symmetric potential) in contrast 
to the continuous range of values usually characteristic 
of the Thomas-Fermi model.* 

To illustrate the effect of restricting the angular 
momentum distribution, two cases with /=0 have been 
computed by using the Fermi-Amaldi theory’ which 
eliminates electronic self-interaction. These are hydro- 
gen with r=1 and helium with r=2. The resulting 
electron densities are shown in Figs. 1 and 2, and 
compared with the densities computed by using the 
original Fermi-Amaldi theory [corresponding to either 
of Eq. (2) or (5) for the density] and the quantum 
theory.® 


7E. Fermi and E. Amaldi, Mem. Accad. Italia 6, 117 (1934). 

’ The helium quantum mechanical density is taken from the 
wave function obtained by E. A. Hylleraas as cited in L. Pauling 
and E. B. Wilson, Jr., Introduction to Quantum Mechanics 


SIDNEY GOLDEN 


The use of spherical eigenfunctions leads, in the 
cases considered, to poorer estimates of electron density 
than does the use of plane waves. Since the total 
angular momentum of a polyelectronic atom is the 
vector sum of the angular momenta of the individual 
electrons (neglecting spin effects), a zero value for the 
former does not imply that each of the latter also 
vanish. As a result, the number of eigenfunctions of 
angular momentum which have been used in the cases 
here considered comprise an incomplete set of functions, 
by which the density matrix has been approximated. 
This would appear to account for the results which have 
been obtained. 

In terms of a specified V(r), Eqs. (4) and (6) im- 
mediately yield the number of electrons which have an 
angular momentum of /(/+1)h’. It is of interest to 
examine the results which may be obtained for the 
Thomas-Fermi field. Then, with a transformation to 
the reduced variables of that theory,'* one obtains 


“dx 
w= 2(21+1) f —f 
0 x9 


with a= (}2Z)!, Ze being the magnitude of the nuclear 
charge. 

The last integral of Eq. (7) can be evaluated in 
terms of Bessel functions. Since the latter may be 
expanded in power series, the term-by-term integration 
over x can be carried out. With the details omitted, the 
expression obtained is 


Jun (O-JiryOIJuO 


agtzt 
dy yJin7(y), (7) 
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Fic. 2, Comparison of electron probability densities for helium. 
The curves are normalized so that the area under each is unity. 
(McGraw-Hill Book Company, Inc., New York, 1935), p. 224; 
that for hydrogen from the wave function on p. 132 of the same 
work. 

* Oliphant, reference 3, has pointed out that an appreciably 
different angular momentum distribution is obtained when the 
Thomas-Fermi-Dirac theory is used, ig oy voy to the influence 
of exchange effects. The choice here is based upon reasons of 
simplicity. 
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TABLE I. Values of the integral /,= fo°dx p!x4(px)" and (/,)"/2", 





n 1 2 3 4 
In 0.370 0.151 0.0644 0.0283 
(I,)!™ 0.608 0.623 0.633 0.640 


which is to be expanded as a power series in ¢ (only 
even powers occur) and the fellowing substitutions 
made: 


(nag? f dg'x'(gx)"=a"((px)")w. (9) 
0 


Equation (8) is especially convenient in the event 
that a suitable mean value of ¢ can be employed. 
In that case it is interesting to examine its asymptotic 
(f+) properties. Then, using the asymptotic ap- 
proximation for the Bessel functions,’ one readily 
verifies that 


Ny~2(21+1)a2/xt? 
2(21+1)a 


(px)~") mv 


Tv 


= (21+-1)(62/x°) f dx(px)', (10) 


which is identical with the asymptotic form of the 
result obtained by Fermi.’ For practically attainable 
values of ¢°", the asymptotic formula will have little 
utility, however. 

To determine a mean value, §, which may enable 
Eq. (8) to yield a reasonably accurate approximation 
to N;, the integral in Eq. (9) was evaluated for several 


0 Reference 6, Chap. VII. 
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values of m. The integrations were carried out numer- 
ically with the Thomas-Fermi field values given by 
Gombas.' The error involved in each case was estimated 
at less than one percent of the integral. The results are 
given in Table I. It is evident that a relatively uniform 
value of §=af{ (ox)")}'/2" is obtained for n < 4. 

The mean value §=0.626a was used in Eq. (8) for 
Z=6, 12, 18, 24. The angular momentum distributions 
obtained are compared with the “experimental!” values" 


Taste II. Angular momentum distributions for 
the Thomas-Fermi field. 


4 Z=24 
y, Ea. (8) 3.8 5.8 6.9 7.5 
“* Exptl 4 6 6 7 
y, Ea. (8) 2.6 5.1 8.6 11.9 
1 Exptl 2 6 12 12 
y, Ea. (8) 0.2 1.0 2.3 3.9 
—* Boe. 0 0 0 5 
y, Ea. (8) 0.0 0.1 0.2 0.6 
“* Exptl. 0 0 0 0 
y, Ea. (8) 0.0 0.0 0.0 0.1 
a4 


Exptl. 0 0 0 0 





in Table II. It is clear that only moderate agreement is 
obtained between the two sets of values. Somewhat 
better agreement may be anticipated if 2 more accurate 
statistical theory were employed,’ but with attending 
complexity. 
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Empirical spectroscopic evidence suggests the existence of an orbit-orbit interaction between electrons, 
of the form al,-k, and of a magnitude comparable to the spin-orbit interaction. The direct magnetic 
interaction is of this form, but previous calculations have yielded too small a magnitude. We suggest that 
the magnetic interaction is uniquely sensitive to the correlation of the interacting electrons, and that 
introduction of a reasonable correlation in the wave function may well increase the magnetic interaction 


to the magnitudes required by the empirical data. 


1. INTRODUCTION 


N a comparison of theoretical and experimental 
term values in the 3d° and 3d® configurations of 
the Fe m1 and Mn 1 spectra, Trees! observed that the 
discrepancies correlate well with an expression of the 
form a’L(L+1). Racah,? in a subsequent note, pointed 
out that the term values in complex atoms would be 
displaced by a’L(L+1) if each pair of electrons were to 
have an interaction energy of the form al,-h. The 
empirical evidence thus strongly suggests the existence 
of an orbit-orbit interaction, of the form al,-l,. The 
magnitude of this interaction is of the same order as 
the spin-orbit interaction, the proportionality constant 
a being about 40 cm“ in the data of Trees. 

The most apparent source for an orbit-orbit inter- 
action is in the direct magnetic interaction of two 
electrons; the scalar product of the current density 
of the first with the magnetic vector potential produced 
by the second. This interaction is present in the Breit 
equation, contributing a term to the Hamiltonian of 
the form 
(i5* Ps) (Fes* Bs) 
——————]|. (1) 











fF Pi Pj 
Hinag= + 


2m*c? >i Vij rz? 

The first term within the brackets is easily obtained by 
elementary considerations, and the second term 
represents the correction due to retardation.’ 

In order to test the hypothesis that the direct 
magnetic interaction is the source of the observed 
orbit-orbit interaction, Layzer* computed the expecta- 
tion value of the operator Himag in a Hartree-Fock 
wave function, estimating the integral rather than 
computing it explicitly. The results were disappointing, 
indicating a theoretical value of a only about one- 
fortieth of the empirical value. 

More recently Yanagawa’ has re-expressed the Hinag 
operator as a scalar product of tensor operators. With 

* Supported by the Office of Naval Research 

1R. E. Trees, Phys. Rev. 83, 756 (1951); 84, 1089 (1951). 

2G. Racah, Phys. Rev. 85, 381 (1952); see also G. Breit, 
Phys. Rev. 34, 553 (1929). 

*C. G. Darwin, Phil. Mag. 39, 537 (1920). 

‘David R. Layzer, Dissertation, Harvard University, May 1, 


1950 (unpublished). 
5S. Yanagawa, J. Phys. Soc. Japan 10, 1029 (1955). 


the operator in this analytically tractable form, 
Yanagawa was able to carry out explicit calculations of 
the expectation value of the magnetic interaction. 
Although Yanagawa’s results are several times larger 
than Layzer’s, they nevertheless fall short of the 
empirically observed values by roughly an order of 
magnitude. 

On the basis of the Layzer and Yanagawa calculations 
it has been concluded generally that the observed 
orbit-orbit interaction is probably of electrostatic 
rather than of magnetic origin. 

It is the purpose of this paper to show that the 
magnetic interaction is uniquely sensitive to correlation, 
and to suggest that in a properly correlated wave 
function the magnetic interaction may be capable of 
yielding an orbit-orbit interaction of the proper 
magnitude. Because of the difficulty of handling 
correlation corrections, however, we have attempted 
only a general demonstration rather than undertaking 
detailed calculations which could be compared with 
experiment. 


2. ANGULAR DEPENDENCE OF THE INTERACTION 
—ELEMENTARY CLASSICAL PICTURE 


In order to make plausible the unique sensitivity of 
the magnetic interaction to correlation, we briefly 
consider the most elementary semiclassical model. 
In particular we consider two electrons in a circular 
Bohr orbit, as shown in Fig. 1, and we compute the 
magnetic interaction ignoring the noncommutativity 


Electron #1 \ 


Fic. 1. Two elec- 
trons in a circular 
Bohr orbit. 





Circular Bohr Orbit 
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of r and p. If @ is the instantaneous angle between 
the electrons, then 





ryo=2R sin(6/2), (2) 
and the Bohr theory gives 
Z me 3) 
p=mv=— ; ‘ 
nh 
n* he 
==, (4) 
Z me’ 
whence Eq. (1) becomes 
Za cosé cos*(6/2) 
Ang = —— mc| - + -— | (5) 
4n‘ sin(@/2) sin(6/2) 


The dependence of this magnetic-interaction energy 
on the angle between the electrons is shown in Fig. 2. 
The first (unretarded) term and the second retardation- 
correction term are shown separately. The essential 
point to be noted is that the magnetic interaction changes 
sign as a function of interelectron angle (at about 109°). 

The qualitative conclusion which we draw from the 
above result is that an uncorrelated wave function is 
apt to yield a very small value of (Himag) because of 
the cancellation of the contributions from large and 
small @. However a correlated wave function, biased 
against small @, is apt to yield a much larger magnetic 
interaction. 

It is significant to note that for no other interaction 
(Coulomb, spin-orbit, or spin-spin) is there a similar 
change in sign with @ and a similar sensitivity to 
correlation. Consequently wave functions which are 
perfectly adequate for the calculations of these other 
interactions may be totally inadequate for the estima- 
tion of the magnetic interaction. 


3. EFFECT OF CORRELATION 


To test the effect of correlation directly, we compute 
the magnetic interaction for states (1+ A cosé)y, 
where y is a state of the np’ configuration. For A =0 








contribution of as 
retardation 














without 
retardation 
“1b os 
“i total magnetic interaction bh 
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Fic, 2. Angular dependence of the magnetic interaction. 
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Fic. 3. Angular weighting factors. 


we thus find the magnetic interaction in the conven- 
tional uncorrelated wave function. For A=—1 we 
find the magnetic interaction in a wave function which 
vanishes when the electrdns are close (@=0) and which 
is weighted in favor of large 6. 

The 6-dependent function which multiplies ¥*H mag 
in the integral (Hmag) is (1+ A cos@)* sind, where we 
temporarily (i.e., in this paragraph only) ignore non- 
commutativity. This weighting function is shown as 
a function of @ for A=0 and A=—1 in Fig. 3. This 
figure gives a qualitative representation of the degree 
of correlation achieved in our wave function. 

The correlation factor (1+A cos#) was chosen, 
rather than some function of rj2, because it can be 
written easily in terms of tensor overators and it 
therefore simplifies the calculation enormously. It 
should be a reasonable representation of the correlation 
for our general purposes. 

The quantity of interest is not (Himag), but the 
coefficient defined by 


(H mag) = a1, - be). (6) 


As the correlation factor (1-+A cos@) mixes other 
configurations with y, the expectation value of 1,-h, 
as well as that of Hinag, depends on A. 

The orbit-orbit Hamiltonian as given by Breit? in 
(1) may be separated into angular and radial parts for 
product wave functions in spherical coordinates. The 
two-particle operators 7;; are recoupled to obtain a 
scalar product of single-particle operators. The matrix 
elements of the radial part appear as a factor of the 
angular operator. The angular part is expressed in 
terms of the spherical harmonic operators defined by 
Racah*; 


4r \} 
cw=(—) 6(kg)®(q), (7) 
2k+1 


where @(4,g)®(q) is the usual spherical harmonic,’ and 
the angular momentum operators are defined by their 
submatrix elements 


(U\0|\0") =8 (Lk 12" (Uk) P, (8) 


® G. Racah, Phys. Rev. 63, 367 (1943), Eq. (46). 

7E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), second 
edition, paragraph 4°. 
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where 
(a+b—c) !(a+c—b) !(b-+c—a) !}} 
a(abe) =| Ke a a "|. (0) 
(a+b+c+1)! 


In terms of these operators the linear momentum 
operator p is® 
p=ir24(COlM)® —ihCM9/dr. (10) 


With this notation and after recoupling, Innes’ has 
recast (1) into 
HA nag= — 824M (2k+1) (R42) (CD) 

(CY) <4) (11) 


for direct radial integrals. The radial integral M“ is 
given by 





oe r2* 
Mm=— ff RrdRered dridrz. (12) 


"ts 
rp>re 
where a is the fine structure constant. Equation (11) 
reduces to (1) of Yanagawa’ for equivalent / electrons. 
The matrix elements of (11) can be reduced to a linear 
combination of the matrix elements of the unit tensors, 
Racah® I1(102), given in tables by Racah. 
The matrix elements of Hinsg for the uncorrelated np’ 
levels (i.e., A=0) are 


(S| | 1$)=8M, (13) 
@P| Hmag|*P)=4M, (14) 
D| Hmag|'D)=—4M, (15) 


For comparison, the spin-orbit interaction is given” 
by ¢@P)=3fn». By using a Coulomb central field and 
hydrogen-like wave functions, the ratio of 4M to 
{np is calculated to be 7/(32Z), where Z is the screened 
charge of the nucleus. Thus the magnetic interaction 
for the uncorrelated wave function is corroborated to 
be roughly an order of magnitude smaller than the 
spin-orbit interaction. 

The correlation factor (1-+A cos@;2) can be written 
in terms of tensor operators in the form (1+AC,\ 
-C:). Then the expectation value of Himag in the 
correlated wave function is equal to the expectation 
value of Hmag in the uncorrelated wave function, where 


Anae= (1-+ACi® -C2)H mag(1+ACi® C2). (16) 

8H. H. Marvin, Phys. Rev. 71, 102 (1947), Eqs. (5), (6), and 
(7). 

*F. R. Innes (private communication). 

See reference 7, pp. 194, 198. 
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That is, 
((1+A cos@)('S)| Hag! (14+-A cos@)y(1S)) 
= (1$| Amag|'S), (17) : 
and similarly for the states which arise by correlation 
from *P and 'D. 
The Almsg operator can be “recoupled” by the 


methods of tensor calculus, and the matrix elements 
can then be calculated. The results are 


(S| Amag|'S)= B(28+164+26A*)/(1+A2/5), (18) 
@P| Almag|*P)= B(14+4A+144?)/(14+A2/5), (19) 
CD| A mag|'D)= B(—14—6A+3A?)/(14+A?/5), (20) 
where 
B=}4X2ace2Z?, (21) 


and where the factor (1+A?/5) arises from normaliza- 
tion. The numbers on the right-hand side of the above 
equations are given to the nearest integers for simplicity. 

The operator /;:=1,-l, can be treated precisely as 
the Himsg Operator was treated above, introducing an 


effective “correlated operator,” /i2 by 








his=(A+AC-C2) hy -b(1 +4 AC C2). (22) 
We thus find 
(S| Ty2| 4S) = (—24+8A42/5)/(14+A2/5), (23) 
@P\ly2|8P)=(—14+4A2/5)/(14+A?/5), (24) 
(D| l| 3D) = (1—4.42/5)/(1+.A2/5). (25) 
Assuming A=—1 for the correlated states, we then 
have 
14 for 1S 
a (correlated) 
=4 9 for *P (26) 
a (uncorrelated) 
2 for 1D. 


We conclude that the introduction of correlation 
might well increase the values of a by an order of 
magnitude, bringing them into agreement with experi- 
ment. It should also be noted that correlation would 
alter the electrostatic term values, shifting the empirical 
a values, so that all interactions would have to be 
recomputed consistently in order to provide a com- 
parison of theory and experiment. 

On the basis of this calculation we believe that the 
direct magnetic interaction is the most plausible and 
probable source of the observed orbit-orbit interaction. 
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Ortho-Parapositronium Quenching by Paramagnetic Molecules and Ions* 
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The quenching of the long lifetime of orthopositronium by a paramagnetic molecule such as NO is gen- 
erally interpreted as due to a spin flip resulting from exchange of the positronium electron with the single 
odd unpaired electron of the molecule. This concept is re-examined and it is found that spin flip is actually 
irrelevant, the only essential condition for quenching being that exchange be possible with one or more un- 
paired electrons. A further example is the well-known strong quenching caused by the Oz molecule, whose 
two unpaired electrons can undergo exchange both with and without spin flip. In addition the quenching 
by paramagnetic ions in aqueous solution is briefly discussed. It is further noted that the quenching of 
orthopositronium by diphenylpicrylhydrazyl (DPH) in benzene, generally regarded as a prime example 
of exchange quenching, is probably of quite different origin. Evidence is presented that this quenching is 
more likely due to a simple capture of the positronium atom by the DPH molecule. 





HE best known and perhaps most widely studied 
agent for quenching the long lifetime of positrons 
in gases is the nitric oxide molecule, NO. The long- 
lifetime component in the annihilation arises from the 
slow 3y annihilation of the triplet, or ortho, state of 
positronium. The quenching caused by the NO molecule 
is generally considered as due to a spin flip resulting 
from an exchange of electrons in the collisions of the 
orthopositronium with the NO molecules.' This expla- 
nation is illustrated by Fig. 1(b), where the odd NO 
electron is supposed to have its spin “down,” in spin 
state 8, and the orthopositronium is taken to be ori- 
ented “up,” in state ¥,;*. (The superscript on the posi- 
tronium wave function and the terms “up” and “down” 
refer to the values of the azimuthal quantum number 
of angular momentum, referred to a preassigned axis.) 
The result of the collision of the “down” electron with 
the “up” positronium is a direct interaction, of the 
ordinary nonexchange type, with amplitude D, and in 
addition an exchange interaction with amplitude EZ. As 
a consequence of the latter, the “up” positronium elec- 
tron can become the unpaired NO electron, while the 
“down” NO electron is carried away in the positronium 
atom. The third line of Fig. 1(b) shows the resolution 
of this new state of positronium in terms of triplet and 
singlet components (designated by subscripts / and s, 
respectively). Since the cross sections are proportional 
to the squares of the amplitudes, the cross section for 
quenching is given by $E, while that for scatterings in 
which the positronium remains in the ortho state is 
given by D°+3E. (Here we are actually including in 
D the coherent amplitudes for both direct and exchange 
scattering by the rest of the molecule.) 

The purpose of this note is to point out that this 
“spin-flip” explanation is somewhat misleading, since 
one can easily find an example of exchange quenching 
where spin flip is not effective. We propose to show 
that a flip of the spin of the positronium electron is 


* Research supported in part by the U. S. Office of Naval 
Research. 

1M. Deutsch, Progress in Nuclear Physics (Butterworths- 
Springer, London 1953), Vol. 3, p. 131. 


irrelevant to the question of quenching and that the 
only essential requirement is that there be one or more 
unpaired electrons in the molecules or ions involved in 
the collisions. That spin flip is not necessary for quench- 
ing is clearly indicated by the fact that the concept of 
spin flip is not rotationally invariant. Spin flip is only 
one type of general electron-exchange scattering and 
leads to quenching only for certain selected substates 
of the colliding positronium atom and paramagnetic 
system. Although spin flip is not effective in the cther 
substates, nonspin flip exchange can still occur and pro- 
duce quenching. It is necessary to include the nonspin 
flip scatterings in order to obtain a rotationally in- 
variant expression for the quenching cross section. 


(b) 
Bvr= att 
>DItT+Et He 
=D BYI+/E ab, -JZE ov, 
(c) 
ave = tAltetst) 
*OtLAtiti-fFEt th +AEs ft 
=(0-4E) a¥$ +E Be -4E ov, 


(d) 
aa, = tt f(te+s?) 


>D tt ltetit) -/2E tt te 


(a) 
avr= tt! 
eorit-eEef tt 
=(D-E) a¥; 


=(0-E) aa¥y -E aa, 

Fic. 1. Electron exchange quenching of orthopositronium by 
collision with one or more unpaired electrons. (b) illustrates the 
usual spin-flip quenching for the case of a single unpaired electron, 
e. g., NO, while (a) shows collisions which do not result in quench- 
ing. (@ and 8 are spin functions of the unpaired electron, while 
yx", etc., are positronium wave functions, as explained in the text.) 
(c) illustrates a type of collision in which quenching is accom- 
plished by nonspin flip exchange, thereby establishing that elec- 
tron spin flip is irrelevant to the question of quenching. Finally, 
(d) shows how exchange quenching is brought about by the two 
unpaired electrons of the O, molecule, in a case where spin flip 
does not lead to quenching but nonspin flip exchange is effective. 
The incoherent spin-flip scattering into the ¥,* orthopositronium 
substate has been omitted. 
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Let us return to the case of NO and consider now an 
“up” electron colliding with the same orthopositronium 
state as before. The situation is illustrated in Fig. 1(a) 
and it is apparent that in this case no spin flip takes 
place. The exchange amplitude is coherent with the 
direct amplitude (the Pauli principle gives EZ a minus 
sign), so that the scattering cross section is expressed 
by (D—E)’=D’—2DE+E. Referring to the earlier 
result and taking the average yields for the scattering 
and quenching cross sections D°—DE+3F and }F, 
respectively. Since we have averaged over NO orienta- 
tion, this result must be independent of the choice of 
orthopositronium substate. We verify this explicitly by 
referring to Fig. 1(c), which shows an “up” NO electron 
colliding with orthopositronium in the azimuthal quan- 
tum number zero substate. This substate is expanded 
into the familiar superpostition of “up” electron + 
“down” positron and “down” electron + “‘up” positron. 
The spin-flip electron exchange now no longer leads to 
quenching but instead simply gives a scattering into a 
different orthopositronium substate. The quenching in 
this case results from the exchange of the similarly 
aligned “up” electrons. As shown in Fig. 1(c), the am- 
plitude for this process can be written as —}Eay/ 
—}Ea),. The first term is coherent with the direct in- 
teraction, while the second term gives the quenching. 
The relative cross sections for scattering and quenching 
are DP’-—DE+%F and }E’, agreeing with the previous 
result and exhibiting the required lack of dependence 
on positronium orientation. (Here we do not need to 
average over NO orientation, since the “down” and 
“up” cases give the same cross sections.) Thus it is 
clear that quenching does not depend upon spin flip, 
but only upon the existence in the colliding molecule of 
one or more unpaired electrons with which exchange 
can take place. 

The behavior of positronium in the presence of gase- 
ous O» is a further example of ortho-para quenching by 
electron exchange. It has been known for many years 
that the O» molecule is a very effective quenching agent. 
Recent measurements by Heinberg and Page’ seem to 
establish that O2 is even somewhat more effective than 
NO. The ground-state electron wave function for O» 
is *2, corresponding to two unpaired electrons. As we 
shall see, both spin flip and nonspin flip quenching are 
also possible in this case. (Throughout this discussion 
we restrict ourselves to elastic scattering. Spin flip 
which leaves O, in an excited state is, of course, possible, 
but only for positronium atoms which have not yet been 
moderated below about 1 ev of kinetic energy.) Being 
paramagnetic, O2 will cause some quenching via its 
magnetic field. But this has been estimated by Ore’ and 
found to be too small by orders of magnitude. 

Quenching by Oy is illustrated in Fig. 1(d). Here, as 
mentioned above, also nonspin flip exchange can occur. 

*M. Heinberg and L. A. Page, Phys. Rev. 107, 1589 (1957). 


? A. Ore, Univ. i. Bergen Arbok, Naturvitenskap. Rekke, No. 
12 (1949). 
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Indeed, we have selected a particular combination of 
substates for which only nonspin flip exchange con- 
tributes to the quenching cross section. Again because 
of the Pauli principle the exchange amplitude in the 
second line of Fig. 1(d) carries a negative sign. (A factor 
of two enters because exchange can take place with 
either of the unpaired Oy electrons.) Expanding this 
term in ortho- and para-states yields relative cross sec- 
tions of (D— E)* and E*. Spin flip produces an additional 
incoherent scattering [not included in Fig. 1(d) ] of the 
orthopositronium into the substate m=+1. The rela- 
tive cross section for this process is E’, so the total scat- 
tering cross section is proportional to D?—2DE+2E’, 
as compared to E* for quenching. It is further easy to 
show that averaging over either O» or positronium sub- 
states gives D°—2DE+7E*/3 and 2E*/3 for the scatter- 
ing and quenching cross sections, respectively. Although 
these results for O. and NO cannot be compared di- 
rectly since the parameters D and E are different in 
the two cases, it is clear that there is no difficulty 
in understanding how O: can be just as effective a 
quenching agent as NO, or perhaps more effective 
than NO. Concerning the absolute cross sections, the 
exchange amplitude E is given in terms of an exchange 
integral which is generally smaller, perhaps by as much 
as an order of magnitude, than the direct integral occur- 
ring in D. Since the scattering cross section can be 
expected to be of the order of atomic dimensions, or 
10-'* cm’, the quenching cross sections of paramagnetic 
molecules ought to range roughly between 10~"? cm? and 
10~'* cm*. This expectation seems to be borne out by 
the experimental data,!? 

The above considerations concerning molecules can 
be extended to paramagnetic ions. In this case both 
spin flip and nonspin flip quenching will occur. Here 
again the quenching produced by the magnetic fields of 
ions will be too weak to be important. Berko and Here- 
ford‘ report preliminary measurements on the reduction 
of r2 in water which bear this out. In addition recent 
measurements in this laboratory® establish that para- 
magnetic ions in aqueous solution are quite effective in 
enhancing the narrow component in the 2y angular 
correlation. These results are most naturally interpreted 
in terms of electron-exchange quenching. 

It should be added that the quenching found by Pond® 
and by Berko and Zuchelli’ for diphenylpicrylhydrazy] 
(DPH) in benzene seems to be of a different nature. 
The 2y angular correlation curves have been found 
independently by de Zafra* and by Berko® to become 
broader rather than narrower upon addition of DPH. 
The quenching therefore seems not to be simply electron 
exchange, as previously supposed.®” An alternative in- 
terpretation is that the collision of the positronium atom 





‘S. Berkoand F. L. Hereford, Revs. Modern Phys. 28, 299 (1956). 
5R. L. de Zafra (to be published). 

° T. A. Pond, Phys. Rev. 93, 478 (1954). 

7S. Berko and A. J. Zuchelli, Phys. Rev. 102, 724 (1956). 

* We thank these investigators for this unpublished information. 

















ORTHO-PARAPOSITRONIUM QUENCHING 


with the DPH molecule produces a more drastic chemi- 
cal reaction than just electron exchange. The DPH 
might either capture the positronium or else give up its 
odd electron, which would be carried off by the posi- 
tronium in the form of the positronium ion. In either 
case the result would be the same, since subsequent to 
the collision the positron would annihilate very quickly. 
(The selection rule which prevents the 2y decay of 
orthopositronium would no longer be operative, since 
electrons of both spin orientations would be available 
to the positron. The mean life of the positronium ion 
has been calculated from Hylleraas” wave function and 
found ® to be about 3.3 10~™ sec.) 

If one returns to the data of Berko and Zuchelli one 
finds better agreement with the capture hypothesis than 
with the conversion hypothesis. The reason is that the 
conversion by electron exchange is reversible, and as 
soon as an appreciable population of parapositronium 
is established exchange will begin to convert this back 
to orthopositronium. Consequently the quenched long 
lifetime, 72, will never pass below a minimum value 
which is essentially four times the mean life of para- 
positronium or 5.0 10~-" sec. The value of 72 will actu- 
ally not become even as small as this except asympto- 
tically in the limit of large concentrations of the quench- 
ing agent. Because of this saturating property of the 
electron exchange it is not possible to account for 
quenched mean lives as short as found by Berko and 
Zuchelli. The capture mechanism, however, is not con- 
fronted by this difficulty since it yields an annihilation 
rate which increases linearly with concentration. This 
is illustrated in Fig. 2, where the reciprocals of the 
measured mean lives given by Berko and Zuchelli in 
their Fig. 4 are plotted vs DPH concentration in benzene 
(in percentage by weight). The straight line has been 
drawn as the best fit of the data to the capture hypo- 
thesis, and represents the function: 


annihilation rate (in 10° sec~') =0.38+-0.58 
X concentration (in percentage by weight). (1) 


The second term in this equation represents the capture 
rate. If we now turn to the exchange hypothesis, we can 
employ the solution Dixon and Trainor" have given for 
this problem. After rationalizing the numerator of an 
equation from their Appendix, we have for the annihi- 
lation rate 


ro t=[y(Ast 3d) +Ade]{ 27 +4 (As +A.) 

FLAP +7 ADFE AHA)? (2) 
\, and 2, are the annihilation rates of para- and ortho- 
positronium in pure benzene, while y is the ortho-para 
conversion rate. Equation (2) reduces to the linear form 
of Eq. (1) for small concentrations. Plotting the annihi- 
lation rate from Eq. (2) vs concentration yields, how- 


9. A. Hylleraas, Phys. Rev. 71, 491 (1947). 
1 R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 
4 W. R. Dixon and L. E. H. Trainor, Phys. Rev. 97, 733 (1955). 


1357 


2 


ANNIHILATION RATE 
5 
T 





l l | 
° Lo 20 309 
OPH CONCENTRATION 





Fic. 2. Annihilation rate (r2~! in 10° sec) vs concentration (in 
percent by weight) of diphenyl picryl hydrazyl (DPH) for the 
long-lifetime rz, component of positrons in benzene. The points 
represent the experimental data of Berko and Zuchelli (reference 
7). These data are better accounted for by capture of the posi- 
tronium atom by the DPH molecules (straight line) than by the 
more commonly accepted explanation of electron-exchange 
quenching (curve). Quenching is unable to yield sufficiently small 
values of rz at the higher DPH concentrations. 


ever, a curve which is concave downward and falls well 
below the experimental] points for the higher concen- 
trations. This curve is also shown in Fig. 2, and is com- 
pletely equivalent to the one plotted by Berko and 
Zuchelli in their Fig. 4. (In order to bring out the simple 
straight line behavior of the capture mechanism we have 
preferred to plot the annihilation rate directly, rather 
than its reciprocal. For the same reason we have avoided 
the logarithmic scale used by Berko and Zuchelli.) The 
best fit has been achieved by choosing y (in 10° sec~) 
=(.87 X concentration (in percentage by weight). 

We conclude by noting that the simple linear depen- 
dence of the capture mechanism gives a rather more 
satisfactory fit to the experimental data than does the 
more complicated dependence on concentration result- 
ing from conversion. When this evidence is combined 
with that mentioned earlier from the 2y angular corre- 
lation, it seems much more likely that the quenching 
produced by DPH in benzene is caused by capture 
rather than conversion, Of the two capture alternatives 
mentioned above, the possibility of the positronium ion 
should perhaps not be taken too seriously since it would 
require that the binding energy of the odd electron in 
the DPH molecule be less than in the positronium ion, 
which in turn amounts to only about 0.20 ev.” On the 
other hand, the possibility of actual capture of the 
positronium atom by the DPH molecule, by means 
perhaps of a covalent bond formed from the positronium 
electron and the odd DPH electron, seems quite tenable. 
It should further be added that this type of capture is 
quite different from the direct capture of positrons by 
NO; ions which was discovered by Green and Bell... 
As shown by them, this mechanism has the effect of 
decreasing the intensity of the rz component while 
leaving the value of 72 itself unchanged. 


12 J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946). 

13 R. E. Green and R. E. Bell, Can. J. Phys. 35, 398 (1957). 

14 Some aspects of the capture of positrons by negative ions 
have been discussed semiquantitatively in reference 10, Sec. II A. 
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The energy spectrum of electrons ejected during ionization of neon, argon, and krypton by bombardment 
with potassium ions has been experimentally determined. Energy selection was effected by the focusing 


property at 180° of a uniform magnetic field. 
pe 


The observed spectra consist of a structure of maxima and minima characteristic of the bombarded gas. 
The relative heights but not the positions of the maxima are functions of the incident ion energy. 





INTRODUCTION 


ONIZATION of gases by relatively low-energy posi- 
tive ions has been studied by a number of investi- 
gators,’ but little attention has been given to the 
energy distribution of the ejected electrons. Rouse® 
found indications of relatively high-energy ionization 
electrons, but in a later experiment he was unable to 
detect electrons of more than two ev. In a previous 
experiment,* evidence was found for ionization electrons 
of higher energy. The energy spectrum contained a 
structure of maxima and minima characteristic of the 
bombarded gas. However, the apparatus used was not 
primarily designed to measure the electron energy, and 
the results were presented as tentative. This paper 
describes a subsequent experimental investigation of the 
electron energy distribution. 


EXPERIMENTAL APPARATUS 


The electron spectrometer and the ion gun are shown 
schematically in Fig. 1. In order to isolate the experi- 
mental region from ferromagnetic materials, the ion gun 
and baffle system are supported by a cover plate at the 
top of a four-foot long stainless steel cylinder. The ion 
gun, baffle system, and Faraday cages are also of stain- 
less steel and are gold-plated to reduce contact poten- 
tials, electrostatic charging, and secondary emission. 
Aluminum gaskets are used for metal-to-metal seals. 

A 300 liter/sec metal mercury diffusion pump in con- 
junction with a dry ice-acetone vapor trap is used to 
evacuate the system to 6X10-* mm Hg before the ex- 
perimental gas is introduced. Prolonged baking of the 
spectrometer at 120°C is accomplished with electrical 
heating tape. The maximum bake-out temperature is 
limited by the instability of gold plating on stainless 
steel. 

The experimental gas is drawn from high-pressure 
metal cylinders. The principal gas impurity is nitrogen 
which is present to about 2 parts in 10‘. Since nitrogen 
is less readily ionized by potassium ions than are the 


* Supported by the National Science Foundation. 

1R. M. Sutton, Phys. Rev. 33, 364 (1929). 

2Q. Beeck and J. C. Mouzon, Ann. Physik 11, 737, 858 (1931). 
3 Carl Frische, Phys. Rev. 43, 160 (1933). 

4R. N. Varney, Phys Rev. 46, 235 (1934); 47, 483 (1935). 

5 A. G. Rouse, Phys. Rev. 52, 1238 (1937). 

6 D. E. Moe, Phys. Rev. 104, 694 (1956). 


inert gases, this amount of nitrogen impurity is con- 
sidered negligible. According to the manufacturer’s 
analysis, other impurities are present only to a few parts 
per million. The target gas is introduced through a slow 
leak into the collision chamber at 10-* mm Hg. At this 
pressure a linear increase of ionization current with 
pressure is observed. Continuous pumping maintains 
the spectrometer chamber pressure at less than 10~* 
mm Hg. 

Helmholtz coils provide the magnetic focusing field, 
and independent sets of vertical and horizontal Helm- 
holtz coils are used to eliminate the earth’s magnetic 
field. 

The source of positive potassium ions is a Kunsman 
catalyst’ deposited on a source S indirectly heated by 
a noninductive filament. Ion beams of 10~’ amp are 
drawn through two accelerating disks and collected in 
a Faraday cage P. 

The focusing property at 180° of a uniform magnetic 
field is employed to observe electrons ejected with a given 
energy during an ionizing atom-ion collision. A 3.51-mm 
X3.68-cm slit A in the ion gun serves as the first de- 
fining baffle. The 2.38-mmX3.68-cm slit in the final 
baffle is placed 10 cm and 180° from the axis of the ion 
gun. The half-width resolving power and transmission 
calculated by the usual equations® from the spectrom- 
eter geometry are 5.8% and 1.2%, respectively. 

Electrons accepted by the baffle system are collected 
in a Faraday cage Q connected to the input of a vibrat- 
ing reedel ectrometer whose output is fed into the Y 
input of an X-Y recorder. The recorder X input receives 
a signal proportional to the magnetic field current. This 
method of recording data obviates the need for extreme 
time linearity in the magnetic-field sweep circuit. 

The performance of the spectrometer was tested by 
initially using a barium-strontium oxide deposit in- 
stead of the Kunsman catalyst on the source disk. 
Thermionic electrons from this source were used to 
bombard gas in the collision chamber, and the number 
of scattered electrons reaching the signal collector Q 
was recorded as a function of the magnetic-field current. 
Curve C of Fig. 2, for example, was obtained by bom- 


7C. H. Kunsman, Science 62, 269 (1925). 

*K. Siegbahn, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. — (Interscience Publishers, Inc., New York, 1955), 
pp. 56 ff. 
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ENERGY SPECTRUM OF 


barding argon with 15-ev electrons. Electrons of this 
energy which are elastically scattered through 90° 
should be focussed onto Q by a magnetic-field current 
of 78 ma, and the observed peak at 79 ma provides 
reasonably good agreement with theory. The observed 
half-width resolving power is 6.2% compared with the 
calculated value of 5.8%. For electron energies below 
about 15 ev the resolving power tends to deteriorate 
with decreasing electron energy. For example, curves 
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Fic, 1. Ion gun and electron velocity selector. Ions from S are 
accelerated into the collision chamber containing the target gas. 
Some electrons ejected during ionizing collisions pass through slit 
A in the collision chamber. A uniform magnetic field parallel to the 
axis of the ion gun focuses electrons of a given energy onto the 
electron collector Q. 
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Fic. 2. Velocity spectrum of monoenergetic electrons elastically 
scattered from argon. J is proportional to the number of electrons 
reaching the Faraday cage Q. Each curve corresponds to a unique 
energy of the incident electrons. 


Band A of Fig. 2 show that the resolving power becomes 
7.1% and 9.6% as the electron energy is reduced to 10 
ev and 6 ev, respectively. 

The ion source is heated with direct current, and ex- 
periments with reversed heater polarity produced no 
sensible change in line position or shape. 


EXPERIMENTAL RESULTS 


Helium, neon, argon, and krypton were in turn bom- 
barded with potassium ions. No ionization of helium 
was detected. Electrical breakdown of the target gas 
limited ion-accelerating potentials to 900 volts. At 
sufficiently high ion-beam energy, ionization was ob- 
served in neon, argon, and krypton. The observed 
energy spectra of the ejected electrons are shown in 
Fig. 3. Each curve corresponds to a unique energy of 
the incident ion. 

A structure of maxima and minima characteristic of 
the target gas is again observed. It is impossible to rule 
out completely a contribution to Jg by secondary elec- 
trons resulting from bombardment of metal surfaces by 
rare gas ions or ions elastically scattered by the target 
gas. It seems unlikely, however, that this secondary 
effect represents a significant contribution to the spectra 
of Fig. 3. While the spectra of Fig. 3 are highly target- 
gas-dependent, the secondary-electron energy spectrum 
would be largely independent of the gas responsible for 
the elastic scattering. Also the published energy spectra 
of secondary electrons due to positive-ion bombardment 
of metal surfaces differ fundamentally from those of 
Fig. 3.° In particular, most secondary electrons have 
energies below 5 ev, while most of the electrons observed 
in this experiment were of energy greater than 5 ev. 
Finally, the observed number of electrons reaching Q is 
of the order of magnitude expected from published 
values of the ionization cross sections. 

From the experimentally observed spectrometer re- 


§M.L. E. Oliphant, Proc. Roy. Soc. (London) A127, 373 (1930). 
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Fic. 3. Energy spectrum of electrons emitted by in- 
ert gases bombarded with potassium ions. Each curve 
corresponds to a unique energy of the incident potas- 
sium ions. J is the electron current reaching the Fara- 
day cage Q. /, is the ion beam current. 


solving power it was concluded that each of the separate 
peaks in Fig. 3 corresponds to a continuous distribution 
of electron energies; the width of each peak is greater 
than that produced by a monoenergetic group of 
electrons. 

While the relative height of the individual peaks in 
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Fig. 3 is a function of the incident ion energy, there is 
evidence that the position of each peak is independent 
of ion energy. It seems likely that the small observed 
displacement of peak position with ion energy results 
from the changing contribution of the tails of adjacent 
peaks. 








ENERGY 


It is perhaps noteworthy that the higher energy peaks 
appear only for the higher-energy collisions. This ob- 
servation suggets that different ionization mechanisms 
are responsible for the different peaks, and that different 
ionization onset potentials exist for the individual ioni- 
zation processes. Such results are in qualitative agree- 
ment with the Weizel-Beeck theory of ionization by 
positive ions." According to the Weizel-Beeck theory, 
an electron is ejected by an Auger process when the 
ion-atom internuclear separation reaches a critical 
value. The critical value occurs when the electronic 


energy of the atom-ion system becomes equal to that- 


of an ion-ion system. The absence of a single continuum 
in the curves of Fig. 3 may possibly be interpreted by 
the existence of more than one energy level in the ion- 
ion system. 

A trend toward lower maximum energy of the ejected 
electrons as gases of progressively higher Z are bom- 
barded is evident in Fig. 3. Extension of the investiga- 
tion to other ion-atom combinations will further test 
this suggested correlation. 

In summary, Fig. 3 ptesents evidence for ionization 
electrons of energies up to 36 ev with an energy fine 
structure characteristic of the target gas. As the energy 
of the incident ion is increased, the higher-energy peaks 
become more predominant, but the position of each 
peak remains constant. A correlation is suggested be- 
tween the ionization potential of a gas and the maximum 
energy of the electrons ejected from that gas. 

The 180° magnetic spectrometer is not inherently 
well suited to the measurement of absolute ionization 
cross sections. Only a small fraction of the ionization 
electrons are collected, and the collection efficiency is a 
function of the unknown direction distribution of the 
electron velocities. Nevertheless, cross sections have 
been calculated from the curves of Fig. 3 on the assump- 
tion of an isotropic direction distribution of electron 
velocities. The results are presented in Fig. 4. These 
values of cross sections were calculated in the following 
way: 


1. Each ordinate of a given curve of Fig. 3 was 
divided by the corresponding electron energy. 

2. The area of the resulting curve was divided by the 
‘product of spectrometer transmission (0.01) and the 
energy resolving power (0.12) to give i/J, the ratio of 
the total ionization current originating in the sensitive 
region at a given ion energy to the ion beam current. 

3. The ionization cross section was then calculated 


 W. Weizel and O. Beeck, Z. Physik 76, 250 (1932). 
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Fic. 4. Observed ionization cross sections as a function 
of potassium ion energy. 


from the usual equation, 
o;= i ‘ILPNo, 


where L=length of ion path in the sensitive region 
(3.68 cm), p=pressure in mm Hg (10-* mm Hg), and 
No=number of atoms/cm*® at 1 mm Hg pressure, a 
universal constant. 

The curves in Fig. 4 for argon and krypton agree with 
the results previously observed by Moe*® to within a 
factor of two. The difference is within experimental 
uncertainty, and the agreement suggests an isotropic 
direction distribution of electron emission. (The collec- 
tion efficiency of the apparatus used previously was 
independent of direction of electron emission.) 

The ionization cross section for K*+ in. Ne shown in 
Fig. 4, however, is two orders of magnitude greater than 
that observed in the previous investigation. If the ioni- 
zation electrons from Ne are ejected primarily perpen- 
dicular to the ion beam, the collection efficiency of the 
present apparatus would be abnormally high. This pos- 
sible explanation of the observed discrepancy is further 
suggested by a comparison of the results of other inves- 
tigations.*~* While essential agreement exists for the 
published cross sections for K* in A and Kr, the results 
for K+ in Ne disagree by orders of magnitude. It is 
perhaps significant that whenever apparatus has been 
used for which collection efficiency is increased for per- 
pendicular electron ejection, the observed cross section 
has been at least two orders of magnitude higher than 
that observed with apparatus for which the collection 
efficiency is independent of direction of emission. 
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The theory of the imprisonment of resonance radiation developed by Holstein and by Bieberman is 
applied to the analysis of experimental measurements of excitation cross sections for the resonance (n 'P) 
states of helium. The transport equation for the density of atoms in the resonance state is solved numerically 
for the case of a thin sheet of exciting electrons between parallel] plane electrodes. The fraction of the reso- 
nance atoms producing visible radiation is then calculated for paralle] plane geometry and estimated to 
within five percent for cylindrical geometry with an axial electron beam. Predictions of the theory are 
compared with the available experimental data for helium. The theory shows that at the helium pressures 
commonly used (10~* to 10 mm of Hg) the observed visible radiation may easily be a factor of ten greater 
than that expected when imprisonment effects are neglected. As a result, the cross sections for the excitation 
of the m'P states given in the literature are much too large. For example, our analysis of the available 
experimental data suggests that the cross section for excitation by electrons to the 3'P state of helium at 
100 electron volts is 3X 10~'* cm? instead of 4X10"? cm? as given in the literature. 





I. INTRODUCTION 


HE object of this paper is to apply the theory of 

the imprisonment of resonance radiation devel- 

oped by Holstein':? and by Bieberman* to the analysis 
of experimental measurements of the excitation cross 
sections for resonance states of atoms. We will be 
concerned with those resonance states which can radiate 
to one or more excited states as well as to the ground 
state of the atom. Because of the large number of 
atoms in the ground state in an excitation experiment, 
the radiation emitted in a transition to the ground state 
will be absorbed and re-emitted many times before 
reaching the wall of the tube. The resultant increase 
in the effective lifetime of the excited state against 
radiation to the ground state, known as the “imprison- 
ment of resonance radiation,” results in an increase in 
the probability that an excited atom will decay to a 
lower ‘“‘nonresonant” excited state with the emission of 
visible or infrared radiation. The (1s p)'P states of 
helium are examples of this class of excited states and 
have been studied by a number of experimenters.*~7 
In general, the experimental arrangement consists of 


1T. Holstein, Phys. Rev. 72, 1212 (1947). Experimental 
confirmation of the theory of the decay of resonance radiation is 
given by Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 
(1949); Holstein, Alpert, and McCoubrey, Phys. Rev. 85, 985 
(1952); and A. V. Phelps and A. O. McCoubrey, Bull. Am. 
Phys. Soc. Ser. IT, 3, 83 (1958). 

2 T. Holstein, Phys. Rev. 83, 1159 (1951). The values of gz (koL) 
and gr(koR) given in Fig. 4 are some 30% larger than those 
given in this reference. The difference results from the use of a 
more accurate K(kop) function. Note that the coefficient A in 
Eq. (5) could include any volume destruction process for the 
resonance states, e.g., collisional de-excitation. 

3L. M. Bieberman, J. Exptl. Theoret. Phys. U.S.S.R. 17, 416 
(1947). 

4 J. H. Lees, Proc. Roy. Soc. (London) A137, 173 (1932). 

50. Thieme, Z. Physik 78, 412 (1932); W. Hanle and W. 
Schaffernicht, Ann. Physik 6, 905 (1930). « 

®H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, London, 1952), 
Chaps. IT and ITI. 

7H. S. W. Massey, Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 36, p. 325; and R. G. Fowler, Handbuch der 
Physik (Springer-Verlag, Berlin, 1956), Vol. 22, p. 209. 


an electron beam passing along the axis of a short 
cylindrical collision chamber. We will assume that the 
optical system is designed to allow a determination of 
the total radiation emitted in a thin slab perpendicular 
to the axis of the electron beam.‘ Although the imprison- 
ment of resonance radiation was shown by Lees and 
Skinner® to result in a spreading of the spatial distri- 
bution of excited atoms in the collision chamber and a 
variation in the observed excitation cross section with 
pressure, Heddle® was the first to show how one could 
take into account empirically the effects of imprison- 
ment on the measured cross sections. 

In the second section of this paper we will derive the 
relationship between the experimentally measured 
intensity of radiation emitted in transitions between 
excited states and any given distribution of the density 
of excited atoms. The Holstein-Bieberman theory will 
then be used to find an equation for the spatial distri- 
bution of the excited atoms. In the third section we 
will solve for the excited atom density and the fraction 
of emitted “visible” radiation for the case of parallel 
plane geometry. In the fourth section we will obtain 
maximum and minimum values for the fraction of 
radiation appearing as visible radiation for infinite 
parallel plane and cylindrical collision chambers. These 
limiting values can be used to analyze experiments for 
which the exact density distribution has not or cannot 
be found. In the last section some of the predictions of 
the theory are compared with published experimental 
data. 

Il. THEORY 


The measured quantities in an excitation experiment 
are the intensity of radiation in a given spectral line 


8 J. H. Lees and H. W. B. Skinner, Proc. Roy. Soc. (London) 
A137, 186 (1932). 

*D. W. O. Heddle, Warren Conference Report on Physics of 
Ionized Gases, University of Birmingham, July, 1954 (unpub- 
lished), p. 41. The author states (private communication) that 
the experimental data should be regarded as preliminary and that 
the final cross sections for the 5016A line are roughly twice the 
values given. 
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emitted from the tube, the electron current through the 
tube, the gas density, and the dimensions of the electron 
beam and the collision chamber. The rate of visible 
photon emission per unit length of electron beam, J jx, is 


Jn=Anf n(x)da, (1) 


where A x is the transition probability per unit time for 
the experimentally observed line, n(r) is the density of 
excited atoms at the point r, and da is an element of 


area perpendicular to the electron beam. The rate of 


production of excited atoms per unit length by direct 
excitation” is 


Ry= f p(e)da=NO,/c, (2) 


where N is the gas density, (Q; is the excitation cross 
section for the jth state, p(r) is the rate of production 
of excited atoms per unit volume, / is the electron 
current, and ¢ is the electronic charge. In this discussion, 
we are concerned with the fraction of the excited atoms 
which result in visible photons, i.e., 


fin=Iu/Ry= An f noida / f pera (3) 


The quantity /;, will vary from a small number of the 
order of 10~* at low gas densities to a value as large as 
unity at high gas densities. It is often convenient to 
discuss the experimental results in terms of the apparent 
cross section, Qj, for the production of a particular line. 
The apparent cross section is defined by the equation 


On= eJ x/NI, 
and is therefore related to the total cross section” by 
Qie= finQi- (4) 


If we designate the sum of the Einstein coefficients 
for all lines other than the resonance line by A and that 
for the resonance line by , the density of excited states, 
n(r), satisfies the Boltzmann transport equation!:* 


pla)-+y f n(e)G(\r—r |)de!—yn(e)—An(e)=0, (5) 


where p(r) is the rate of production of excited atoms 
per unit volume and G(|r—r’|) is the probability that 
the radiation emitted by an atom at r’ will be absorbed 


1 Here we have neglected the effects of cascading from higher 
states and the transfer of excitation. When these effects are not 
small, one must solve an involved set of coupled differential 
equations. Because of these effects, the theoretical and experi- 
mental spatial distributions can be compared only under ideal 
conditions. See Sec. V for a calculation of the effects of the 
transfer of excitation on the apparent cross section, Qj. Fortu- 
nately, the effects of cascading are generally small and can be 
taken “9 account without solving the coupled equations (refer- 
ence 6). 


by an atom at r. The second term gives the rate of 
absorption at r while the last two terms give the rate of 
emission at r. Over much of the range of gas densities 
and tube sizes of interest, the second and third terms 
nearly cancel. Because of the slow decrease in G(|r—r’ | ) 
with |r—r’| for this problem, Eq. (5) cannot be reduced 
to a diffusion equation, nor can one define a mean free 
path for the photons.!* 

The dependence of the quantity G(|r—r’|) upon the 
distance |r—r’| and the density of absorbing atoms 
depends upon the details of the spectral line. In general,’ 
G(p) = (1/4p*)dT (p)/dp, where T (p) = J-”€(v)e dv 
and p= |r—r’|. Here T(p) is the probability that the 
radiation emitted by an atom will travel a distance p 
before absorption, e(v) and k(v) are the frequency- 
dependent coefficients of emission and absorption, and 
v is the frequency of the radiation. Holstein has evalu- 
ated T(p) for large p in the cases of Doppler,' impact, 
and statistical broadening.? He assumes, as does Bieber- 
man, that the spectral distribution of emission and 
absorption are identical and discusses the significance 
of the assumption in detail. Bieberman* has treated the 
Doppler case for all values of p. As discussed by Hol- 
stein,’ the analysis presented here is not valid when 
natural broadening is important. 

The case of combined Doppler and impact broadening 
for large p has been considered by Walsh" and by 
Bieberman and Gourevitch.!” It is assumed that in the 
range of interest the spectral distribution of the 
absorption coefficient is given by” 


k(w) = koLexp(—w?)+a/rbw? ], (6) 
where 
MN go ¥ 
ee ae 


Sa! £1 0. 


w= Avd/v, v0= (2kT/M)!, and a= (y+7,)A/4at0. Here 
ko is the absorption coefficient of the center of the 
Doppler-broadened line, \ is the wavelength, N is the 
density of atoms in the ground state, go and g; are the 
statistical weights of the upper and lower states, Av is 
the frequency as measured from the center of the line, 
k is Boltzmann’s constant, T is the gas temperature, 
M is the mass of the gas atoms, and 7, is a pressure- 
broadening coefficient approximately equal to the fre- 
quency of collisions between excited atoms and normal 
atoms.’ Equation (6) is valid only for a1. Because of 
natural broadening, the derived values of T(p) are 
useful only for y<v.+ 4a! va? exp(—wm?), where 
@m is the frequency at which e(w)e~**™ is a maximum. 
At large values of kop the results for T(p) are the same 
as those obtained by Holstein for the impact-broadening 
case. At small values of kop and a=0, we use the 


1 P. J. Walsh (private communication). 

21. M. Bieberman and I. M. Gourevitch, J. Exptl. Theoret. 
Phys. U.S.S.R. 20, 108 (1950). 

#3 A. G. C. Mitchell and M. W. Zemansky, Resonance Radiation 
-_ _— Atoms (The Macmillan Company, New York, 1934), 
p. 323. 
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Fic. 1. Transmission function for Doppler- and impact-broad- 
ened radiation. This function gives the probability that a photon 
will travel a distance of kop without absorption. It is assumed 
that spectral distribution of the emission probability and the 
absorption coefficient are the same. 


relation T (kop) = 1—A1(kop) where A; is the absorption 
factor, Aq, defined by Mitchell and Zemansky,” for 
a= 1. Figure 1 shows the values of T (kop) obtained for 
various values of a using Walsh’s formula. Using the 
relation a=dy/4rv0+Ako/4r! for the resonance state,! 
we find that for ko<10* and the m'P states of helium 
(n>3), a<3X10-. Since p<1 cm and accurate values 
of T (op) will be required only for kop<10°, pressure- 
broadening effects will be neglected in our calculations 
of f 5. At high gas densities, pressure-broadening effects 
make significant contributions to the quantity (1— fx) 
for all states and to f;, for the 2'P state. At helium 
densities above about 10" atom/cc and below about 
10' atom/cc, our present analysis cannot be applied 
to the 2'P state because of large natural-broadening 
effects. 

Equation (5) has been solved numerically in two 
cases. Bieberman considered the situation in which the 
production term, p(r), was due to a beam of resonance 
radiation incident on an absorbing gas contained be- 
tween infinite parallel planes. He calculated the re- 
sultant spatial distributions of the excited-atom density 
for values of ko. <10, where L is the separation between 
plates. Siewert* has examined the same problem for 
large ko and a somewhat more complicated geometry. 
An equation similar to Eq. (5) has been obtained by 
Holstein,! and solved by Walsh’ from a consideration 
of the escape of resonance radiation when there is an 
appreciable probability of de-excitation to the ground 
state of the atom by collisions with electrons, in addition 
to the production of resonance atoms by electron 
excitation. Walsh calculated the two lowest eigen- 
functions and then applied perturbation theory to find 
the resultant spatial distribution and rate of loss of 
resonance atoms. 


Ill. PARALLEL PLANE EXCITATION TUBE 


In this section we will solve for the spatial distribution 
of excited atoms and the values of f;, which result when 


“ R. Siewert, Ann. Physik 17, 371 (1956). 
18 P. J. Walsh, Phys. Rev. 107, 338 (1957). 
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the electron beam is confined to a sheet of thickness 6 
located midway between infinite parallel plane elec- 
trodes separated by a distance L. In this case the 
density is a function only of a single coordinate z. 
Fortunately, the other coordinates are easy to eliminate. 
Thus, Bieberman shows that for a Doppler-broadened 
line, 


K(|s—2'|)= f G(p)dx'dy’ 


ko f” ” e~ ‘dt 
"a Es exp(— 2d J ‘a ORB (7) 
where p= |z—2’|. Holstein shows that for large p 
K(\s-2|)= f Gp)avay 
Mm mT (p) 
(8) 





~ 2(m+1)p™! 2m+1)p 


where T(p) is approximated by T(p)=a,,/p”. The 
values obtained by applying Holstein’s approximate 
formula agree well with those tabulated by Bieberman 
for values of kop>1, provided that one allows values 
of m greater than unity. 

Our problem now is to solve the equation 


jkoL 
p(s)-+y f n(2’)K(|z—2’|)dz’—yn(z)— An(z) =0. (9) 


hkoL 
In this case, 


fn-Anf neds / f peas. 


Following Bieberman’s second method of solution,’ we 


(10) 





fe) 
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Fic. 2. Theoretical normalized excited atom density and 
visible intensity distribution for the helium 3 'P state and parallel- 
plane geometry. These results will also apply to any excited state 
for which A /y=0.024, provided that the parameter VL is replaced 
by the parameter Aol. Starting with the upper curve, the values 
are koL—~, ko =200, 20, and 2, and koL-0, respectively. 
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can write the integral equation as a system of algebraic 
equations as follows: 
q 
Py=nT— > 6, mi, (11) 


l=] 


where I'= (y+A)/y, Pi= p(2:)/7, 


(2m+1) L/2¢ 
n= f K(|z|)dz, 


(2m—1) L/2q 


and m= |i—/|. The above solution gives values of n 
at g points separated by a distance of L/g. The end 
points are located at a distance of L/2q from the 
absorbing walls at z=+L/2. 

Figure 2 shows plots of An(z)L/ / p(z)dz as calculated 
for the 3'P state of helium’® for 6/2=0.2 and various 
values of NL (q=20). These curves are plotted such 
that the ordinate is proportional to the visible radiation 
intensity which would be observed to originate from a 
thin slab at z, if the gas density were changed and the 
total rate of production of excited atoms kept constant 
by varying the electron current. For the limiting values 
of NL=0 and NL=~, the spatial distribution of 
excited atoms is the same as the spatial distribution of 
the electrons, i.e., constant between z=+6/2. At the 
low-density limit the resonance radiation reaches the 
wall of the tube without absorption. At the high- 
density limit the resonance radiation is absorbed so 
strongly that the atoms radiate to a lower excited state 
before the resonance radiation can reach a point 
appreciably outside the production region. At inter- 
mediate gas densities the density of resonance atoms 
outside the production region is appreciable as observed 
by Lees and Skinner.* Calculations of m(z) were also 
made for 6/L=0.1 and 0.3. When normalized to the 
same total production, the density near the walls was 
found to be very nearly the same as in Fig. 2, while 
the extent of the high-density region near the center 
changed with 6/Z in such a way as to keep the total 
area under the curve essentially constant. The solid 
curve of Fig. 3 shows the values of fso16 vs Rol obtained 
by integration of the curves of n(z). The values of fso1s 
computed for 6/L=0.1, 0.2, and 0.3 were equal to 
within 1%. 


IV. MAXIMUM AND MINIMUM VALUES OF f;, 


In this section we shall obtain limiting values for the 
fraction of the excited atoms producing visible photons. 


16 The values of Asoig and y used are those used by Heron, 
McWhirter, and Rhoderick, Proc. Roy. Soc. (London) A234, 565 
(1956). The values of yg obtained by subtracting A so16= 1.35 107 
sec! from the values of 1/7 measured in this paper show the 
same variation with &oR as shown in our Fig. 5, but seem to 
require an effective radius 40% larger than the actual radius. 
Reflection of the resonance radiation at the quartz wall is not a 
satisfactory explanation for this discrepancy since the measured 
reflection coefficient for 600A radiation is 7.5% and would lead 
to approximately the same percentage change in yg. See P. R. 
Gleason, Proc. Natl. Acad. Sci. U. S. 15, 551 (1929). 
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Fic. 3. Theoretical curves of the fraction of the excited helium 
3'P atoms which emit visible photons in parallel-plane geometry. 
The points indicated by circles (©) are those obtained by inte- 
gration of curves such as shown in Fig. 2. These results apply to 
any state for which A/y=0.024. For the helium 3'P level, 
NL=1.9X10"koL at 300°K. 


Since these limits can be computed for both cylindrical 
and parallel plane geometries, we can make use of a 
comparison of the limits with the exact value in the 
parallel plane case in order to arrive at a reasonably 
accurate value of f;, for cylindrical geometry. Such a 
procedure is the best we can do, since we have been 
unable to reduce Eq. (5) to the form of Eq. (9) in the 
cylindrical case. In addition, these limits can be used 
to calculate values of /;, for analyzing data where the 
parameters, or even the differential equation, differ 
from those considered so far. 

An upper limit of /;, is obtained by first integrating 
Eq. (5) over the volume of the collision chamber. This 
procedure takes advantage of the fact that most of the 
emitted resonance radiation is reabsorbed within the 
collision chamber and so drops out of the integrated 
equation leaving only the radiation absorbed external 
to the gas in the collision chamber. Solving for fj, we 
obtain the expression 


yfn(r’)do' fexG(\r—r’| dv 
fu=An [| 4+ | (12) 
Sn(r)dv 





Here we have made use of the fact that the integral of 
G({r—r’|) over all space is unity, i.e., 


-f G(|r—r'|)do= f G(\r—r'|)dv, = (13) 
i ext 


int 


where the integrals are evaluated over the volumes 
internal to and external to the collision chamber. An 
upper limit of fj, is obtained when the second term in 
the denominator of Eq. (12) is made smaller than the 
true value. Since G({r—r’|) decreases with increasing 
|r—r’| this is accomplished by replacing G(|r—r’|) by 
G(|r|), ie., the value of G which is appropriate for 
excited atoms located at the center of the collision 
chamber. With this assumption, we obtain: 


Sin max= A jz/(A +s), (14) 


where s= fexG(|r|)dv and is to be evaluated at all 
points outside the collision chamber. Figure 4 shows 
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Fic. 4. Imprisonment coefficients for parallel-plane and cy- 
lindricai geometries for a Doppler-broadened line. The subscript 
L refers to the parallel-plane geometry and the subscript R 
refers to cylindrical geometry. The coefficient s is the probability 
that radiation emitted from the center of the tube will reach the 
wall without absorption. The product of the coefficient g and the 
resonance transition probability y is the decay constant for 
resonance radiation distribution spatially in the fundamental 
decay mode, so long as yg>>A. For smaller yg, the decay constant 
is yg+A.A comparison of Figs. 1 and 4 shows that the s and g 
coefficients are within a factor of two of T(kop), where p is R or 
L/2 for cylindrical and parallel-plane geometries, respectively. 


the values of s calculated for parallel plane and cy- 
lindrical geometry for the 3'P state of helium. Figure 
3 shows a comparison of f jx max With the “exact” value. 
A lower limit to f; is obtained by assuming that the 
spatial distribution of the production term and, there- 
fore, the excited atoms, is the same as that of the 
fundamental decay mode obtained by Holstein. Walsh'® 
shows how the spatial distribution of the fundamental 
mode varies with koL. In this limit, Eq. (5) becomes 


p(t) =~ygn(r)+An(n), 


Sik min=A jx(A+7g)", 


where yg is the decay constant characteristic of the 
fundamental decay mode. It should be noted that 
Eq. (15) does not give a true minimum for fj, since a 
production term which is relatively larger near the 
walls will lead to smaller f;, values. However, this 
lower limit should be satisfactory for most experiments, 
since the electron current is concentrated near the 
center of the tube. Holstein shows how to determine g 
from T (kop) by using a variational technique.!:? Figure 
4 shows the results of an application of this technique 
to the calculation of gz (koL) for plane parallel geometry 
using Bieberman’s G(kop) function. Figure 3 shows a 
comparison of fj: min With the exact value. Figure 4 
also shows values of gr(koR) for large koR obtained by 
using Eq. (5.33) of reference 2. At khR<2 our curve of 
gr(RoR) is an estimate based on the gr(oL) curve and 
is believed to be correct to better than 10%. Rather 
than calculate fmaxand fmin, we can calculate an effective 
fix using the average value of s and g instead“of s in 
Eq. (14). In the case of parallel plane geometry, Fig. 3, 
the value of fs016 calculated in this way agrees with the 
exact value to within about 5%. 


so that 
(15) 
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V. APPLICATION OF THEORY TO EXPERIMENT 


A direct comparison of our theory with experimental 
data is difficult since most of the measurements of 
apparent cross sections have been carried out in 
geometries which are neither parallel-plane nor cy- 
lindrical. Because of this, there is little point in com- 
paring our calculated distribution of excited atoms 
with that observed by Lees and Skinner.* Fortunately, 
our theory shows that the fj, curves have almost 
exactly the same shape for parallel-plane and cylindrical 
geometries. This suggests that we analyze the experi- 
mentally determined cross-section data for any geome- 
try using either theoretical curve and Eq. (4), and then 
comment as to whether the inferred effective dimension 
of the collision chamber is reasonable. Figure 5 shows 
such a fit of Eq. (4) to the experimental data obtained 
by Lees* and by Thieme’ for the cross sections for the 
production of 5016 A radiation at various gas densities. 
The points shown for Lees are the measured values 
multiplied by 3. This factor is necessary to bring into 
agreement the two sets of peak values of excitation 
cross sections for the mS and n*S states. These states 
were chosen for comparison since they are least apt to 
be pressure-dependent as a result of the collisional 
transfer of excitation from the n'P and n'D states.*7 
The correction factor was applied to Lees’ data, rather 
than Thieme’s, since this resulted in good agreement 
with the unpublished measurements of Heddle.’ The 
adjustable parameters in the theory are the effective 
collision-chamber radius and the total cross section for 
the direct production of atoms in the 3'P state, i.e., 
Q; of Eq. (4). The effective radius used to calculate the 
theoretical curve of Fig. 5 was 0.75 cm. The collision 
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Fic. 5. Fit of theory to measured cross section for the production 
of the 5016A line of helium by 100-ev electrons. Thieme’s experi- 
mental point is shown by a circle (©). As discussed in the text, 
Lees’ points are multiplied by three and shown by triangles (A). 
Equation (4) was fitted to the experimental data by using the 
average of gr and Sr from Fig. 4 to calculate f;,(koR), an effective 
radius of 0.75 cm, and a cross section of 3.3107! cm? for the 
direct excitation of the 3'P state. 
17R. Wolf and W. Mauer, Z. Physik 115, 410 (1940). See also 
reference 6, pp. 428-31. The data of reference 16 support our 
belief that the cross section for excitation transfer from the 3!P 
state to the 3'D and 3D states is small, since the observed 
decay of 31P density is accounted for by radiation alone. 








IMPRISONMENT OF RESONANCE 


chamber in Lees’ tube was about 4 cm in diameter and 
0.8 cm in length. If Thieme’s collision chamber is the 
same as that used by Hanle and Schaffernicht,® as is 
commonly assumed,® the dimensions are about 10% 
larger than those in Lees’ tube and the difference can 
be neglected in this analysis. In view of the small ratio 
of length to diameter in these collision chambers as 
compared to the infinite cylinder assumed in our theory, 
we can make only the qualitative remark that an 
intermediate value for the effective diameter is reason- 
able. The excitation cross section obtained by the 
approximate analysis of Fig. 5, i.e., 3.3% 10~'* cm’, is 
considerably smaller than the value given in the 
literature,® 4X 10’ cm*, and is in good agreement with 
the prediction of theory,'* i.e., 3.8X10~'* cm’. In the 
above analysis we have neglected the effects of the 
transfer of excitation. We believe that this effect is 
small for the 3'P level, although the effect on the 
apparent cross section for the high »'P levels is very 
large.**.17 

As our second example, we will consider the apparent 
increase with helium density in the cross section for the 
production of metastables observed by Dorrestein.” 
The circles in Fig. 6 show the experimentally determined 
metastable excitation cross section” at 100 electron 
volts. The lower solid line shows the sum of the Qj 
values for transitions ending on the 2'S metastable 
state as calculated using Eq. (4) under the assumptions 
that (a) the cross sections for direct excitation to the 
n'P states at 100 electron volts, V('P), vary inversely 
as the third power of the principal quantum number,” 
(b)- production of metastables between the collision 
chamber and the detector is negligible, and (c) the 
effective radius of the collision chamber is equal to the 
actual radius, i.e., 1 cm. In order to make the slope of 
the lower solid line equal to that of the line drawn 
through the experimental points, the total cross section 
for the excitation of all singlet states except the 21S 
state was assumed to be 1.3X 107’ cm*, with 10% of 


18 See reference 6, Fig. 80(a) and Sec. 3.521. D. R. Bates et al., 
Trans. Roy. Soc. (London) A243, 93 (1950). 

R. Dorrestein, Physica 9, 447 (1942), Fig. 1. Following L. J. 
Varnerin, Jr., Phys. Rev. 91, 859 (1953), and H. D. Hagstrum, 
Phys. Rev. 96, 336 (1954), we have assumed that both metastable 
states of helium have the same efficiency for the production of 
electrons at the platinum surface. On the basis of Meir-Leibnitz’ 
measurements [Z. Physik 95, 499 (1935) ], we have taken the 
efficiency of electron production by metastables to be 0.20, 
whereas Dorrestein used 0.24 for the triplet metastable and 0.40 
for the singlet metastable. 

® Dorrestein’s apparent metastable cross sections at 100 electron 
volts were corrected for loss of metastables by scattering by 
assuming that the decrease with pressure in the apparent cross 
section for 27-ev electrons is due to scattering. The production of 
metastables from the resonance states should be negligible at this 
low electron energy. The low apparent cross section for metastable 
scattering is reasonable in view of the large metastable collector. 
See R. F. Stebbing, Proc. Roy. Soc. (London) A241, 270 (1957). 

21H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. (London) 
A140, 613 (1933). The cross sections calculated for 200 ev are 
almost exactly in the ratio of m~*. Comparison with experiment 
shows the calculated values at 100 ev to be too large relative to 
those at 200 ev. 
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Fic. 6. Separation of the helium metastable production observed 
by Dorrestein (©) into the metastables produced by direct 
excitation and those produced by decay from the resonance states. 


this cascading directly to the 2'P state.* The approxi- 
mate equality of the 2'P and 3'P contributions as 
shown by the dashed lines, in spite of the much larger 
2'P cross section, is the result of the relatively low 
transition probability for the 2'P—2'S transition.” 
The upper straight line through the experimental 
points is obtained by adding to the }> Qj line a con- 
stant cross section of 2.2X10~'* cm? representing the 
direct production of singlet metastables and the total 
production of atoms in the triplet states. The analysis 
of Dorrestein’s data leads to a total cross section for the 
excitation of the n'P states of about 1.2X10~ cm? as 
compared to the theoretical value* of 1.5 10~” cm’. 
The derived cross sections for the direct excitation of 
the 3'P and 5 'P states are 2.2X 10~'* cm? and 5X 10-” 
cm’, respectively. The 3'P value is in satisfactory 
agreement with the value of 3.3X10~'* cm? suggested 
by the analysis of Fig. 5. Unfortunately, the nearly 
linear relation between metastable production and the 
product of cross section and koR at low densities 
means that one could have used a smaller effective 
radius and obtained a correspondingly larger excitation 
cross section for the 3'P state.’ Thus, Dorrestein’s 
experiment does not allow us to decide as to the correct 
effective radius. However, we feel that the geometry is 
sufficiently close to cylindrical so that the effective 
radius should be very nearly equal to the actual radius 
and that the excitation cross sections are approximately 
as given. It is important to note that although this 
type of experiment does not allow us to separate the 


2D. R. Bates and A. Damgaard, Trans. Roy. Soc. (London) 
A212, 101 (1949). 
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Fic. 7. Theoretical curves showing the effects of imprisonment 
and excitation transfer on the variation with gas density of the 
fraction of helium atoms in the 5'P state which emit the 3613A 
line. This calculation was based on an effective radius of 1 cm. 


contributions of the various » 'P states, the relatively 
high sensitivity with which metastables can be detected 
makes measurements possible at low gas densities 
where the optical experiments fail. 

As an illustration of the application of our theory to 
a case in which the effects of the transfer of excitation 
are large, we have calculated the apparent cross section 
for the production of 3613 A radiation by helium atoms 
in the 5'P state. For the purposes of this illustration 
we make the simplification that all of the excitation 
transfer is to the 5'D state and that cascading effects 
are negligible. For these assumptions Eq. (5) becomes 


polt)+y f n(e)G(|x—r |)dd—yn(e 


— A pn(r)—aNn(r)+a’Nm(r)=0, (16) 


where a is the average value of the product of velocity 
of the atoms and the cross section for transfer from the 
5'P state to the 51D state, a’ is the average velocity 
times cross section for transfer from the 5'D state to 
the 5'P state, and m(r) and m/(r) are the densities of 
atoms in the 5'P and 5'D states. The equation for 
the 5 'D atoms is 


po(r)—A pm(r)—a'Nm(r)+aNn(r)=0. (17) 
Eliminating m(r), we obtain 
pe(t)+8po(a)-+y f n(x)G(\r—r ae’ 
—~[y+Ap+(1—B)aN n(n)=0, (18) 


where 8B=a’N/(Ap+a’N). Since cascading is assumed 
negligible, the two production terms have the same 
spatial distribution and Eq. (18) can be solved by use 
of the same procedure as for Eq. (5). Figure 7 shows 
the value of 3613 calculated by using the average value 
of s(RoR) and g(koR) to replace the imprisonment terms 
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in Eq. (18). The important thing to note from this 
curve is that the apparent cross section for the produc- 
tion of the 3613 A radiation at pressures of the order of 
that used by Lees (V=1.5X10"* atoms/cc) is never 
more than 20% of the total cross section for the 5'P 
and 5 'D states and is almost 6 times the value which 
would be observed if there were no imprisonment. In 
this calculation we assumed an excitation transfer 
cross section approximately equal to the sum of the 
observed 51P—5'!D and 5!P—5D. cross sections,!” 
ie., 10-" cm?*. If the 54D, 5'F, and 5*F states had 
been included in the analysis, the curve of fse13 vs N 
would have been much the same at low and inter- 
mediate densities but would have dropped to a some- 
what lower value at the highest densities. This example 
shows that it is necessary to take into account both 
imprisonment and the transfer of excitation when 
evaluating the measured cross sections. The cross 
section for the excitation of the 5'P state, when one 
uses Lees’ data multiplied by 3/f, is found to be 
8.5X10-" cm*. This value is to be compared to the 
theoretical cross section” of 8X 10~ cm? and the value 
of 5X10~* cm? obtained from our analysis of Dorre- 
stein’s data for 100-ev electrons. 


VI. DISCUSSION 


The analysis presented in this paper shows that in 
order to obtain significant values for the cross section 
for the production of atoms in a state which emits 
both resonance and nonresonance radiation, one must 
take into account the imprisonment of the resonance 
radiation. In particular we have shown that when 
properly analyzed, the published experimental data 
are in reasonable agreement with the predictions of 
theory. We have shown that if experiments are made 
in sufficiently ideal geometry, one should be able to 
make quantitative comparisons between the theoretical 
and experimental variations of the apparent cross 
sections with gas density. The available data show as 
good agreement as can be expected in view of the 
nonideal experimental conditions. Obviously, further 
experiments are required. 
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Energy Levels of Be’, C”, and C+ 
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The reactions Li’ (He*,p) Be®, B (He?,»)C®, and B" (He’,p)C have been used to study the level structures 
of Be’, C*, and C%, respectively. Levels of Be® were observed at 1.83, 2.43, 3.1, and 4.8 Mev. Observations 
of the group corresponding to 1.83 Mev at different angles are consistent with the assumption of a level 
in Be® although a 3-body spectrum from He*+Li’—Be*+n+ >) could also fit the data. With the groups 
corresponding to the well-known C” levels at 4.43, 7.65, 9.61, and 16.10 Mev used as calibrations, other 
levels were observed at 10.90, 11.84, 12.69, 13.30, 14.05, 14.97, 15.62, and 16.57 Mev. For the 7.65-Mev 
level T'y/T'a<1.4% if the level emits a single y ray of 7.65 Mev, and I',/T<0.9% if there is a cascade 
through the 4.43-Mev state as it would if it were a 0* level. A proton group due to an a-particle level, 
predicted to lie at 5.53 Mev in C", was not found and must be more than 4000 times weaker than the 
proton group leading to the 4.43-Mev level. Rough estimates of I',/I'q for the 14.97- and 12.69-Mev levels 
are 50+25% and 3+1%, respectively. With the well-known C® levels up to 6.87 Mev being used as 
calibrations, other levels were observed at 5.51, 6.10, 7.55, 8.87, 9.52, and 9.91 Mev. The levels at 5.51 





and 6.10 Mev have not previously been detected. 


INTRODUCTION 
Be?® 


EVELS of Be’ have been observed in inelastic 

scattering of various particles on Be’ and in the 
reactions Li’(He’,p)Be® and B'°(/,a)Be*. The experi- 
ments are listed by Ajzenberg and Lauritsen.' A group 
of particles corresponding to a level in Be’ at 1.8 Mev 
has been observed in several reactions.?~” Some doubt 
exists as to whether this group arises from a real level 
in Be® or is a result of the onset of a multi-body 
breakup process at the photoneutron threshold of 
Be’.*.*.° The 2.43-Mev state has been found in almost 
all observations of the levels of Be’. The 3.1-Mev state 
has been observed primarily in studies of the Li’(He’,p)- 
Be’ and B'°(/,a)Be’ reactions.?* The 4.8-Mev state 
has been observed in the reactions Li’(He*,p)Be’, 
B"(t,a) Be’, and Be*(p,p’) Be’.?*.* States of higher energy 
have been observed in the Be’(p,p’)Be’ reaction.® 


Cc” 


The 7.65-Mev state in C” is only slightly above the 
threshold for breakup into an a particle and Be’, and 


ft Preliminary reports of this work were given at meetings of 
the Americal Physical Society [C. D. Moak and A. Galonsky, 
Bull. Am. Phys. Soc. Ser. II, 1, 196 (1956); Galonsky ef al., 
Bull. Am. Phys. Soc. Ser. II, 2, 51 (1957)]. 
* Summer employee from Louisiana State University, now at 
Stanford University. 
t Summer employee from Georgia Institute of Technology. 
1F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
* Moak, Good, and Kunz, Phys. Rev. 96, 1363 (1954). 
3 Almqvist, Allen, and Bigham, Phys. Rev. 99, 631 (1955). 
‘Gossett, Phillips, Schiffer, and Windham, Phys. Rev. 100, 
203 (1955). 
5 Benveniste, Finke, and Martinelli, Phys. Rev. 101, 655 (1956). 
®E. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 
7§. S. Lee, Jr., and D. R. Inglis, Phys. Rev. 99, 96 (1955). 
* Rasmussen, Miller, Sampson, and Gupta, Phys. Rev. 100, 
851 (1955). 
9 Robert G. Summers-Gill, Phys. Rev. 109, 1591 (1958). 
( ” Bockelman, Leveque, and Buechner, Phys. Rev. 104, #56 
1956). 


the state is known to breakup in this way. If the state 
can also decay by y-ray emission to the ground state 
of C”, either by a direct transition or by a cascade 
through the 4.43-Mev state, then this would be a 
process by which carbon cauld be formed out of helium 
in the stellar buildup of the elements.“ Various 
values for I',/T’ ranging from near unity to near zero 
have been reported'*~'*; the results may even indicate 
that two levels exist in this region of excitation. 

Some calculations based upon the a-particle model 
have predicted a 3~ level in C® at 5.53 Mev.” A 
preliminary search has been reported in which this 
level was not found.” 


Cc 


In some light nuclei, Be’ for example, the number of 
well verified levels has diminished over the past 
several years; it may be that some of the levels presently 
thought to be spurious will be found to exist after all. 
The nucleus C" is a typical case. C was once thought 
to have levels at 0.7, 3.08, 3.68, 3.89, 4.6, 5.15, 5.60, 
5.87, 6.34, and 6.78 Mev in the range up to 7 Mev.” 
More recent measurements give only the values 3.086, 
3.685, 3.855, and 6.868 in this range.”* As will be 


4 A, G. W. Cameron, Bull. Am. Phys. Soc. Ser. IT, 1, 191 (1956). 
12 Fowler, Cook, Lauritsen, Lauritsen, and Mozer, Bull. Am. 
Phys. Soc. Ser. IJ, 1, 191 (1956). 
8E. E. Salpeter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 41. 
4 R. G. Uebergang, Australian J. Phys. 7, 279 (1954). 
18 Rasmussen, Miller, and Sampson, Phys. Rev. 100, 181 (1955). 
16 U. F, Hornyak, Bull. Am. Phys. Soc. Ser. II, 1, 197 (1956). 
17 W. A. Fowler (private communication). 
18K. G. Steffen and H. Neuert, Z. Physik 147, 125 (1957). 
19 A. E. Glassgold and A. Galonsky, Phys. Rev. 103, 701 (1956). 
* C.D. Moak and A. Galonsky, Bull. Am. Phys. Soc. Ser. IT, 
1, 196 (1956). 
2 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 
321 (1952). 
% McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
1955). 
( %T. S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956). 
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shown, two levels, at 5.51 and 6.10 Mev, have been 
found in the study of the B"(He’*,p)C™ reaction. 


APPARATUS 


Doubly-charged He’ ions were accelerated to energies 
up to 1.25 Mev in the 625-kv cascade accelerator. 
Targets of high purity Li’, B”, and B™ were furnished 
by the Stable Isotopes Division of Oak Ridge National 
Laboratory and of B” and B" by the Atomic Energy 
Research Establishment in Harwell, England. The 
Li’ targets were made by melting (Li’).SO, on a 
tantalum backing. The B” and B" targets were made 
by depositing elemental boron on thin nickel foils. 

Two Nal charged-particle spectrometers were used 


in the experiments; the first of these, having a variable - 


angle, has been described elsewhere.“ The second 
spectrometer, designed for the p-y coincidence work, 
is shown in Fig. 1. It was necessary that this spectrom- 
eter have a large solid angle and as little slit-edge 
scattering as possible so that very few protons from 
higher-energy groups would be degraded in energy to 
fall into the region of interest and constitute a back- 
ground. A pulse-height spectrum from this counter 
for the case of 16-Mev protons from the H?(He’*,p)He* 
reaction is shown in Fig. 2. A 3 in.X3 in. Nal y-ray 
counter was used to detect y rays from the B"(He’*,py)- 
C” reaction. The spectrum of protons which were in 
coincidence with y rays was displayed on a 100-channel 
pulse-height analyzer, gated by the y-ray counter. 
Ground-state protons, which are not accompanied by 
rays, gave a direct measure of the accidental rate. 
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could be taken with and without y ray gating to derive 
a direct measure of the I',/I’, ratio for the 7.65-Mev 
level. 


RESULTS 
Be?® 


The proton spectrum for the Li’(He*,p)Be* reaction 
taken at a laboratory angle of 135° is shown in Fig. 3. 
Similar runs have been taken in 22.5° steps from 45° 
to 135° of laboratory angle. These data are consistent 
with the existence of levels in Be’ at 1.83+0.04 Mev, 
2.428 Mev (used for calibration), 3.10+0.04 Mev and 
4.8+0.15 Mev. The width of the 4.8-Mev level was 
found to be 1.25+0.25 Mev. 

Arguments have been advanced for assuming that the 
anomaly corresponding to a 1.83-Mev level in Be’ does 
not arise from a real level but rather from the onset of 
three-body breakup beginning at a threshold energy 
of 1.667 Mev in Be®.*"° The process to be considered 
in this case is Li’+He*’—Be*+n+ p+Q. Many assump- 
tions can be made about the partition of the energy 0 
among the three particles. A derivation from statistical- 
mechanical arguments has been given by Uhlenbeck 
and Goudsmit*®*; the distribution obtained for the case 
of three-body breakup has the form of an ellipse. It 
might be expected that any specifically nuclear effects 
would be superimposed upon this elliptical distribution 
derived from phase-space considerations. Near the 
high-energy end of the proton spectrum the remaining 
two particles have low relative momentum and, thus, 
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Fic. 1. The p-y coincidence spectrometer. The wide-aperture, ° 20 40 60 80 100 120 


CHANNEL NUMBER 


Fic. 2. Spectrum of 16-Mev protons (0°-40°) from H*(He',p)Het 
as measured with the proton counter shown in Fig. 1. 


thin Nal proton counter was always used at 0° to the He* beam 
in order to minimize the energy spread due to center-of-mass 
motion. 


~ 8G, E. Uhlenbeck and S. Goudsmit, Zeeman Verhandelingen 


*C. D. Moak and W. R. Wisseman, Phys. Rev. 101, 1326 
(M. Nijhoff, The Hague, 1935), pp. 201-211. 


(1956). 





























ENERGY LEVELS OF Be?®, C!2, AND C!?3 1371 
400 
soa th, eradicate ath cote sada dient Uta 
360 = _ ee ———$_—____—- 
320 ---——---+-—— emnie Gbtnaaik ame 14 WA | 
+ | 4 — — 
280 | - - — + —+— - oop 


240 fF 


8 





~ Be(3AMe | | 














160 


120 


COUNTS PER CHANNEL; ARBITRARY SCALE 


60 


40 




















° 


40 50 








400 


CHANNEL NUMBER 


Fic. 3. Proton spectrum in the Nal spectrometer of reference 24 from the Li’ (He’*,p)Be® reaction at 135° to the 
He’ beam. The protons passed through a 10.9 mg/cm? aluminum foil before entering the crystal. The dashed curve 
is a calculated spectrum for the reaction He’+Li’—Be*+n+p for an assumed n+Be® scattering length, 


a=2.3X10-" cm. 


may interact strongly. Watson®® has developed a 
theoretical description of the spectrum near the high- 
energy end that depends only on the scattering length, 
a, of the n+ Be* system. 

Since a is not known for n+ Be’, it was used as a 
parameter to obtain the best possible fit to the data. 
The spectrum for a=2.3X10-" cm, shown by the 
dashed curve in Fig. 3, reproduces the 1.83-Mev 
peak except on the high-energy side where the predicted 
cutoff is too sharp to be seen with a crystal spectrometer. 
A three-body spectrum with a=2X10-" cm has also 
been fitted to the B"(d,a) Be’ and Be’(p,p’) Be® spectra” 
and with a=1.3X10-" cm to the Be*(d,d’)Be’ spec- 
trum.* Although the approximate agreement in the 
values of a lends support to the three-body-breakup 
interpretation of the anomaly, no experiment has been 
detailed enough to rule out the possibility that the 
anomaly is, rather, a true representation of a level 
in Be®.§ 

It is apparent that a similar ambiguity exists for the 
anomaly around channel 50 in Fig. 3. It may represent 
a level in Be’ at 4.8 Mev or a three-body spectrum in 
which Be® is left in its broad, 2.9-Mev state. 





26K. M. Watson, Phys. Rev. 88, 1163 (1952). 

§ Note added in proof.—Miller has recently fitted the B" (d,a) Be, 
Be®(p,p’)Be®, and Be*(d,d’)Be® spectra with a=2X10~" cm, and 
has pointed out that such a large value of a is equivalent to an 
s-wave (4*) level near 1.7 Mev Dan W. Miller, Phys. Rev. 109, 
1669 (1958) ]. 


C2 


A proton spectrum taken at 15° with the spectrometer 
in Fig. 1 for the B™(He’®,p)C” reaction is shown in 
Fig. 4. An expanded view of the spectrum for the levels 
between 9.61 Mev and 16.57 Mev in C® is shown in 
Fig. 5. In the upper sections of the figures the energy- 
energy-level diagrams of Ajzenberg and Lauritsen! 
are reproduced. The 16.10-Mev level and the levels 
below 10 Mev were used to calibrate the energy scale 
of the spectrometer since the positions of these levels 
were already accurately determined. The two levels 
at 10.80 and 11.1 Mev, originally reported by Johnson,” 
were not resolved in this experiment. Levels at 14.05 
Mev and 15.62 Mev now appear to be well established. 
Energy-level positions as determined in these experi- 
ments are shown on the arrows in Figs. 4 and 5. No 
previously unlisted levels were found. Absolute cross 
sections were determined to an accuracy of a factor of 
two. For reactions to the ground state the cross section 
at 15° is 0.7 ub/sterad at an average He’ energy of 
1.23 Mev. 

The pulse-height spectrum of protons which were in 
coincidence with y rays of energy greater than 1.5 Mev 
is shown in Fig. 6. The procedure was as follows: first a 
simple proton spectrum without y-ray coincidence was 
run; then a coincidence count was taken to give the 
same number of counts in the proton group to the 


“2. R. Johnson, Phys. Rev. 86, 302 (1952). 
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Fic. 4. Proton spectrum in the thin NaI spectrometer of Fig. 1 
from the B"(He*,p)C" reaction. The average reaction angle is 
15°. Before entering the crystal the protons passed through 
nickel, air, and aluminum equivalent to a thickness of 7.5 mg/cm? 
of aluminum. 


4.43-Mev level. A proton leading to the 4.43-Mev 
level is always accompanied by a y ray. Any state which 
does not decay every time by emission of y rays will 
then have a weaker intensity relative to the 4.43-Mev 
group for the case of coincidence counting. This 
reduction in intensity corresponds to coincidences 
lost because the level decays by a-particle rather than 
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by y-ray emission. The dotted peaks in Fig. 6 show 
the intensities of the ground state and 7.65-Mev state 
proton groups relative to the 4.43-Mev state proton 
group for the case of simple proton counting. Since the 
ground-state protons are never accompanied by a 
y ray, this group should completely disappear in a 
coincidence spectrum. The small residual peak is due to 
accidental counts. This accidental rate, when divided 
by the ratio of intensities of the 7.65-Mev state proton 
group and the ground-state proton group, gives an 
estimate of the accidental rate for the 7.65-Mev state 
proton group. The accidental rate for the 7.65-Mev 
state group is about one-tenth of the coincidence rate 
rate observed in the region between channel 60 and 
channel 70. The coincidences observed were completely 
accounted for by a “valley” of counts, similar to that 
shown in Fig. 2, coming from the 4.43-Mev state 
proton group. No evidence of a peak was found. 
Analysis of the data indicated that a peak 1.6% as 
intense as the dotted peak could have been observed. 
If the 7.65-Mev level in C® has spin and parity 0*, 
the radiation will consist of a cascade of two y rays, a 
4.43-Mev y ray, and a 3.22-Mev y ray. When the 
efficiency of the NaI detector is taken into account, 
the data indicate that T',/T! <0.9%. If the level makes a 
direct transition to the ground state, a single, 7.65-Mev 
y ray will replace the cascade; in this case the data 
indicate that T,/T!<1.4%. 

Rough estimates were obtained for the y-a branch- 
ing ratios of the 12.69-Mev and 14.97-Mev levels 
using the same procedures as were used for the 7.65-Mev 
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Fic. 5. Proton spectrum expanded to show levels from 9.61 to 
16.57 Mev in C®. See caption for Fig. 4. 
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Fic. 6. Spectrum of protons (0°—40°) in coincidence with 
y rays (~100°-150°, Ey>1.5 Mev) from B”+He*+p+C*—p 
+C®-+-y. Coincidence spectrometer is shown in Fig. 1. 
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level. Values obtained for I',/’ were 341% for the 
12.69-Mev level and 504:25% for the 14.97-Mev level. 


cis 


The proton spectrum for the B'(He’,p)C™ reaction, 
obtained at 13° with the counter in Fig. 1, is shown in 
Fig. 7. The positions of the peaks indicate levels in 
general agreement with previously quoted values,” 
although the level at 8.4 Mev in C* was not observed 
and the three levels around 7.55 Mev were not resolved. 
Special calibration runs were made using absorbers to 
subtract out most of the energy from the proton groups 
to the 3.68-Mev and 3.86-Mev levels. These levels were 
resolved and the 3.68-Mev level group was found to be 
1.3 times as intense as the 3.86-Mev level group. When 
unresolved, the composite group would give the 
appearance of a single level in C” at 3.74 Mev. This 
composite group, along with the groups to the ground 
state, the 3.09-Mev state and the 6.87-Mev state, were 
used to calibrate the spectrometer. For the spectrum at 
13°, Fig. 7, the target thickness was known well enough 
to determine the absolute cross sections to an accuracy 
of a factor of two. For reactions to the ground state the 
cross section is 2.2 wb/sterad at an average He’ energy 
of 1.23 Mev. 

Two groups of protons corresponding to previously 
unobserved levels in C® at 5.51 Mev and 6.10 Mev were 
found. The levels of C® have been studied recently by 
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Fic. 7. Proton spectrum in the thin NaI spectrometer of Fig. 1 
from the B"(He'*,p)C™ reaction. The average reaction angle is 
13°. Before entering the crystal the protons passed through 
nickel, air, and aluminum equivalent to 8.8 mg/cm? of aluminum. 
The dashed curve is a calculated spectrum for the reaction 
He?+B"—-C®-+n-+ p. 
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Fic. 8. Proton spectrum in the NaI spectrometer of reference 
24 from the B"(He'*,p)C reaction at 135° to the He* beam. 
The protons passed through a 25.0-mg/cm? aluminum foil before 
entering the crystal. The dashed curve is a calculated spectrum 
for the reaction He’+B"-—+C®+n-+ p. 


magnetic analysis of the protons from the C"(d,p)C® 
reaction’; no levels were found between 3.86 Mev and 
6.87 Mev. It appeared likely that the two proton 
groups being reported here were due to a contaminant 
in the target. The two groups were proved to be 
protons by passing them through varying amounts of 
Al absorber; variation of residual energy with absorber 
thickness showed that the peaks were due to protons 
and not deuterons or a particles. Reactions of He* on 
Li®, Li’, Be’, B®, C?, C#, N*, N', O'8 and O were 
considered for possible proton groups which would 
fall at the right energy to explain the two groups 
found in the B"(He*,p)C™ spectrum. Of these only 
Li’, Be’, and B" give proton groups near the energies 
of the proton groups involved here. To eliminate Be® 
observations were taken at different laboratory angles. 
If a proton group due to Be® had appeared in the 
B" (He’,p)C® spectrum, the energy of the group would 
have shifted with laboratory angle with respect to the 
groups due to the B"'(He*,p)C® reaction. The spectrum 
shown in Fig. 8 was observed at 135°. An absorber of 
25.0-mg/cm? Al was used so that the proton groups 
could be displayed on an expanded scale. Level positions, 
as calculated from the data taken at 135°, agree with 
the positions calculated from the data taken at 13°. 
If either of the groups had been due to Be’, there would 
have been a shift in the derived level position of more 
than 0.25 Mev. To eliminate Li’ as a contaminant we 
note that the shift with angle would be even greater 
than for Be®. In addition, a search was made for a 
higher-energy proton group which would have appeared 
in a part of the spectrum not having any groups due to 
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B"; no evidence of Li’ contamination was found. 
To eliminate B” as a contaminant a direct subtraction 
method was used. Since a small amount of B”, 0.04%, 
was present in the B" targets, several proton groups due 
to B” were found. The intensities of these groups were 
measured and, with a knowledge of the complete 
spectrum due to B™, a direct subtraction of the B” 
contribution was made. The contribution due to B” 
in the region of the 5.51-Mev and 6.10-Mev levels in 
C was less than 2%, and subtraction of the B™” 
contribution did not alter the shape of the spectrum. 

As a final check of possible contaminants, the targets 
were examined spectroscipically for Li and Be con- 
tamination by Dr. Feldman of the Chemistry Division. 
No trace of Li or Be was found, indicating that con- 
tamination by Li or Be was less than 0.02% of the 
target material. Chemical analysis by Dr. Thomasen 
of- the Chemistry Division indicated a trace of N™ 
amounting to less than 0.1% of the target material. 
Carbon contamination was shown to be small by the 
absence of peaks in the spectrum due to the 
C"(He®,p)N™ reaction; in addition the proton groups 
from the reaction do not have the right energies to 
cause difficulty. 

The fact that the two new levels in C™, at 5.51- 
and 6.10-Mev excitation, have not been observed in 
n-C™® total cross-section measurements” indicates that 
the levels are both narrow, probably less than 10 kev. 
We may tentatively correlate one of the levels with a 
§° level predicted by Kurath® from shell-model 
calculations of the 1p nucleons to lie between 4 and 5 
Mev. If the 5.51-Mev level is the predicted level, 
then it could be formed with 0.61-Mev f-wave neutrons 
on C”. The experimental] width for a radius 4.5 10-" 
cm would then be 2.5 kev for a single-particle level 
and much less than 2.5 kev for the level in question 
which involves the excitation of p nucleons and may, 
therefore, have a very small reduced width for f; 
neutrons. If the 6.10-Mev level is the predicted level, 
then its width would be much less than 28 kev. In 
either case the level would have escaped observation. 
It is to be noted that whichever (if either) is the $- 
level, its excitation energy is somewhat greater than 
predicted. 

The only other experiment that we are aware of in 
which these levels could have been detected is that of 
Green and Middleton® who examined by magnetic 
analysis the proton spectrum at 15° from C?(d,p)C" 
with 9-Mev deuterons. They did not observe any new 
levels although their data indicate that a sharp group 


28D. W. Miller, Phys. Rev. 78, 806 (1950). 
* Dieter Kurath, Phys. Rev. 101, 216 (1956). 
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corresponding to a level between 3.86 and 6.87 Mev 
could easily have been detected if its intensity had 
been as much as 5% of that of the ground-state group. 
Since the conditions of their experiment were such that 
stripping would be expected to be the dominant mode of 
the reaction, they would have had difficulty in seeing 
a level with a small neutron reduced width (to which 
the stripping cross section is proportional). 

If the two levels exist at the same excitation energies 
in N® as in C, then the light binding of a proton to 
N*, 3 Mev less than a neutron to C", may broaden the 
levels considerably in p-C” scattering as compared with 
n-C” scattering even though a Coulomb barrier will 
be present. For a 3~, single-particle level at 5.5 Mev in 
N® the proton energy is 3.86 Mev and the experimental 
width is ~0.3 Mev if the radius is 4.5X10-" cm. As 
the proton scattering has been studied as a function of 
energy in 6-kev steps up to 4.35 Mev” and in 25-kev 
steps from 4.4 to 5.5 Mev," an upper limit to the 
proton reduced with is ~2% of the single-particle 
width for Kurath’s }- level. 

In view of the ambiguity encountered in interpreting 
the anomaly near the neutron threshold in the Be’ 
spectrum it seems appropriate to ask whether the 
anomaly in the C® spectrum, which we have referred 
to as a level at 5.51 Mev, could, in fact, be a manifesta- 
tion of 3-body breakup. The neutron threshold, at 
4.95 Mev in C®, is so low that use of the zero-energy 
n-C® scattering around 5.5 Mev will not be very 
accurate. Fortunately the n-C” scattering is known* 
and Thomas™ has fitted the data up to 0.9 Mev with 
the effective-range theory. From this fit we have 
extracted a scattering length of 6.1%10~ cm and an 
effective range of 3.0X10~-" cm. Inserting these values 
into Watson’s*® Eqs. (29) and (33) we have calculated 
the resulting proton spectra at 13° and 135° for the 
reaction He’+B"—-C"+n-+p. These spectra, which 
are the dashed curves in Figs. 7 and 8, have peaks which 
are broader and less symmetrical than observed. 

Since it is always possible that some other 3-body 
theory would fit the data, we cannot definitely exclude 
a 3-body interpretation of the 5.51-Mev level from 
this experiment. Certainly a high-resolution experiment, 
say with a magnetic analyzer, should be definitive. 
To be considered a level the anomaly must be sharp 
enough to be in accord with its nonobservation in 
scattering experiments. Otherwise, 3-body mechanisms 
must be further investigated, since Watson’s theory 
does not fit even the present low-resolution data. 





% H. L. Jackson et al., Phys. Rev. 89, 365 (1953). 
1 Reich, Phillips, and Russell, Phys. Rev. 104, 143 (1956). 
RK. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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Neutron Production in Linear Deuterium Pinches*t 
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Approximately 108 neutrons per discharge have been observed from magnetically self-constricted columns 
of deuterium plasma. These neutrons originated uniformly and simultaneously along a filament at the center 
of the discharge tube, but measurements of their kinetic energies showed that they were produced by a small 
group of deuterons with large axial velocities and were therefore not of thermonuclear origin. It is proposed 
that the deuterons were accelerated by axial electric fields created by the growth of m=0 (“‘sausage-type”’) 


instabilities. 





I. INTRODUCTION 


ORK with the “pinch effect” at the University 
of California Radiation Laboratory at Berkeley 
started in April, 1948 with equipment intended as a 
focusing device for the cyclotron beam.' The constriction 
of the gaseous discharge with high currents was noted 
and the importance of a symmetrical current return 
path determined. When Project Sherwood{ was started, 
the information obtained from this experiment was 
applied to the problem of producing controlled thermo- 
nuclear energy, and the measurements described here 
were made in 1954.§ Because it was possible to show that 
this particular line of research could not lead to the 
useful production of power we abandoned the approach ; 
the data presented here are, therefore, of a more 
qualitative nature than is desirable for a careful com- 
parison between theory and experiment. 

Several inert gases were used in the earliest studies, 
with particular emphasis upon helium because of its low 
atomic weight and the usefulness of the 4686 A ionized 
helium line for diagnostic purposes. However, the de- 
tection of neutrons from d-d reactions was recognized as 
a powerful tool for optimizing the operating conditions ; 
therefore, as soon as there was spectroscopic evidence 
that possibly useful ion temperatures were being pro- 
duced in helium discharges, the gas was changed to 
deuterium. Neutrons were detected and the average 
number per discharge was increased rapidly by adjusting 
the operating parameters. 

A number of experiments was performed which gave 
the origin of the neutrons in space and time, and the 
effects of variations in circuit parameters, gas pressure, 
and impurities in the gas. Most of the measurements 
seemed consistent with a thermonuclear reaction at the 
time, except that the neutron yield rose to many orders 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+A brief account of this and other related work has been 
published [O. A. Anderson et al., Phys. Rev. 109, 612 (1958). 

mf K. H. Panofsky and W. R. Baker, Rev. Sci. Instr. 21, 445 
(1950). 

t Project Sherwood is the code name given to the U. S. Atomic 
Energy Commission supported program aimed toward achieving 
controlled fusion for peacetime purposes. 

§ The first dynamic pinch experiments in Berkeley were made 
for this purpose in 1952. The series of measurements described 
here began in late 1954 and continued through the following year. 


of magnitude larger than our simple calculations pre- 
dicted. In the end. we were able to show by measure- 
ments of the neutron energies that the reactions did not 
occur in a high-temperature plasma, but rather that 
approximately 10'* deuterons per pulse were accelerated 
along the axis of the discharge tube to energies of about 
2X 10° electron volts, probably in very strong electric 
fields produced transiently by m=0 (sausage-type) 
instabilities? In our later discharge tubes, approxi- 
mately 10° neutrons were produced in each pulse. The 
yields presumably could be increased, but it can be 
shown that devices using directed beams of deuterons 
can yield no net power.’ 


II. THEORY OF THE DYNAMIC PINCH 


The simple theory of the pinch mechanism has been 
widely discussed,” therefore in this section only a 
brief summary of some of the ideas is given, together 
with a derivation for the particular case in which the 
behavior is describable by shock hydrodynamics and 
the current through the gas is governed by parameters 
external to the pinch tube. When a longitudinal electric 
field is applied to a cylinder of low-pressure gas (a few 
hundred microns in our case), the gas is rapidly ionized 
to the point where it can be described as a good con- 
ductor. The rapidly increasing longitudinal current then 
flows mainly in a thin layer at the surface of the plasma 
and when the current becomes sufficiently large that the 
magnetic field pressure, B?/8x, exceeds the gas pressure, 
NkT, the column collapses radially. A shock wave 
preceding the plasma boundary is reflected at the axis 
and reverses the direction of motion of the current 


2M. Kruskal and M. Schwarzchild, Proc. Roy. Soc. (London) 
A223, 348 (1954). 

3R. F. Post, Revs. Modern Phys. 28, 338 (1956). This article 
contains many other references. 

‘Burkhardt, Dunaway, Mather, Phillips, Sawyer, Stratton, 
Stovall, and Tuck, J. Appl. Phys. 28, 519 (1957). Many recent 
references are given in this report. 

5 W. H. Bennett, Phys. Rev. 45, 890 (1934). 

6 L. Tonks and W. Allis, Phys. Rev. 56, 360 (1939). 

7S. W. Cousins and A. A. Ware, Proc. Phys. Soc. (London) 
A64, 159 (1951). 

sT. V. Kurchatov, Nucleonics 14, No. 6, 36 (1956). 

9M. A. Leontovich and S. M. Osovets, Atomnaya Energ 
No. 3, 81 (1956) [translation J. Nuclear Energy 4, 209 aosh]. 

w J. A. Tuck, Gaseous Electronics Conference, Pittsburgh, 
October, 1956 (unpublished). 
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sheath.|| The plasma may contract and expand several 
times before instabilities destroy the ordered motion. 

The original treatment of the radial motion of the 
pinch under the assumption of a perfectly conducting 
boundary was made by Rosenbluth, Garwin, and 
Rosenbluth for the particular case of constant voltage 
across the pinch." The experimental conditions, un- 
fortunately, are more frequently met by the assumption 
of a sinusoidal current that is primarily determined by 
an unavoidable, relatively large inductance in series 
with the pinch (Fig. 1). 

This large external inductance essentially decouples 
the circuit equation, namely current versus time, from 
the hydrodynamic equation of pinch radius versus time, 
so that a relatively simple description of the pinch 
behavior results. The approximation of the hydro- 
dynamic equation that fortunately fits the experimental 
conditions is that describing snowplow shocks. The 
snowplow model assumes that all the mass swept up by 
the shock is compressed in an infinitely thin layer im- 
mediately behind the shock so that the “piston” and the 
shock are the same interface. This model is probably a 
very good one because the neutral fraction inside the 
initial current-boundary layer may be quite large. This 
neutral fraction is ionized and pinched by the current 
layer. (For an initial density greater than 5X10" the 
current layer is thick compared with neutral-ion scat- 
tering and thick compared with the neutral ionization 
time multiplied by the layer velocity.) 

The contracting current sheath in the pinch corre- 
sponds to a shock of Mach 10 to 60, so that the hydro- 
dynamics is always described by the “strong shock” 
limit. The characteristic limiting compression behind a 
plane parallel “strong shock,” for example, is n= (y+1)/ 
(y—1), where y is the usual ratio of specific heats. For a 
simple gas of elementary particles with three degrees of 
freedom, y is 5/3 and the limiting compression is 4, 
which is a poor approximation to the snowplow limit ; 
however, for a Mach-20 shock (10-ev temperature) 


|| The time at which this occurs is called the “bounce” time 
throughout this paper. 

11M. Rosenbluth, with R. Garwin and A. Rosenbluth, Los 
Alamos Report LA-1850, September, 1954 (unpublished). 
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progressing through cold deuterium, the specific heat of 
molecular breakup and the subsequent ionization are so 
large that the additional degrees of freedom result in a 
that closely approaches unity, with a consequent in- 
crease in the limiting compression. For monatomic 
argon, a shock compression of 8 has been observed for 
shocks strong enough to lead to a large fraction of 
ionization, and therefore it is reasonable to assume that 
with still stronger shocks in deuterium, where the kinetic- 
temperature energy per molecule equals the ionization 
binding energy, limiting compressions of perhaps 8 to 10 
can be reached. This is just the limit for which the 
snowplow approximation is valid. 

We shall derive an expression for the time required 
for the first radial compression according to the ap- 
proximation that the discharge current varies sinus- 
oidally with time. The equation of motion is based upon 
the principle that the time rate of change of momentum 


equals the force, 
d dr 
r=—(at-), (1) 
di\ dt 


Assume that the gas originally fills a cylinder of 
radius R, and that at some later time / the thin shell of 
current-carrying ionized material is at radius r, moving 
toward the axis of the cylinder and sweeping up the 
gas as it goes. The force on an element of area of the 
shell that is 1 centimeter high and rd@ wide is 


B FP 
F=——rd§ = ————-1rd9 = ———, (2) 
8x 8n25r 200rr 


where B is the magnetic field in gauss produced by the 
total current of J amperes. The mass in the shell is 














M = rp(R?—r*) (d0/2z), (3) 
where p= the initial density in g/cm*. Then we have 
ia d 1 dr 
-— =“ rot R—F)— | (4) 
200rr = dl 2m dt 
10 ; 
0.8} d 
y 0.6F | 
oa} ; 
0.2} : 
"i = = -— oe he Gee 
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Fic, 2. Snowplow shock model solution [see Eq. (6)]. 

















NEUTRON PRODUCTION 
In general, the first contraction of the pinch occurs in a 
time short enough that J=/  sinwf can be replaced by 
T= wt: 


dfp dr Turf 
Rese ee —, (5) 
dtl2 di 2002 
Let us define r and y by 
Ta” i 
'-| -| T, (6) 
100rpR* 
and 
r=yR: 
Ey. (5) then reduces to 
d dy) 7 
[a-y --=. (7) 
dr dr y 


The solution of this equation is shown in Fig. 2 for the 
boundary condition y= 1 and dy/dr=0, when r=0. The 
minimum radius is y=0.125 if we assume that the 
probable fractional radius is 4 of the full radius at first 
bounce time. The actual time to first bounce therefore is 


100xp}]  1.43R(100xp}! 
1=1.43R| — | — Ee ] second, (8) 
Tu? wo LCV 
where V is the original voltage on the condenser of 
capacitance C. 

This indicates that the pinch time scales as p! pro- 
vided the pinch occurs in a time short compared with 
the quarter-cycle time of the circuit. As an example, for 
w=0.516K10® sec, V=50000 volts, C=12X10-* 
farad, R= 3.8 cm, and p= 3X10~* g/cm’ at 170 microns 
pressure of D., we found the experimental time for the 
first compression : ‘= 0.68 X 10~® sec. The value given by 
Eq. (8) is 0.74X 10~® sec, which is in excellent agreement 
considering the simplifying assumptions used. This p! 
dependence was observed for deuterium pressures from 
50 microns to 50 000 microns, giving strong support to 
the argument that nearly 100% of the gas is compressed. 
If some modest fraction of the initial deuterium were 
involved in the pinch at any particular pressure, it is 
unlikely that the same fraction would be maintained 
over such a wide pressure variation. 

Next we attempt to place an upper limit on the 
number of neutrons that could be produced in one of 
these pinches from thermonuclear reactions. One-half of 
the reactions produce neutrons, so that the number of 
neutrons is m=(4X4)N*(ov)4X (volume) X (reaction 
time). It can be shown that the thermal relaxation times 
are short enough that the ions will be thermalized 
within the bounce time, and we can use the Maxwellian 
distribution values’ of (ov), given in Fig. 3. From an 
examination of the oscilloscope traces discussed in the 
next section it can be estimated that the pinch stays 
assembled for something like 4X 10~* second. 
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Fic. 3. (ovaa)4y for a Maxwellian distribution [calculated from 
Eq. (7) of reference 3], and neutrons per cm’ vs density and 
temperature. 


The minimum radius achieved during the snowplow 
shock is crucial to the yield calculation, but we have 
been unable to derive it theoretically in a satisfactory 
way. An argument was given earlier that a radial com- 
pression of 8 to 10 seemed likely; a similar conclusion 
can be reached from a consideration of the finite thick- 
ness of the snowplow sheath as measured with small 
probes that yield the magnetic fields and hence the 
current densities as functions of time and radius. 
Plausible results can also be obtained by an analysis of 
the inductance of the circuit from voltage signals, but 
these are of low precision. In the following discussion we 
assume a radial compression of 8 at the time of the first 
bounce. 

The temperature of the pinched plasma is estimated 
from the radial speed and the relation whereby the 


mean energy after thermalization is given by 
W=3kT. (9) 


The radial velocity at the time of the first bounce is 


dr Tew? Yidy CV? dy 

sade fT 

dt 100xpR*] dr 100rpi dr 
and solution of Eq. (7) gives (dy/dr)| y.0.125= 2.0, so 
that for our numerical example we have 


dr/dt=7.23X10%dy/dr= 1.4510? cm/sec. 


(10) 


(11) 
The directed kinetic energy of a deuteron is then ob- 
tained from KE=43M 4(dr/dt)*. This energy calculation 
is not as accurate as the timing information because the 
maximum transfer from magnetic energy to particle 
energy occurs at small radius if the current is large, and 
in this case the variable inductance of the pinch be- 
comes larger than the series inductance. For the experi- 
mental values in our example: dr/dt=—1.45X 10’ 
cm/sec yields directed energy of 215 ev and a tempera- 
ture of ~140 ev. The electrons will have received little 
radial energy. This is an upper limit to the temperature 
because we have assumed that the current is linear with 
time, whereas the pinch inductance causes the current 
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to dip at about the time of each bounce; the correct 
calculation would yield a value perhaps 25% lower. 
However, the temperature at the second bounce should 
be increased by an amount roughly proportional to the 
current increase, or about 20%, and the third bounce 
(at which time neutrons were usually observed) would 
be slightly hotter. 

In addition, the particles in the strong snowplow 
shock have energy in the moving system because of the 
inelastic nature of collisions with the snowplow, which 
is approximately equally shared between ions and 
electrons. An additional ion energy of 15 ev is attribu- 
table to these inelastic collisions. 

Finally, the effect of Joule heating must be included. 
From the known current and radius as functions of 
time, the effective thickness of the current sheath 
[about 0.8 cm (experimentally measured at Livermore) ], 
and Spitzer’s formula for resistivity with a transverse 
magnetic field,!? an electron temperature of 20 ev is 
calculated for first bounce time. 

During the first compression the electrons are heated 
by ion-electron-collisions so that at the end of the first 
compression the electrons and ions each have tempera- 
tures of about 90 ev, although the ion-energy distribu- 
tion is by no means Maxwellian. By the third compres- 
sion the mean temperature has been raised perhaps 
20%, as previously described, and the high-energy part 
of the Maxwell distribution has been fairly well popu- 
lated. Because no heat losses have been included, an ion 
temperature of about 110 ev can be considered an upper 
limit. 

The neutron yield from a tube 45 cm long, for 
example, can now be estimated: 


N=4n%ov)yrrlAt~0.3. (12) 


Because the yield is approximately proportional to the 
twelfth power of the ion temperature in the energy 
region that we are considering, the above calculation 
may well be in error by an order of magnitude or more. 
However, a factor of 10* would be necessary to explain 
the experimental results, corresponding to an ion tem- 
perature of about 1 kilovolt. 

We shall ascribe the neutron production to an in- 
stability ; therefore a brief comment on such phenomena 
is in order. The instabilities of a pinch have been ex- 
amined theoretically by Kruskal and Schwarzchild? and 
documented experimentally by Cousins and Ware,’ 
Bostick, Combes, and Levine,” and Burkhardt ef al. 
The theoretical treatment considers the first-order per- 
turbations of a sharp plasma—magnetic-field interface in 
radial geometry, and it is found that an initial random 
noise level of perturbation is described by the expo- 
nential growth of the amplitude of each of a set of 

~ 8 Lyman. Spitzer, Jr., Physics of Fully Ionized Gases (Inter- 
science Publishers, Inc., New York, 1956). 

18 Bostick, Combes, and Levine, Investigations of the Properties 
of the Pinch Effect in an Ionized Gas Carrying a High Current, 


Tufts University, Medford, Massachusetts, Research Laboratory 
of Physical Electronics (January, 1956). 
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normal modes. The normal modes are described by the 
axial wave number & and the azimuthal quantum num- 
ber m such that any perturbation can be written as a 
Fourier sum )om,% Am, x exp(imé+ikz), and the expo- 
nential growth of the amplitude é of any given mode is 
described by &= & exp(im6+ikz+wt), where w is deter- 
mined by the dispersion relation. The mode associated 
with m=0 is the “sausage” or “necking-off” type of 
instability, while m=1 describes the kink-type in- 
stability. Higher m modes describe various degrees of 
fluting. The breakup of the pinch after the second or 
third bounce is usually ascribed to the very rapid 
nonlinear large-amplitude growth rate of the m=0 
sausage-type instability necking off the pinch. The 
growth time is of the order of the radius divided by 
sound speed—hence the few bounces before breakup. 


III. EXPERIMENTAL PROCEDURE 
A. Apparatus 


The pinch circuit was designed to have minimum 
inductance external to the pinch tube in order that the 
voltage applied to the pinch tube and the current 
growth would be maximized. There were two exceptions 
to this rule: only easily available condensers were used, 
and the pinch tubes were mounted outside the condenser 
box so that measuring apparatus could easily be placed 
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Fic, 4, Cross section of a pinch tube. 
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near the regions of interest. The arrangement is shown 
schematically in Fig. 1. The condenser bank contained 
25 Cornell-Dubilier 0.5-microfarad 50-kilovolt con- 
densers in parallel. The condenser circuit and spark gap 
had a total inductance of 2X 10~7 henry. 

Approximately thirty pinch tubes were built in con- 
nection with the experiments described in this paper. 
Figure 4 is a cross-sectional view of one of these tubes. 
The voltage across the tube was monitored by using the 
cooling water as a voltage divider, and the current was 
obtained from noninductive shunts. Pure gases were 
flushed through the system continuously to reduce the 
contaminant problem. 

Typical data are shown in the tracings of Fig. 5. The 
curve labeled ‘discharge radius” is not quantitatively 
correct, but the behavior is inferred from an analysis of 
the voltage wave form. The voltage signal is Ld//di 
+JdL/dt plus a small resistive drop, and may be 
interpreted as follows: 

A. The full condenser voltage is across the pinch tube 
before appreciable ionization takes place. 

B. The gas is ionized and V ~ Ld//di+JR. 

C and D. The current sheath is moving toward the 
axis of the tube and the increase in voltage is given 
principally by JdL/dt. 

E. The shock wave that preceded the boundary of the 
plasma has been reflected at the center of the tube and 
has reversed the direction of motion of the current 
sheath, changing the sign of the /dL/di term. 

F, IdL/dt is still negative, but the outward speed of 
the sheath is decreasing. 

G. The sheath has made its maximum radial excur- 
sion and is about to move toward the axis once more. 

H through L. Records of three more compressions. In 
some cases the peak voltages are many times the voltage 
originally applied to the tube. At times later than L 
(or sometimes K) the voltage trace consists of a very- 
high-frequency signal lasting for approximately 10-7 
second, following which all detail disappears. Either 
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Fic. 5. Pinch signals. (Interpretation is given in text.) 
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Fic. 6. Neutron yields vs voltage and pressure in 5-by 45-cm 
quartz tube. 


instabilities fill the whole tube with plasma at this time 
or the insulator becomes conducting; in either case the 
interior of the pinch tube is isolated from the external 
circuits. 

Pyrex tubing was used originally, but an examination 
of the voltage signals showed that the plasma radius 
remained constant for about } microsecond longer than 
expected, possibly indicating that a considerable amount 
of material was being evolved from the insulator surface. 
When quartz was used the current sheath left the wall 
almost immediately and much more detail was visible on 
the voltage trace. With other parameters unchanged, 
100 times as many neutrons were produced with the 
quartz insulators as with Pyrex. 

The absolute numbers of neutrons per pulse were ob- 
tained with a long boron counter and calibrated Po-Be 
source, but for day-to-day use a lead-shielded, europium- 
activated lithium iodide crystal and photomultiplier 
assembly surrounded by 5 cm of paraffin was more 
convenient. The timing of the neutron bursts was 
obtained from proton recoils in small volumes of plastic 
scintillator. Several plastic scintillators were used to 
compare the timing and relative numbers of the neutrons 
from different parts of a discharge. The spatial origin of 
the neutrons was determined with plastic scintillators 
which were either imbedded in blocks of paraffin con- 
taining channels or hidden in the shadow of a scattering 
material. Neutron and gamma-ray energies were meas- 
ured with nuclear emulsions. 


IV. NEUTRON MEASUREMENTS PERTAINING TO 
THE PRODUCTION MECHANISM 


The experimental observation of neutrons from a 
linear pinch preceded the theoretical analysis so that the 
yield per pulse, for example, although surprisingly large, 
did not appear to rule out a thermonuclear origin. In 
general, the early experiments seem to be reasonably 
consistent with thermonuclear production, whereas the 
later experiments conclusively excluded this possibility. 
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Fic. 7. Neutron yield from 5-by 90-cm quartz tube with 200-4 
D.+<a partial pressure of argon. 


A. Yield 


The average number of neutrons per pulse was raised 
by several orders of magnitude during the course of 
these experiments by changing tube design and adjust- 
ing operating parameters, to a final volue of 4X 10°. The 
yields as functions of deuterium pressure and condenser 
voltage for a tube 45 cm long and 5.5 cm in diameter are 
shown in Fig. 6. The theory predicts an increase in yield 
with increasing condenser voltage; the decrease at high 
voltages is not understood. A theory that this might be 
due to poor ionization at high field strengths was ap- 
parently disproved by experiments in which the gas was 
preionized before the pinch current was applied, no 
change being observed. Larger-diameter pinch tubes 
gave maximum yields at higher voltages; e.g., quartz 
tubes 7.6 cm in diameter and 45 cm long had maxima at 
about 45 kilovolts. 


B. Time of Neutron Emission 


The neutron emission usually began at the time of the 
third maximum contraction of the plasma, although 
some tubes gave sizable yields on the second bounce. 
The shape of the emission curve is interesting in that it 
rose to a maximum in about 10~* second and fell to 
zero in about 2X 10-7 second. The emission at the time 
of maximum contraction and maximum energy in the 
pinch is consistent with a thermonuclear event, but the 
sudden rise in output probably can be explained only by 
invoking some sort of instability. 
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C. Quenching by Impurities and Axial 


Magnetic Fields 


Impurities in the deuterium plasma could reduce the 
neutron output in several ways (to be discussed in 
Sec. V). The first experimental evidence pointing to the 
effects of impurities was the hundredfold increase in 
neutron production when the insulator was changed 
from Pyrex to quartz. Small percentages of other gases 
were then introduced; the effect of argon in our maxi- 
mum-yield tube is shown in Fig. 7. The points shown are 
averages over many pulses, but the manner in which the 
shot-to-shot yield varied is also interesting. With pure 
deuterium the shot-to-shot variation was less than a 
factor of two. The individual pulse yields became in- 
creasingly erratic as argon was added ; with 3 microns of 
argon, for example, a few of the pulses gave as many 
neutrons as from pure deuterium, while most of the 
pulse yields were down by a factor of one hundred or 
more. The effect of helium was much less pronounced, 
the output falling in approximately the same way as the 
number of deuterons in the plasma. 

The yield was also considerably reduced when weak 
axial magnetic fields were applied to the pinch tube 
(Fig. 8). It will be shown later that this behavior is 
incompatible with a thermonuclear reaction unless the 
compressions are much higher than is thought possible. 


D. Spatial Origin of the Neutrons 


One of the first measurements was to determine 
whether neutrons were produced at one of the electrodes 
or along the axis. Lead-shielded plastic scintillator recoil 





10° 
7 


4% 


nN 


30 KILOVOLTS 
. 2000, 


g 





“N 


es 


~ 





x 3 


AVERAGE NUMBER OF NEUTRONS PER PULSE 
b 





























i?) 20 60 100 
B, (gauss) 


Fic. 8. Neutron yield from 5-by 90-cm quartz tube with 200-4 
D, and an axial magnetic field. 
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detectors in paraffin collimators were moved along the 
axis while the total yield was monitored with a Lil 
crystal several feet away. In this manner it was shown 
that the output decreased slightly near the electrodes, 
excluding the bombardment of adsorbed deuterium as a 
production mechanism. 

Because of the difficulty in collimating neutrons, 
measurements were also made on a long tube (90 cm by 
5.5 cm) with small uncollimated plastic scintillator re- 
coil detectors. The calculated relative pulse heights as 
the detector was moved along the tube axis agreed with 
the experimental points ; the points were independent of 
the polarity of the applied voltage. 

Experiments with collimators did not yield a precise 
determination of the radial extent of the neutron source, 
but it was easy to show that the neutrons did not 
originate at the walls, and in fact came from a cylinder 
not greater than 2 centimeters in diameter. It was then 
possible to proceed to a detector capable of better 
angular resolution, namely a plastic scintillator in the 
shadow of a thin wedge of scattering material (copper or 
tungsten), shown schematically in Fig. 9. The data, 
Fig. 10, indicated neutron production within a cylinder 
not more than 1 centimeter in diameter. Greater preci- 
sion could not be obtained with a single detector because 
the constricted plasma was apparently displaced as 
much as 0.5 cm from the geometrical axis of the pinch 
tube in some of the discharges, perhaps because of kink 
instabilities. 

E. Simultaneity of Neutron Emission 
Along the Tube Axis 


Two recoil detectors were placed along the side of the 
90 cm long tube, one of them at a fixed position as a 
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Fic. 9. Apparatus for radial neutron distribution measurement. 
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Fic. 10. Radial neutron distribution. 


monitor and the other movable along the tube. The 
onsets of the neutron pulses were simultaneous to 
within 10~* second at all points. 


F. Neutron Energy Measurements 


Although the rapid quenching of the neutron pro- 
duction by small amounts of impurities seemed to favor 
a thermonuclear reaction, the unexpectedly high yields 
forced a continued search for some other production 
mechanism. The voltage across the pinch tube at the 
time of neutron emission was about 10 kilovolts; if 
deuterons were accelerated to 10 or more kev in a par- 
ticular direction, then a careful measurement of the 
neutron energies should disclose this fact. The energies 
expected from a directed deuteron beam striking a 
deuterium target are shown in Fig. 11. 

Ilford C.2 emulsions were exposed at the sides and at 
10 cm from each end of the pinch tube on the axis. An 
additional set was exposed with the applied voltage re- 
versed in polarity. The tube used for these measure- 
ments contained a quartz insulator 46 cm long and 7.5 
cm in diameter and was filled with 100 microns of 
deuterium. The condenser bank was charged to 35 
kilovolts. 

The recoil-proton histograms from neutrons emitted 
from the pinch tube at 0° and 180° to the direction of 
the applied voltage are shown in Fig. 12. Equivalent 
neutron and inferred deuteron energies are also shown. 
The spectra may be interpreted as due to 50- to 100- 
kilovolt deuterons directed along the tube axis which 
bombard deuterons at rest. In some of the cases the 
energies must have been at least 200 kev. From the 180° 
data it is clear that the thermonuclear contribution, if 
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Fic. 11. Neutron energies from d-d reactions as a function of 
incident deuteron energy. 


any, must have been quite small. The technique was 
checked by bombarding a deuterium-loaded target with 
deuterons from an accelerator. 


G. High-Energy Electron Search 


It seemed possible that under certain conditions high- 
energy electrons might be produced by the same mecha- 
nism as accelerated the deuterons. Newly poured Ilford 
G.5 electron-sensitive emulsions were exposed at the 
ends of the discharge tube with a thin electrode and 
scanned for electrons of 100 or more kilovolts. Some 
electrons of many Mev were detected in numbers 
statistically above background, but it is possible that 
the effect was spurious, and in any event the number of 
electrons accelerated to such energies was very small. 


V. INTERPRETATION 


The results of the experiment in which the neutrons 
from the dynamic pinch were observed are inconsistent 
with a thermonuclear origin. The proposed explanation 
of the pinch neutron phenomena that will be discussed 
here is dependent upon the formation of the m=0, or 
sausage-type, pinch instability mode. The rapid dy- 
namic growth of this instability mode results in a rapid 
change of inductance of the pinch. The axial electric 
field across each instability resulting from this change in 
inductance accelerates a small group of deuterons to 
approximately 50 kev per instability. The collisions of 
these deuterons with the remainder of the deuterons of 
the pinch give rise to the observed neutron production. 

The emphasis upon deciding for or against a possible 
thermonuclear origin is based upon the recognized 
principle that, in general, useful power cannot be ob- 
tained from a fusion reaction unless the ions are in 
approximately thermal equilibrium with one another. 
In other words, an accelerated deuterium or tritium 
“beam” incident upon a target cannot produce useful 
thermonuclear power because the irreversible energy 
loss of slowing down in the target is always greater than 
the reaction energy produced.’ Even though these pinch 
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experiments produce a relatively large number of 
neutrons, unless these neutrons were from a thermo- 
nuclear origin there would be no hope of extending the 
yield to power-producing value. It is therefore worth 
while to ‘consider the evidence that argues against a 
thermonuclear origin. 

(a) The first and primary evidence is the energy dis- 
tribution of the recoil-proton tracks in photographic 
emulsion exposed at either end and at the sides of the 
linear pinch tube. These showed that in one axial 
direction the neutrons causing the recoils were of a 
higher mean energy than would come from a deuteron 
collision whose combined center of mass was at rest 
relative to the emulsion plates., The interpretation of 
this center-of-mass velocity is that a deuteron of mean 
axial kinetic energy of 50 kev strikes a deuteron at rest. 
The resulting nuclear reaction occurs with a moving 
center of mass, so that neutrons emitted in the forward 
direction have a higher energy than those directed 
backward. 

The observed neutron-energy distribution corre- 
sponded to deuterons with a mean axial energy of 50 kev 
with a half-width of +50 kev. The neutrons originate 
from a small class of deuterons that are accelerated 
axially to a high velocity in the direction that would 
correspond to the applied electric field. 

(b) A weak axial magnetic field of 50 to 100 gauss 
quenches the neutron production. The dynamics of the 
pinch" would indicate that a compression of 50 might 
be expected on the first bounce, increasing to 100 on the 
second bounce, which in turn agrees with density 
measurements made on a helium pinch by observing the 
Stark broadening of spectral lines. With a compression 
of 100, an initial axial field of 100 gauss trapped inside 
the pinch would be increased to 10 000 gauss, which is a 
trivial pressure compared with the pinch field of ap- 
proximately 100000 gauss. The effect of an internal 
axial field on a thermonuclear pinch would be dependent 
upon the internal H, pressure relative to the external H¢ 
pressure. For these to be comparable we solve the 
equilibrium equation : 


H,= He, 
H,=R°Hx/r*, Hz= 100 gauss, (13) 
He=1/5r, I= 150 000 amp. 
Therefore 
(R?/r?)100= 150 000/57, R=3.75cm; (14) 


therefore 
r=0,.047 cm. 


This is a considerably smaller radius than would be 
expected owing to the limitation of shock phenomena. 
It implies a compression of 6500, which is two orders of 
magnitude larger than measured for a helium pinch, and 
similarly unlikely for a deuterium pinch. In other 
words, the tenfold quenching of the neutron production 











NEUTRON PRODUCTION 
by such a small amount of axial field suggests that the 
production phenomenon is critically associated with 
radii less than 0.05 cm. 

(c) The neutron yield does not increase with in- 
creas.ng voltage as rapidly as would be expected of a 
thermonuclear process. The yield curve versus applied 
voltage actually decreases slightly at the higher volt- 
ages. This could be interpreted in terms of poorer initial 
ionization with resulting impaired pinch dynamics; 
however, the timing of the dynamic bounces agrees 
with the scaling from much lower voltages so that the 
ionization process must be sufficiently complete to trap 
the major fraction of the gas. The higher voltage gives 
an observed shorter bounce time and therefore should 
give a higher temperature. The fact that an actual de- 
crease in yield was observed as the voltage was raised is 
inconsistent with a thermonuclear origin. 

(d) The neutron yield is much greater than would be 
expected from a simple analysis of the dynamic pinch 
behavior. 

The remaining experimental evidence supports a 
thermonuclear origin and must also be consistent with 
any other theory of neutron production. 

(e) The quenching effect of impurities in a thermo- 
nuclear pinch should be proportional to the specific heat 
of the impurity relative to the thermal energy of single 
particles. The radiated bremsstrahlung power in these 
short times (0.1 usec) is trivial. The specific heat of an 
impurity of atomic number Z is comprised of the energy 
needed to strip approximately Z electrons and give them 
each kT energy. Therefore the specific heat of an im- 
purity relative to a deuteron atom is approximately 
(2ZkT)/(2kT) = Z. Therefore an argon atom should add 
20 times the specific heat of a deuterium atom, so that 
1% impurity of argon should cause a 20% effect on 
temperature. If the temperature were high enough to 
give the observed yield thermonuclearly, then a 20% 
change in temperature would be a 100% change in 
yield—in approximate agreement with an observed 
quenching factor of 4. 

(f) Shot-to-shot variation of the neutron burst usually 
occurs at the third dynamic bounce of the pinch, at 
which time the shock should have reached the maximum 
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Fic. 12. Recoil proton histograms from D(d,n)He* neutrons 
emitted at 0° and 180° to the applied electric field. 
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temperature. (The radius-versus-time behavior of the 
pinch can be obtained qualitatively from the inductance 
behavior of the pinch as a circuit element.) 

(g) The initial voltage applied across the tube is 50 
kilovolts or less, and at the time of neutron production 
is measured as between 10 and 20 kilovolts. 

(h) The neutrons are produced uniformly along the 
axial length of the tube within a statistical magnitude 
of +15% and with an axial resolution of +10%. This 
excludes the possibility of the neutrons’ being generated 
by deuteron bombardment of deuterium occluded on 
one or both electrode surfaces. 

(i) The radial distribution of neutron production 
agrees with a radially centered distribution of full width 
at half maximum of 1 cm diameter or less. The quartz 
tube diameter is 7.5 cm. 

(j) The neutrons are produced simultaneously along 
the axial length of the tube to within 5% of the transit 
time of a 50-kev deuteron from one end of the tube to 
the other. This excludes the possibility of deuterons 
being accelerated by a sheath drop at one electrode, and 
traveling focused within the pinch, making collisions 
along the full axial length. 

The proposed mechanism for neutron production de- 
pends upon the instability breakup of the pinch. The 
voltage between the electrodes of the pinch as a function 
of time depends upon the inductance of the pinch as a 
circuit element. If we assume axial uniformity so that 
the radius of the pinch is uniform with axial positien, 
then the inductance measurements give the pinch radius 
as a function of time. The first bounce agrees with the 
concept that the pinch compresses to 1/7 to } of the 
original tube diameter, hence the compression of 50. 
The second, and sometimes third, bounces are ob- 
servable, but thereafter the circuit behavior is inter- 
pretable only in terms of an instability breaking up the 
pinch, After breakup (usually after what would appear 
as the third bounce), the circuit appears as if the current 
were flowing on the inside of the quartz tube wall. At 
very low condenser voltages, 20 kilovolts and below, 
there sometimes appears a very high-voltage spike 
(100 000 to 200 000 kilovolts) at the time of the second 
or third bounce. The above behavior is in agreement 
with the idea that after one or two bounces the inherent 
instabilities have had a chance to grow: to sufficient 
magnitude to perturb seriously the inductive behavior 
of the pinch. When this rate of change of inductance is 
high enough, the resulting voltage can reach a value 
many times the applied voltage and may be large 
enough to break down (voltage-wise) the inside of the 
quartz wall—causing a surface current to flow that is 
large enough to electrically isolate the pinch from the 
external circuit. This is why the very high cumulative 
voltage during neutron production need not appear in 
the external circuit. 

The instability mode that would grow fastest is the 
sausage type (m=0), where the plasma is “necked off” 
in one or more places, Fig. 13. This mode should grow 
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Fic. 13. Sausage instability with resulting electric field. 


fastest at large amplitude because the rate of increase of 
pressure (H,*/8r) is more rapid for a small change in 
pinch radius r than is the differential pressure for the 
kink instability (m2 1) for a small amplitude. The rate 
of growth of a given wavelength instability is exponential 
for an amplitude that is small compared with both the 
wavelength A and pinch radius r. 

As the amplitude becomes larger, the troughs of 
magnetic field growing radially inward speed up because 
of the increased magnetic field pressure of the smaller 
radius pinch. The resultant necking off of the pinch 
causes an axial flow of plasma that expands the pinch 
immediately adjacent to the neck. This nonlinear 
coupling tends to space the instabilities regularly so that 
the configuration expected at the time of the second or 
third bounce is a series of m=O instabilities regularly 
spaced along the length of the pinch. This is confirmed 
by time-resolved pictures taken at Los Alamos of the 
pinch at this time. The spacing corresponds to a wave- 
length equal to the pinch diameter at the second bounce, 
which is in agreement with the predicted structure of the 
nonlinear growth of the trough. 

The shape of the neck or trough as it grows radially 
inward can be derived on the basis of a simplified 
hydrodynamical model. Once the initial instability has 
grown to an amplitude equal to } the pinch radius, then 
the magnetic field pressure at the point of minimum 
radius is approximately twice as great as the plasma 
pressure—assuming that the original growth was from 
an equilibrium radius. For an overpressure of 2 or 
greater, the flow velocities are governed primarily by 
shock hydrodynamics, and therefore according to the 
snowplow model, which is sufficiently accurate for the 


COLGATE, 


ISE, AND: PYLE 
approximation, the plasma—magnetic-field interface will 
then move at a velocity determined by the pressure 
difference. Since we are primarily interested in the 
instability shape at small radius, we shall assume that 
the magnetic field pressure is always much greater than 
the plasma pressure. 

It is shown in the Appendix [Eq. (16A)] that the 
voltage per lobe (for the numerical example discussed in 
the theory section) is 





dL 
V=I—=1.26x10X——_—_. 
dt r(1—2A)! 


R . 1 4A 
x| -in—+14+"(va-— ) _- | (15) 
ri 2 VA 3 


where r;=0.375 cm and R=3.75, A=r,/r;. Therefore 
one has 


1.26X 10° 7 1 4A 
V=—— —| 13+ (va-—)-- | (16) 
r/(1—2A)! 2 ‘A 3 


V/ 
In order to attain 100 kev per gap, so that an ion 
making one cycloidal orbit across the gap will pick up 4 
this energy or 50 kev, one finds 


r ~0.05 cm. 

This is just the radius at which the calculated axial 
magnetic-field pressure of 100 gauss should prevent 
further instability growth and quench the neutrons. 

The ions can cross the magnetic field between lobes by 
being accelerated by the electric field, because their 
Larmor radius is greater than the lobe spacing. The 
sides of the lobe are ~2r apart; the magnetic field is 
30 000/r; the Larmor radlus is 


1p=200/E/H, or rp=200rn/E/30000. (17) 


For an ion to cross the gap in a single cycloid orbit 
requires 
1.47 p=2r; 
therefore 
E> 36 kev. 


The range of an accelerated deuteron in the plasma 
of the lobes can be calculated from the slowing-down 
time 7. The time necessary for the deuteron to lose 1/e 
of its energy is* 

7=1.1X10"(T!/n,). 


T, the temperature in kev, is 0.1, m, is the electron 
density and is 1.7 10'*. Therefore 


r= 1.1X102(0.03/1.7X 10'8) = 2X 10-8 sec. 


The corresponding range for a 50-kev deuteron is 4 
cm, which is too long by a factor of 4. Halving the mean 
electron temperature and doubling the density could 
easily account for the difference. However, the long 
range would indicate that a small class of particles could 


(18) 


(19) 
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be accelerated from one instability to the next, giving 
much higher energies, and thereby explaining the few 
very high-energy deuterons observed. The same process 
would apply for electrons if it were not for the difficulty 
of their crossing the high magnetic fields. 

A comparison can be made between the proposed 
acceleration mechanism and the experimental obser- 
vations. 

(a) A small class of high-energy axially accelerated 
deuterons should give rise to a forward-peaked neutron 
distribution. The large observed width of the distribu- 
tion can be caused by the bending of the deuteron 
trajectories in the strong magnetic field of the instability. 

(b) A weak axial mnagnetic field of 100 gauss should 
stabilize the m=0 mode of instability, for radii less than 
0.05 cm. This is just the critical radius to which the 
instability must grow to create the accelerating voltages. 

(c) The strong quenching by impurities cannot be 
properly explained. It might be associated with the ion- 
injection mechanism into the accelerating electric field. 
A boundary layer must exist between the magnetic field 
and plasma during the instability growth. The charac- 
teristics of such a layer are that the ions penetrate into 
the magnetic field further than the electrons. The re- 
sulting charge-separation electric field turns the ions 
around in a distance small compared with the ion 
Larmor radius. An ion of smaller (Zegective) (e/M) would 
penetrate farther into the vacuum region, would feel 
more of the accelerating electric field, and might be 
preferentially accelerated in the instability breakup 
process. Therefore, a small number of impurity ions that 
have retained some orbit electrons might be prefer- 
entially accelerated and result in no neutrons. If this 
explanation is true, then a small addition of tritium 
would be expected to give a disproportionately higher 
neutron yield than the ratio of cross sections would 
indicate. This experiment has been tried at Los Alamos 
with negative results. It is also suggested that a very 
small impurity addition cools the electron temperature 
by inelastic excitation of bound atomic levels. If the 
electron temperature is lowered, the boundary layer 
becomes thicker and the dynamics at small radii is 
impaired. 

(d) The neutron yield as a function of applied voltage 
might be expected to level out once the instability 
breakup voltages have reached 50 to 100 kev. Certainly 
rather wide fluctuations in yield might be expected for 
a statistical process of a small number of instabilities. 

(e) The neutron yield from a thermonuclear process 
has been estimated in Sec. II. The expected yield from 
the instability breakup process can be estimated with a 
lower limit from a space-charge-limited current. (A 
discussion of it follows this list of comparisons.) 

(f) The timing of the appearance of neutrons agrees 
with the time in the pinch history at which one would 
expect instabilities to have grown to large amplitude. 
The radius-versus-time behavior can be used to calculate 
the expected breakup voltages, 


IN DEUTERIUM PINCHES 1385 

(g) For weak pinches (small currents) a sudden rise 
in voltage can be observed at the pinch dynamic time 
at which one would expect neutrons. However, at higher 
pinch currents the shorting effect of the insulator 
(quartz) wall must be invoked to explain the lack of 
observed external high voltages. The direction of ac- 
celeration is in agreement with the change of inductance 
of the known current. 

(h), (i) Uniformity along the axis and a radially 
centered source are in agreement with the theory within 
the resolution of the experiments. 

(j) The theory would predict that the instabilities 
should grow simultaneously within a time small com- 
pared with the time of the third bounce. The third- 
bounce time is of the order of (5 to 10) K 10~* sec, so that 
the observed simultaneity of +5X 10~* is reasonable. 

The accelerated current per lobe should be greater 
than the space-charge-limited value because there 
should exist both an ion and an electron density greater 
than the space-charge neutralizing value. An ion current 
of 1000 amp/cm? at 50 kev requires an electron density 
of only 3X10" for neutralization, so that a strong 
electric field accelerates a very much greater current 
than the space-charge-limited value. Indeed, if the 
electron density outside the pinch is 0.2% of the value 
inside (~1.7 X 10"*), it is possible that the whole current 
of the pinch can be carried space-charge-free by the ions. 
This might occur if the instability actually interrupted 
the electron current by the mechanism of increasing the 
resistance of the necked region. 

The space-charge-limited current, in plane geometry, 
on the assumption that the magnetic field is strong 
enough to prevent electrons from being accelerated, is 


4 2e Vv! 
i=—K,— — amp/cm’. 


n 


(20) 


Since we are interested in only an approximate lower 
limit, we neglect the logarithmic voltage gradient over 
the slot. Therefore we have 


i= (0.56/r?) amp/cm?, 
for 
V = voltage= 50 kv, (21) 
for 
d=spacing=r. 


This current must be integrated over the surface of the 
slot: 


r 0.56 To 
i= f —2ardr=3.5 In—=7.6 amp per lobe. (22) 


or r 


The lobes are equally spaced along the length of the 
tube at A= 279=0.7 cm. Therefore in a 70-cm tube there 
are 100 lobes, which gives a peak current of 760 amp. 

The length of time that the instability configuration 
should exist is roughly the time for another instability 
to grow to an amplitude equal to the pinch radius ro. 
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During this time of approximately 0.1 usec, the original 
slot will be growing axially, giving roughly the same rate 
of change of inductance as during the radial growth. 
This time of 0.1 usec is roughly $ the observed neutron 
pulse length, and 3 the voltage spike width observed for 
weak pinches. 
The number of accelerated deuterons becomes 


N dec= 760X 6X 10'*X 10-7 = 4.6 10". (23) 


The number of deuterons that the accelerated ions see 
in slowing down in a relaxation length is 4X 1.7 10!* 
=6.8X 10". 

The reaction cross section o(d-d)soxey is 3.7X10-** 
cm’, of which one-half the reactions lead to neutrons, so 
that the expected neutron production becomes 


o 
c= ehsetenties 


3.7 
=4.6X 10" 6.8 10! — x 10-*6 
2 


=6X 10’ neutrons. (24) 


This is the approximate yield observed from a tube of 
this length, although some yields as high as 10* neutrons 
have been recorded. If the mean deuteron energy is 
assumed lower than 50 kev, the reaction cross section 
and space-charge-limited current are so much lower that 
space-charge neutralization must be assumed in order to 
account for the observed yield. 

Two additional theories of the neutron production 
have been proposed. The first, briefly referred to by 
Kurchatov at the Harwell Conference,* was one in which 
a Fermi-type acceleration was proposed in which a 
small class of ions was accelerated by reflection from 
moving random magnetic fields. If the field motion is 
random, then the ion motion must be random and no 
shift in the center-of-mass motion should be observed. 

The theory proposed by James Tuck of Los Alamos 
invokes the m=0 mode of instability and accelerates 
just those deuterons that break through the sheath at 
the neck of the instability. The ions are accelerated to 
essentially the neck velocity, and then they are deflected 
into the axial direction by the magnetic field. By the 
snowplow hydrodynamic model, this requires an in- 
stability minimum radius of 0.01 cm, which is con- 
siderably smaller than considered here, but feasible. 
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APPENDIX. CALCULATION OF THE VOLTAGE 
ACROSS AN m=0 INSTABILITY 


If an initial instability (Fig. 14) grows from an 
equilibrium pinch of radius r;, then the velocity of every 
point on the 7, z curve describing the interface shape is 
dependent upon the pressure H*/8r. For snowplow 
hydrodynamics the force equals the time rate of change 
of momentum, so that to first approximation one has 


Fie P 





(1A) 


where p= density, w= velocity normal to the shock, and 
I=pinch current. The radial shock velocity increases as 
the instability grows inward and a simple graphical 
integration gives the contours of growth of Fig. 14. 
The initial azimuthally symmetric perturbation is at 
r=0.9r; and the normal velocity at any point on the 
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Fic. 14. Growth of sausage instability with resulting electric field. 
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interface becomes r uo/r, where uy is the shock velocity 
at the initial pinch radius r;. The shape at large growth 
can be approximated by the parabola 


(2A) 


2?=().36r,(r—r,), 


where r;= the minimum radius of the instability. 
A voltage is developed between each instability lobe 
because of the rate of change of inductance: 


V = (d/dt) (LI) 
=I(dL/dt)+L(dI/dt), 


(3A) 
(4A) 


where L= inductance, /= current. 

The total voltage across the pinch is either the applied 
voltage, which is small at second-bounce time, or is less 
than this because the inside quartz wall has shorted on 
itself, in which case we have 


I (dL/dt)= —L(dI/dt), (5A) 
or 


L; Le= ip I. (6A) 


Since even a large number of regularly spaced in- 
stabilities does not change the total inductance of the 
pinch by very much (~30%), the current J during the 
instability growth tends to remain constant. Therefore 
the voltage across a given instability is 


V=I(dL/dt), (7A) 


R 


ri-rys 
L=2xX10 x2 f In—dz henries/cm, (8A) 


rf r 


where R=outside conductor radius, r=pinch radius, 
r;=minimum instability radius, z= axial position, and 
r,=initial pinch radius. But we have 


z=0.6[r.(r—ry) }. (9A) 
Therefore 
rtf InR/r 
L=4xX10 «0.3(r)! f - —dr. (10A) 
rf (r—r,)! 


This can be integrated to give 


rs j R/r; 
L=1.2x10°%(7)!2(r)}( 1-2") |in( —~-) +2 
i; 1—r; rT; 


2(r;/r,)* 1—2r;/r; ; 
eens ae an -- =. ‘) | (11A) 
(1—2r,;/r,)! ry /V; 
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The time derivative of the inductance during instability 
growth becomes 


dL dy; 2 r;/r, \3 
—=1.2X10~(r;)+—_x—— (—-*-) 
dt dt (rs)§\1—2r;/r, 
R/r; 
a(t 
1—r,/r; 
r/r; \3 r/t7;, \O 
x(——) tan ( <.) ||. (12A) 
1—2r;/r; 1—2r,/r; 


and if we make the approximation r,/r;= A1, then 





aL A dr, 1 
_ =1.2x10-4(r)2(— ) —— 
dl 1—2A dt (r;)! 


R T 1 
x{ -In( -) +14 (, ‘A-- )-s| (13A) 
r; 2 V/A 
The radial velocity of the neck of the instability, 
dr ,/dt=u, can be calculated from Eq. (1A), 


Pr 


2 ; 
Gare) j 


dry 


dt 


(14A) 


where p= density in pinch (170 microns D2, compressed 
100-fold at second bounce time)=3X10-* g/cm’, 
T= 150 000 amp. 
Therefore 
dr; 3.5X10* cm/sec 


dt 


(15A) 


‘fs 


From Eqs. (7A), (13A), and (15A), the voltage per lobe 
becomes 


dL 
V=I—=1.26X10*— 
dt r7(1—2A)! 


u R va 1 4A 
Xu—In—+1+ “(vs- —) _— | (16A) 

~s ? 2 V/A 3 
where 


r,=0.375, R=3.75. 


From the experiment concerning the neutron quenching 
by an axial magnetic field we infer that r;~0.05 cm, 
giving V=120 000 volts. 











PHYSICAL REVIEW VOLUME 


110, NUMBER 6 JUNE 15, 19588 


Photoneutron Thresholds for Iron, Germanium, Rubidium, and Hafnium 
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Photoneutron thresholds for Fe®*, Fe®’, Ge”, Rb*®*, Rb*’, Hf'”’, and Hf!” have been measured by using 
bremsstrahlung from a 22-Mev betratron as a photon source. The photon-induced reactions were observed 
by neutron detection supplemented in one case by radioactivity determinations. 

A comparison of these thresholds with neutron binding energies revealed that, for some of the nuclei, 
better agreement was obtained if formation of the residual nucleus in an excited state instead of in the 
ground state was assumed. The neutron binding energies inferred from these measurements are: 11.34+0.10 


Mev for Fe; 7.85+-0.13 Mev for Fe*’; 6.50+0.16 


Mev for Ge”; 10.50+0.08 Mev for Rb®; 9.89+-0.05 


Mev for Rb"; 6.70+0.09 Mev for Hf!”; and 6.52+-0.12 for Hf!”.. 





I. INTRODUCTION 


HE binding energy of a neutron in a nucleus is 
intimately associated with the observed threshold 
energy for a (y,m) reaction. If conditions are favorable 
for the (y,m) reaction to take place close to the theoreti- 
cal threshold energy (i.e., with very low neutron energy 
and no excitation of the residual nucleus), then the 
observed threshold can be identified directly with the 
neutron binding energy. If, however, the reaction is 
inhibited close to the theoretical threshold, the observed 
threshold may be associated with excited levels of the 
residual nucleus, or it may represent only an upper 
limit to the binding energy. 

Described herein are several thresholds measured by 
detection of the emitted neutrons and one by detection 
of the delayed gamma rays from an isomeric state. Some 
of these results were described at the American Physical 
Society Meeting in Chicago, 1956. 


Il. EXPERIMENTAL TECHNIQUE 


The general experimental setup used for detecting 
the neutrons was similar to that of Sher, Halpern, and 
Mann,’ and is shown in Fig. 1. X-rays from the 22-Mev 
NRL betatron were monitored with the aid of a trans- 
mission ionization chamber having thin aluminum walls. 
A tapered hole in an 8-in. lead wall limited the beam to 
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Fic. 1. Schematic diagram showing the experimental 
arrangement for detecting photoneutrons. 


1 R. Tobin and J. McElhinney, Bull. Am. Phys. Soc. Ser. II, 1, 
340 (1956). 
2 Sher, Halpern, and Mann, Phys. Rev. 84, 387 (1951). 


about 1} in. in diameter at the sample position, 93 in. 
from the betatron target. The photoneutrons emanating 
from the sample were detected by eight General Elec- 
tric B"-lined proportional counters, embedded in a 
paraffin block, and placed around the sample. A 3-ft- 
thick concrete wall with a hole for the beam was built 
in front of the betatron and a 0.040-in. cadmium jacket 
surrounded with extra paraffin was placed around the 
paraffin block in order to shield the counters from neu- 
trons originating in the betatron and in the lead 
collimator. 

The photoneutrons produced in the sample during 
the }-microsecond x-ray burst were moderated in the 
paraffin, and detected somewhat later in the B” 
counters. The counting rate following each x-ray pulse 
was roughly exponential in time with about a 180-micro- 
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Fic. 2. Photoneutron yield from iron in the betatron- 
energy range from 7.3 to 8.3 Mev. 
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TABLE I. Summary of observed thresholds. 





Isotopic 
abun- Expected Neutron binding 
dance neutron energy inferred 
: Mass (percent- binding Refer-from this experi- 
Element number age) energy (Mev) ence ment (Mev) 
Iron 54 5.9 13.2 +0.1 6 
56 91.6 11.18+-0.04 6 11.34+0.10 
57 ye 7.64+0.01 6 7.85+0.13 
58 0.33 10.10+0.01 6 
Germanium 70~=—s 20.5 11.56+0.08 6 
72 27.4 11.3 +0.1 6 
73 7.8 6.4 +0.1 6 6.50+0.16 
74 36.5 10.14+0.07 6 
76 7.8 9.6 +04 6 
Rubidium 85 72.2 10.264-0.07 6 10.50+0.08 
87 27.8 9.91+0.01 6 9.89+0.05 
Hafnium 174 0.18 8.23 12 
176 5.2 7.92 12 
177. — 18.5 6.38 12 6.70+0.09 
178 27.1 7.61 12 
179 13.8 6.09 12 6.52+0.12 
180 35.2 7.31 12 


second half-life. To permit the counters to recover from 
the x-ray bursts and to avoid excess counts from the 
random background, the circuits were gated so that 
neutrons were detected only during the interval from 
30 to 730 microseconds following each x-ray burst. 

The induced radioactivity was utilized in measuring 
one of the photoneutron thresholds for rubidium. De- 
tails are discussed below. 


Ill. RESULTS AND DISCUSSION 


Data are presented in the form of “relative neutron 
yield” or “relative activity” as a function of “betatron 
energy”. ‘“Betatron energy” is the maximum photon 
energy in the bremsstrahlung beam. The energy cali- 
bration of the betatron was derived from observations 
of the photoneutron thresholds of deuterium, fluorine, 
and oxygen, with values of 2.228, 10.416, and 15.658 
Mev, respectively, being assigned to them. These values 
represent the thresholds expected in the laboratory 
system based on mass data of Wapstra* and on a recent 
measurement of the O'* positron energy by Kistner et al.4 
A check with the (y,#) threshold for nitrogen showed 
very good agreement.° 

The uncertainties assigned to the observed thresholds 
take into account the counting statistics at each point 
and the corresponding uncertainties in the calibration 
thresholds. 

A. Iron 


The iron sample consisted of a block of commercially 
pure steel weighing 611 grams. The effective mass was 
smaller than this because of the beam collimation and 
the x-ray and neutron absorption by the sample. Figure 

3A. H. Wapstra, Physica 21, 367 (1955). 

4 Kistner, Schwarzchild, Rustad, and Alburger, Phys. Rev. 105, 


1339 (1957). 
5 W. L. Bendel, Bull. Am. Phys. Soc. Ser. II, 2, 143 (1957). 
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Fic. 3. Photoneutron vield from iron in the betatron- 
energy range from 10.7 to 11.8 Mev. 


2 shows the relative neutron yield in the vicinity of the 
lowest threshold. This yield, which begins to increase 
rapidly at 7.85+0.13 Mev, is attributed to the 
Fe*"(y,n)Fe®* reaction on the basis of a comparison 
with neutron binding energies listed by Way et al.,° and 
is shown in Table I. The observed threshold appears 
slightly higher than any of the reference values chosen 
by Way et al. and should be considered an upper limit 
to the binding energy. The discrepancy is not large 
enough to involve any known excited level of Fe**. The 
observed threshold is in agreement with the value of 
7.75+0.20 Mev reported by Sher e/ al.,? even though 
their analysis was based on data considerably removed 
from threshold and on the assumption of a power-law 
behavior to determine threshold. 

The next break to appear in the photoneutron yield 
as the betatron energy was increased is shown in Fig. 
3. The assigned energy, 11.34+0.10 Mev, is attributed 
to the Fe®®(y,n)Fe® reaction because of the high relative 
abundance of that isotope. It is doubtful if the lower 
threshold due to the Fe®*(y,n)Fe®’ reaction could be 
observed with this technique, because of the small 
relative abundance of Fe®* and the high yield of photo- 
neutrons from Fe*’ at that energy. This observed thresh- 
old is within the experimental uncertainties of the value, 
11.15+0.25 Mev, observed by Sher et a/.,? but is again 
slightly higher than the value, 11.18+0.04, listed by 
Way et al.® Iron presents a relatively favorable situation 

® Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Atomic Energy Commis- 


sion Report TID-5300 (U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 
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Fic. 4. Photoneutron yield from germanium as a 
function of betatron energy. 


for observation of the thresholds of these two isotopes. 
The more abundant higher-threshold isotope apparently 
provides enough photoneutrons to be detectable in the 
presence of the yield from the less abundant lower- 
threshold isotope. In addition, the differences in the 
spins of the initial and final nuclei are small enough to 
permit the reactions to proceed with dipole absorption 
of radiation and s-wave emission of neutrons. 


B. Germanium 


The sample consisted of 163 grams of high-purity 
germanium metal slugs contained in a glass bottle. A 
similar empty glass bottle was irradiated at the same 
energies to provide background data. The net neutron 
yield as a function of betatron energy, plotted in Fig. 
4, shows two breaks: one at 7.34+0.15 Mev and one at 
7.96+0.15 Mev. A comparison of these values with the 
binding energies listed in Table I shows a considerable 
disagreement which could be resolved only if the reac- 
tion resulted in excited levels of Ge” instead of the 
ground state. Since Ge” has a spin of 9/2 and Ge” has 
a spin of 0, one might expect the reaction, Ge” (y,n)Ge” 
(ground state), to be strongly inhibited near threshold, 
and an apparent threshold to appear when the 0.83-Mev 
excited level’ (spin=2) is formed. Assuming this to be 
the case, the binding energy can be calculated from the 
observed threshold (7.34 Mev) minus the excitation of 
the residual nucleus (0.83 Mev) to be 6.51+0.16 Mev, 
which is in agreement with the value of 6.40.1 Mev 
listed by Way et al.® 

7G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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Similarly the break at 7.96 Mev can be associated 
with the formation of the 1.46-Mev level® and the bind- 
ing energy calculated to be 6.50+0.16 Mev, again in 
agreement with the above data. One may further postu- 
late that the spin of the 1.46-Mev level in Ge” is very 
likely 2 or larger, in order to explain the fact that the 
break at 7.96 Mev appears comparable to that at 7.34 
Mev. 


C. Rubidium 


The sample consisted of 32 grams of rubidium metal 
in a glass vial. A similar empty glass vial was irradiated 
to determine background. By the use of the neutron 
detection equipment only one break was observed in the 
region between 9.3 and 12.0 Mev and is shown in Fig. 
5.8 This break occurs at 9.89+0.05 Mev, which agrees 
well with the value of 9.91+0.01 Mev listed by Way 
et al.® as the Q value for Rb*’(y,n)Rb**. The threshold 
of the Rb**(y,7)Rb™ reaction, expected around 10.26 
Mev, does not appear in the neutron yield, apparently 
being obscured by the high neutron yield from Rb*® at 
that energy. 

In order to ascertain that the 9.89-Mev break was 
associated with the Rb*’(y,n)Rb* reaction, eight-hour 
irradiations were made of rubidium samples at betatron 
energies of 9.3 Mev and 10.3 Mev. The induced radio- 
activity was detected by flat disk-shaped mica-window 
Geiger counters. The effect of the 0.27-Mev natural beta 
radiation from Rb*’ was reduced by 25-mg/cm* alumi- 
num absorbers. No residual activity was observed in 
the sample irradiated at 9.3 Mev, but an activity with 
a 20-day half-life was observed in the sample irradiated 
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Fic. 5. Photoneutron yield from rubidium as a 
function of betatron energy. 


* The thresholds for rubidium quoted in reference 1 were later 
found to be in error and were attributed to an impurity in the 
glass container. 














PHOTONEUTRON 


at 10.3 Mev. This 20-day activity can be associated 
with the 18.6-day Rb* identified by Niday.® 

In order to measure the Rb*(y,n)Rb™ threshold, 
observations were made of the induced 21-minute acti- 
vity of the isomeric state of Rb™. A NalI(TI) crystal 
(1 in. diameter by 2 in. long) was used with a photo- 
multiplier and a 20-channel pulse-height analyzer to 
detect the 217- and 249-kev cascade gamma rays" from 
the isomeric state. The relative activity as a function 
of betatron energy is shown in Fig. 6. The threshold 
appears at 10.98+0.07 M ». Subtracting the 0.466- 
Mev" excitation energy « he residual nucleus, one 
obtains 10.51+-0.08 Mev .or the neutron binding energy. 
This value also appears higher than the value 10.26 
+0.07 Mev listed by Way e/ al.° and perhaps should be 
considered only as an upper limit. The rather large spin 
change required (from } in Rb* to 6 in the 0.466-Mev 
state of Rb™) might well inhibit this (y,) reaction close 
to threshold. 

D. Hafnium 


The sample" consisted of a bar of hafnium crystals 
weighing 1220 grams. Only a portion of this sample was 
effective in producing detectable neutrons because of 
its size. The relative neutron yield is shown as a function 
of betatron energy in Fig. 7. Two breaks appear: one 
at 6.52+0.12 Mev and one at 6.7020.09 Mev. 

Mass data in the region of hafnium are not known 
well enough to permit accurate calculations of neutron ; 
binding energies; therefore, the assignment of the haf- 
nium thresholds observed in this experiment must be 
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Fic. 6. Relative activity of the 21-minute isomeric state 
of Rb® as a function of betatron energy. 


9 J. B. Niday, Phys. Rev. 98, 42 (1955). 

© W. O. Doggett, Ph.D. dissertation, June, 1956, University of 
California (unpublished). 

" We are greatly indebted to the Knolls Atomic Power Labora- 
tory for the generous loan of this sample. 
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Fic. 7. Photoneutron yield from hafnium as a 
function of betatron energy. 


considered tentative. The assignments made here are 
based on mass values as calculated by Metropolis and 
Reitwiesner” from the empirical mass formula. With 
this qulification the breaks observed at 6.52 Mev and 
6.70 Mev are associated with the Hf!” (y,n)Hf'”* and 
Hf'7"(y,n)Hf'”® reactions, respectively. However, since 
the differences in spins of the initial and final nuclei are 
so large for these two reactions (AJ=9/2 and AJ=3, 
respectively), it is quite possible that the breaks ob- 
served involve excited states of either or both of the 
residual nuclei. 


IV. CONCLUSIONS 


The neutron-detection method of determining (y,») 
thresholds has been shown to be very useful for many 
isotopes where the radioactivity methods are not fea- 
sible. However, one should be extremely cautious in 
deriving neutron binding energies from observed thresh- 
olds. Often the ground state is not produced as readily 
as an excited state, as was shown in the case of ger- 
manium. The observed threshold will always represent 
an upper limit for the binding energy, as long as one is 
assured that the calibration of the betatron energy has 
not been adversely affected by similar effects in the 
calibration thresholds. 


Vv. ACKNOWLEDGMENT 


The authors wish to thank W. L. Bendel for his con- 
siderable aid in performing many of the measurements 
and interpretations for the energy calibration of the 
betatron. 


12.N. Metropolis and C. Reitwiesner, Atomic Energy Commis- 
sion Report NP-1980 (unpublished). 








PHYSICAL REVIEW VOLUME 110, NUMBER 6 JUNE 15, 1958 


Neutron Nonelastic Cross Sections from 7 to 14 Mev* 


Wituram P. Batt,t Matcotm MacGrecor, AND REx Boot 
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Neutron nonelastic cross sections for seven elements have been measured over the range from 7 to 14 Mev. 
The cross sections are almost constant in this range, showing that variations in the total cross sections are 








due primarily to variations in the elastic cross sections. 





INTRODUCTION 


EASUREMENTS of the neutron nonelastic cross 
sections in the 1-7 Mev range have been pub- 
lished,!~* as well as measurements at 14 Mev.*:** In the 
low-energy region Van de Graaff accelerators were used 
to produce the D(d,n)He* reaction, and at 14 Mev both 
Van de Graaff and Cockcroft-Walton accelerators were 
used to produce the T(d,n)He‘ reaction. In the region 
from 7 to 14 Mev total cross sections exhibited con- 
siderable variations,’ and it was not clear whether these 
were due to changes in the total elastic cross section, 
the nonelastic cross section, or both. The present 
measurements in this region show that the changes 
must be attributed almost entirely to changes in the 
total elastic cross sections. 


THEORY 


The theoretical treatment of neutron sphere trans- 
mission measurements, as applied to the present work, 
has been discussed in considerable detail in reference 5, 
hereafter referred to as “I.” In brief, a neutron detector 
operated at a high bias is placed about 2 feet from a 
monoenergetic neutron source. A spherical shell is 
alternately placed over the detector and removed, and 
the change in counting rates is attributed to nonelastic 
scattering events occurring in the shell, since to a first 
approximation elastic scattering effects ¢ancel out. 
Corrections to the data must be made to compensate 
for the following factors: (1) elastically-scattered-in 
neutrons suffer an energy loss and are not detected as 
efficiently as the unscattered beam; (2) part of the 
elastically-scattered-in neutrons are lost by subsequent 
inelastic scatterings before they reach the detector; 
(3) the detector has a finite size, which means that the 
average path length through the shell for detected 
neutrons is increased; (4) the source-to-detector dis- 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+t Now at Ramo-Wooldridge Corporation, Los Angeles, Cali- 
fornia. 

1 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955). 

2 Taylor, Lénsjé, and Bonner, Phys. Rev. 100, 174 (1955). 

3 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

4 E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

’ MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 

6 N.N. Flerov and V. N. Talyzin, Atomnaya Energiya 1, No. 4, 
155 (1956) [translation: J. Nuclear Energy 4, 529 (1957) ]. 

7 Bratenahl, Peterson, and Stoering, Phys. Rev. 110, 927 
(1958). 


tance is not infinite, which causes an apparent increase 
in source strength with the sphere on; (5) the neutron 
beam striking the spherical shell is not monoenergetic 
and not isotropically distributed. For light elements, 
correction (1) is by far the most important, changing 
the cross section values by a factor of 2 in extreme 
cases. For the heavy elements the total correction 
amounts to only a few percent for spherical shells of 
the thicknesses used in the present experiment (} to } 
of a mean free path for nonelastic events). As the 
neutron energy is decreased, the correction factors 
become larger due to the fact that the elastic scattering 
is less peaked in the forward direction. The correction 
factors were applied to the data by means of a problem 
run on the Livermore UNIVAC, which consisted of a 
Monte Carlo calculation to apply correction (1), 
followed by an analytical calculation to apply correc- 
tions (2)—(5). Corrections (1)-(4) were practically the 
same for the present cyclotron experiment as for the 
Cockcroft-Walton (C. W.) experiment discussed in I. 
However, correction (5) was more important in the 
present experiment than in I. For C. W. measurements, 
the detector was placed at an angle of 90° to the 
incident deuteron beam. In this position the neutron 
beam was very uniform, and whatever deviations 
existed tended to cancel out. For the cyclotron measure- 
ments, the detector was placed at an angle of 0° to the 
direct beam. Neutrons from the D(d,n)He* reaction 
fall off in both energy and numbers as the angle to the 
incident beam is increased, so that all parts of the sphere 
were not evenly “illuminated.” The effects of this fall- 
off were measured by placing the detector at the 
different positions occupied by the spherical shell. 
Detection efficiency curves as a function of the angle 
to the beam were obtained and put into the analytical 
correction problem. Experimentally this effect was 
minimized by using small diameter spheres and staying 
at a considerable distance from the source (i.e., 20-40 
inches). For the largest ratio of sphere diameter to 
source-detector distance used in the present experiment 
(0.2), correction (5) amounted to 5% at 14 Mev and 
was less at the lower energies. 


EXPERIMENTAL 


The equipment used for the present measurements 
was similar to that described in I. A ?-in. diameter 
plastic neutron detector was used which limited gamma- 
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TABLE I. Nonelastic cross sections from 7 to 14 Mev (in barns). 


Be 
Mev Onz Mev 
Los Alamos 7.0 0.60+0.04 7.0 
Rice Institute 
Livermore cyclotron 7.0 0.62+0.04 7.0 
8.0 0.60+0.03 
9.6 0.61+0.05 
11.2 0.56+0.04 
14.2 
Livermore C. W. 14.2 0.49+0.02 14.2 
= sf < ty Cu 
Mev Ons Mev 
Los Alamos 7.0  1.54-40.06 7.0 
Rice Institute 7.1 1.37+0.05 
Livermore cyclotron 7.2 1.57+0.06 
8.3 1.55+0.03 8.4 
9.6 1.55+0.03 9.5 
11.0 1.55+0.04 11.0 
12.5 1.53+0.06 12.8 
14.0 1.52+0.03 
Livermore C. W. 14.2 1.49+0.02 14.2 


produced pulse heights to a neutron equivalent of 
about 4.5 Mev. All electronic equipment, including the 
scintillation detector, was temperature-stabilized. The 
sphere was positioned and removed automatically, and 
data were taken simultaneously at ten different detector 
biases. A scintillation counter biased to match the 
detector was used to monitor the beam. The beam 
energy was determined by making range measurements 
on the deuteron beam and using the kinematics of the 
reaction. A precision pulser was used to set the biases 
initially and to periodically check the stability of the 
system. Calibration of the detector efficiency as a 
function of neutron energy was accomplished with the 
aid of a proportional counter telescope monitor, as 
described in I. 
RESULTS 

The nonelastic cross-section measurements in the 
7-14 Mev range are summarized in Table I. For pur- 
poses of comparison, data at 7 Mev obtained from Los 
Alamos,’ and Rice Institute,? and Livermore Cockcroft- 
Walton® data at 14 Mev are also included. At 14 Mev, 
the agreement between cyclotron and C. W. data shows 
that the correction factors were put into the problem 
properly. At 7 Mev, the agreement between the Liver- 
more and Los Alamos results is excellent ; the agreement 
is within 5% for the light elements, and within 2% for 
the heavy elements. The measurements at Rice Insti- 
tute, on the other hand, differ from the combined 
Livermore-Los Alamos cross sections by amounts which 
are, in some cases, well outside the quoted errors. 

Since experimental angular distributions are available 
at? 7 Mev and® 14 Mev but at no energies in between, 


. The experimental data are those of Coon, Davis, Felthauser, 
and Nicodemus (Los Alamos) ; Whitehead, Groseclose, and Berko 








Cc Mg Al 
Onz Mev Onz Mev nz 
0.17+0.03 7.0 0.86+0.05 
7.1 0.74+0.05 
0.18+0.03 6.7 0.92+0.06 7.3 0.91+0.06 
8.3 0.94+0.04 8.1 0.94+0.04 
9.6 0.98+0.03 9.5 1.00+0.03 
11.0 1.00+0.03 11.0 1.07+0.04 
12.5 0.96+0.05 12.8 1.00+0.05 
0.55+0.03 
0.56+0.02 14.2 0.99+0.02 14.2 0.97+0.02 
Zr Sn int me a ; 
nz Mev Onz Mev Onz 
1.70+-0.08 7.0 2.00+0.10 7.0 2.38+0.14 
7.1 2.12+0.06 7.1 2.66+0.07 
7.4 2.01+0.05 7.2 2.42+0.06 
1.71+0.03 8.3 1.96+0.04 8.4 2.57+0.05 
1.69+0.03 9.6 1.94+0.04 G.5 2.58+0.05 
1.78+0.05 11.0 1.97+0.05 11.0 2.57+0.06 
1.72+0.05 12.6 2.02+0.07 12.8 2.51+0.08 
14.5 1.87+0.07 13.9 2.59+0.05 
14.2 1.92+0.03 


1.72+0.03 


14.2 2.56+0.04 


angular distributions for the intermediate energies were 
obtained by interpolation and by optical-model calcu- 
lations.* Detector efficiencies were measured only over 
the 8-14 Mev range since the neutron energies available 
did not go low enough to permit a measurement below 
7 Mev. However, the shapes of the curves plotted on a 
relative neutron scale changed very little from 8 to 
14 Mev, and the extrapolation to 7 Mev was readily 
made. It is believed that the quoted uncertainties 
reflect the validity of the corrections. After corrections 
were applied, the data taken at the ten biases exhibited 
a plateau at the high biases, and the quoted cross 
section is an average over the top half-dozen biases, 
ranging from 74% to 92% of the incident neutron 
energy (see I for typical plateaus). 


TABLE IT. Cross sections for neutron inelastic scattering to the 
9-14 Mev energy region, with a neutron bombarding energy 
of 14 Mev. 


Sphere 
transmission 





l4 Mev 180° 
Element method,* mb rs ae on,a/(0)d0dE,» mb 
Fe 102+35 76+30 
Cu 119+35 72+30 
Sn 136+40 91+30 
Pb 161+45 88+30 





® MacGregor ef al., reference 5. Data corrected for detection efficiency of 
inelastically scattered neutrons. 
> Reference 11. 


(University of Virginia); and Wong, Anderson, Gardner, and 
Nakada (University of California, Livermore). We wish to thank 
these authors for allowing us to use their data prior to publication 
of their results. 

® We are indebted to F. Bjorklund and S. Fernbach for these 
calculations. 
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Fic. 1. Neutron total cross sections from 7 to 14 Mev (data from 
Bratenahl, Peterson, and Stoering’). 


DISCUSSION 


As Table I shows, nonelastic cross sections in the 
7-14 Mev range are notable chiefly for their lack of 
structure. This is more clearly brought out in Figs. 1 
and 2, which show the total cross sections,’ the non- 
elastic cross sections, and the total elastic cross sections 
(obtained by subtraction) for the elements discussed in 
this paper. The nonelastic cross sections are quite flat 
and follow a smooth A! (geometric) progression. The 
total elastic cross sections, on the other hand, exhibit 
considerable variations and do not follow a geometric 
progression. A plot of these same cross sections versus 
the mass number, A, instead of the energy (Fig. 7 of I), 
shows that here also the nonelastic cross sections vary 
geometrically, and the elastic cross sections do not. 
A three-dimensional graph of the total elastic cross 
sections plotted against both A and E would show 
undulations corresponding to the various partial waves 
as they enter into the scattering. Optical-model calcu- 
lations give nonelastic cross sections in agreement with 
experiment.”® 


DIRECT INTERACTION NEUTRONS 


Coon and co-workers" have recently measured cross 
sections for inelastically scattering 14-Mev neutrons 
into the energy band from 9 to 14 Mev. Such high- 
~ w F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 

11 Coon, Davis, Felthauser, and Nicodemus, Phys. Rev. (to be 


published). 


Fic. 2. Neutron total elastic and neutron nonelastic 
cross sections from 7 to 14 Mev. 


energy inelastically scattered neutrons are attributed 
to direct interaction processes.” (The 9-Mev cutoff is 
for experimental convenience and has no particular 
theoretical significance.) Since the same cross sections 
can be obtained from sphere measurements, a com- 
parison was made between the results of Coon ef: al.," 
and the results of Table III in I. Since the data of 
Coon ef al. consist of differential cross-section measure- 
ments in the angular range from 40° to 180°, the 
sphere measurements, which represent an integration 
over the entire angular range, are expected to yield 
larger cross sections. As Table II shows, this is in fact 
the case. The difference between the two sets of meas- 
urements can be used to infer the shape of the angular 
distribution of 9-14 Mev neutrons in the 0° to 40° 
angular range. A subtraction indicates a rather sharp 
forward peaking, in agreement with predictions of the 
direct interaction hypothesis,’* although the magnitude 
of the errors precludes quantitative comparisons. 
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Center-of-Mass Motion in the Nuclear Shell Model 
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The methods for treating center-of-mass motion in the nuclear shell model are reviewed. The existence of 
inherent difficulties of principle is pointed out for any method which attempts to remove center-of-mass 
effects from a shell-model wave function without considering the relation of the shell-model wave function 


to the Hamiltonian of the real nucleus. 


I, INTRODUCTION 


T is now well known that center-of-mass motion is 

not properly treated in the nuclear shell model. The 
shell model Hamiltonian is not translation-invariant 
and the shell-model wave functions are not eigenfunc- 
tions of the total linear momentum. A number of 
attempts have been made to develop formalisms for 
treating center-of-mass motion rigorously within the 
framework of the shell model'-*; however, difficulties 
of principle are encountered when these methods are 
applied to any case other than the simple harmonic 
oscillator shell model. 

The principal difficulty is that the “removal of spuri- 
ous center-of-mass effects from a given shell-model 
wave function” is in general nol a well-defined problem 
and has no unique solution. A variety of methods can 
be proposed for “projecting out a translationally in- 
variant part” of the shell-model wave function. These 
methods all consider a single individual wave function 
at a time and do not take into account any properties 
of the real nuclear Hamiltonian other than translation 
invariance. Different methods lead to different results 
in all cases except that of harmonic oscillator wave 
functions where all methods seem to be equivalent. 
There seems to be no basis a priori to choose between 
these methods. An understanding of which method (if 
any) gives correct results will probably come only with 
a better understanding of why the shell model works 
at all for nuclei; i.e., with the introduction of some con- 
nection between the shell-model wave function and the 
real nuclear Hamiltonian. 

Another difficulty encountered in these methods is 
that the translationally invariant wave functions ob- 
tained from different shell-model wave functions are 
not generally orthogonal to one another. 
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II. CENTER-OF-MASS FLUCTUATIONS 


A wave function describing a real nucleus should be 
an eigenfunction of the total momentum operator 
describing center-of-mass motion as a plane wave. This 
is not the case for shell-model wave functions, which 
must therefore describe some other kind of center-of- 
mass motion. To investigate the kind of center-of-mass 
motion which shell-model wave functions do describe, 
we can calculate expectation values of powers of the 
coordinate and the momentum of the center of mass 
using these wave functions. The results show that the 
position of the center of mass fluctuates about the 
origin of the coordinate system and that neither the 
amplitude nor the kinetic energy of these fluctuations 
can be considered as small. In fact, the latter is of the 
same order of magnitude as the energy of the particle 
excitations in the nucleus. These fluctuations are not 
present in real nuclei and their dynamical effects must 
be removed if the shell-model wave functions are to be 
used for calculating properties of real nuclei. 

In the harmonic oscillator shell model it is possible 
to describe these fluctuations in a simple way. The 
center of mass, instead of moving as a free particle, 
moves as if it were “‘tied by a spring” to the center of 
the potential ; i.e., like a particle in a harmonic oscillator 
well. Elliott and Skyrme* have pointed out that this 
leads to two spurious effects not present in a real nu- 
cleus: 1. For every state of internal motion of the system 
there exists a spectrum of higher excited states of 
center-of-mass oscillation in an oscillator well, 2. In 
states where the center-of-mass oscillator is in its lowest 
state there is a zero-point motion of the center of mass. 
They have classified all states in which the center of 
mass is excited as “spurious states” which should be 
rejected and they have given a prescription for eliminat- 
ing the dynamical effects of the zero-point motion. 

In all cases other than that of the harmonic oscillator 
potential the problem is much more complicated and 
the question arises whether it is at all possible to remove 
the dynamic effects of center-of-mass motion in an 
unambiguous way. We shall see that this is not possible 
except in the case of the harmonic oscillator. 


III. CONSTRUCTION OF MOMENTUM 
EIGENFUNCTIONS 


Let us now examine how one might remove center- 
of-mass effects from a shell-model wave function. For 
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each state of internal excitation of a real nucleus there 
is a continuous “translational spectrum”’ of states all 
having the same internal structure and a different total 
momentum. Since it is only the internal structure which 
is of interest in nuclear spectroscopy, nothing is lost 
by considering only a single state in each translational 
spectrum, namely that corresponding to a total linear 
momentum zero. We shall therefore consider how to 
construct a function of total momentum zero from a 
shell-model wave function. 

The essential features of the problem become evident 
if the shell-model wave function ¥sm is expressed in 
terms of coordinates of the particles in the center-of- 
mass system instead of in the laboratory system. We 
can thus write sm as a function of the center-of-mass 
coordinate X and a set of relative coordinates g*. Since 
the coordinates of the particles relative to the center 
of mass are not all independent, the g* must be a set of 
independent functions of these relative coordinates and 
the number of the g* will be just 3A —3 if the number of 
particles in the system is A. The exact definition of the 
qg* is rather messy in practice but it is sufficient for our 
purposes to note that they can be defined in principle. 
Thus 

¥sm=Wsm(X,q?). (1) 


We now wish to construct from ~sm a function Yo 
having total momentum zero: yo must satisfy the 
relation 


Pyo= — ihdy,/AX=0. (2) 


This simply means that y should not depend upon X, 
but only upon the relative coordinates g*. We therefore 
wish to remove the dependence upon X from the shell- 
model wave function ¥sm. This can be done in a variety 
of ways. For example, 


doig*)= f G(X)sm(X,q2)dX (3) 


is a wave function independent of X for any arbitrary 
choice of the function G(X). The methods which have 
been proposed for treating center-of-mass motion are 
all based upon prescriptions for constructing zero- 
momentum wave functions. These prescriptions are 
usually stated in terms of the particle coordinates in 
the laboratory system, rather than in terms of the 
coordinates (X,g*). They therefore appear to be quite 
different from one another and from the relation (3). 
However, when the shell-model wave functions are 
written in terms of the coordinates (X,g*), it becomes 
evident that each prescription is equivalent to a rela- 
tion of the type (3), with some particular choice for 
the function G(X). For example, the prescription used 
in the method of generator coordinates,’ 


vo(g’) = f veu((X—a), q*)da, (4a) 


is clearly equivalent to taking G(X)=1 in Eq. (3). The 
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prescription used by Gartenhaus and Schwartz,® 
Yo(q*) = lim expl —iA(P-X+X-P)/2Wsm(X,q2) (4b) 


appears to be very different from Eq. (3). However, 
noting that 


exp[ —iA(P-X+X- P)/2 Wsm(X,g*) =sm(Xe~4,9%), 


we see that the relation (4b) is equivalent to taking 
G(X) =6(X) in Eq. (3). 

It is evident that in general the functions Yo(g*) cor- 
responding to different choices of the generating func- 
tion G(X) will be quite different. Since there seems to 
be no reason, @ priori, to choose a particular G(X), we 
see that the problem of “removing center-of-mass 
effects” from a given shell-model wave function is not 
uniquely defined. 

A second difficulty inherent in the definition of zero- 
momentum wave functions by a relation of the type (3) 
is that the set of all wave functions ¥o(g*) corresponding 
to a complete orthonormal set of shell-model wave 
functions must be a redundant set. Two zero-momentum 
wave functions Yo corresponding to two orthogonal 
shell-model wave functions will in general not be 
orthogonal. The redundance is evident, since the rela- 
tion (3) eliminates 3 degrees of freedom from the system 
without reducing the number of wave functions. This 
redundance may not cause difficulty in calculations of 
diagonal matrix elements of operators, such as electric 
or magnetic moments. However, one can question the 
meaning of off-diagonal matrix elements between two 
wave functions which may not be orthogonal to one 
another. 


IV. HARMONIC OSCILLATOR SHELL MODEL 


The one case which has been treated simply and suc- 
cessfully by all methods is that of harmonic oscillator 
wave functions. The simplicity results from the separ- 
ability of center-of-mass motion in the harmonic 
oscillator case’:*:* which allows the shell-model wave 
functions to be written in the form 


¥sm(X,g") = F(X) ¢(q*), (5) 


where the functions F(X) and ¢(g*) constitute two 


* In the treatment of rotational states in nuclei, certain problems 
are encountered which are analogous to the treatment of center- 
of-mass motion (translational states). It is therefore possible to 
carry over some of the arguments in this treatment directly to the 
rotational case by substituting the words “rotation” for “transla- 
tion,” “angular momentum” for “linear momentum,” “collective 
angular coordinate” for “center-of-mass coordinate, etc.” An 
important difference between the two cases, however, is that the 
collective coordinate is not uniquely defined in the rotational case. 
Thus, in using relations of the type (3) to generate functions of 
zero angular momentum, the choice G(X)=1 has the particular 
feature of being independent of the choice of collective coordinate 
X. The method of generator coordinates therefore allows the rota- 
tional problem to be treated without explicitly defining a collective 
coordinate. It is not clear whether this is an advantage or a dis- 
advantage [H. J. Lipkin, Proceedings of the Rehovoth Conference 
on Nuclear Structure (North-Holland Publishing Company, 
Amsterdam, 1958) ], p. 144. 
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independent sets of orthonormal functions. It is evident 
that a separable function of the type (5) will always 
give the same zero-momentum wave function in the 
relation (3) regardless of the form of the generating func- 
tion G(X) (apart from a constant factor which has no 
significance since the functions Yo(g*) are not normal- 
ized), except for the case where G(X) is orthogonal to 
F(X) and the integral vanishes. Furthermore, two 
different orthogonal shell-model wave functions will 
generate two zero-momentum wave functions which are 
either orthogonal or identical, depending upon whether 
the internal parts ¢(q*) of the two functions are the 
same or different. The redundance can therefore be 
removed simply by rejecting the set of duplicate states 
as spurious. This can be done simply by setting G(X) 
in (3) equal to the complex conjugate of one of the 
functions of the set F(X) in (5), for example, that of 
the ground-state wave function. All the “spurious 
states” then give zero in the relation (3) since they 
contain functions F(X) orthogonat-to G(X). , 

Once the zero-momentum wave functions are con- 
structed, expectation values of operators can be calcu- 
lated by any of the methods proposed, some being 
more elegant or easier to calculate than others. However, 
it is clear that for the oscillator case, all methods should 
give the same result. 

Unfortunately, the harmonic oscillator case is the 
only case for which the separability (5) is valid. For 
any other case, such as, for example, the harmonic 
oscillator potential with an added spin-orbit inter- 
action, the center-of-mass motion is no longer separ- 
able. Different methods of treating center-of-mass 
motion then give different results; different zero- 
momentum wave functions constructed in any one 
method are not orthogonal to one another and there is 
no simple way to define and to reject ‘spurious states.”’ 


V. CONCLUSIONS 


The general solution of the center-of-mass problem 
for the nonseparable case does not seem to be possible 
using a relation of the type (3) which defines a zero- 
momentum eigenfunction for a given individual shell- 
model wave function without regard to the other shell- 
model wave functions. To construct an orthonormal 
set of zero-momentum wave functions, it seems to be 
necessary to treat together the whole set of shell-model 
wave functions, or at least a group of several of them. 
The particular direction to look for such a treatment is 
not at all clear. One way of doing it formally would be 
as follows: 

Let the shell-model Hamiltonian be 


H=D.742U Vi, (6) 


where 7; and V; are the kinetic and potential energy 
of the ith particle. If the potential energy > iV; is 
expressed in terms of the coordinates (X,g*), 


LiVi= U(X,q*), (7) 
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we can define a “‘translationally invariant potential” by 
a relation analogous to (3): 


Us(q")= f G(X)U(X,g2)dX. (8) 


The function G(X) and the translationally invariant 
potential are of course not uniquely determined We 
can now write down a Hamiltonian, 


H’=D:T:+UV 0(q"). (9) 


The Hamiltonian (9) is translationally invariant, and 
we can in principle write down all its eigenfunctions 
corresponding to a total momentum zero. In this way 
we have defined an orthonormal! set of zero-momentum 
wave functions corresponding in some way to the set of 
shell-model wave functions. This does not seem to be a 
very practical solution, because of the difficulty of 
finding the eigenfunctions of (9), which will not be 
simple single-particle wave functions. 

A striking feature of all these treatments of center- 
of-mass motion in the nuclear shell model is that they 
only consider the shell-model wave functions and are 
completely independent of the form of the Hamiltonian 
of the real nucleus. This might be justified on the 
grounds that it is known empirically that the use of 
shell-model wave functions gives results in reasonable 
agreement with experiment and that the only point 
considered here is that of the relatively small correc- 
tions for center-of-mass motion which do not have any 
direct bearing on the justification of the shell model 
from first principles. However, it is evident that there 
is no unique prescription for making these corrections 
without reference to the Hamiltonian of the real nucleus. 

One possible approach would be to determine the 
function G(X) in Eq. (3) by.a variational method which 
would minimize the energy as calculated with the 
Hamiltonian of a real nucleus using two-body forces.’® 

This assumes that the shell-model wave function is 
an approximation to the real wave function, except for 
its description of center-of-mass motion. If the relation 
between the shell-model and the real wave functions is 
more complicated, such as proposed by Brueckner,” 
then it does not seem reasonable that the center-of- 
mass problem can be separated from the general prob- 
lem of justifying the shell model. 
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fused with the variational approach presented in the method of 
generator coordinates.’? The latter becomes trivial in the case of 
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1 R. J. Eden, Proceedings of the Rehovoth Conference on Nuclear 
Structure (North-Holland Publishing Company, Amsterdam, 
1958), p. 3. 
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The polarization of protons elastically scattered from alpha particles was observed by measuring the 
asymmetry obtained by doubly scattering protons in helium. Protons from the Brookhaven National 
Laboratory Van de Graaff generator entered a helium-filled double-scattering chamber through a 50-micro- 
inch nickel window. The first scattering was at either 104° 29’ (c.m.) or 73° 38’ (c.m.) and the second scat- 
tering was to left and right at 73° 38’ (c.m.). The doubly scattered protons were detected by 50-u Ilford 
C-2 plates. The polarization product, PP», was calculated from the left-right ratio (R) using the formula 
R=(1+P.Ps)/(1—P.P»), where P, and P, are the polarizations at the first and second scatterings, re- 
spectively. Three interdependent measurements, in which P,P) was equal to P;P2, P\P3, or P2P3, yielded 
values for P;[3.580 Mev, 104° 29’ (c.m.) ], P2[_2.020 Mev, 73° 38’ (c.m.) ], and P;[1.375 Mev, 73° 38’ (c.m.)]. 
The calculated polarizations are in the direction of the normal n (n=koXk/|koXk|) to the scattering plane. 
The following results were obtained: 





Polarization Experimental Calculated 
measured value (%) value (%) 
Py 5442 +59+13 
P: 8543 +80+ 4 
P; 62+2 +59+16 
INTRODUCTION be calculated from the angular distributions when a 


spin-orbit force is assumed to be present in the nuclear 
forces. The experimental verification of the existance 
of polarization effects shows that a spin-orbit force is a 
necessary part of the nuclear forces. The usual method 
of calculating the polarization is to perform a phase 
shift analysis of the angular distribution data and then 
to use the resultant phase shifts in the calculation of 
the polarization. The formulas for the polarization P 
in terms of the phase shifts and the energy and angle 
of scattering are given below for p-a elastic scattering. 


HE polarization of spin } particles resulting from 
nuclear reactions may be defined in terms of the 

number (N,,) of protons with their spins parallel to 
the normal n (n=ky)Xk/|koXk!, where ky and k are 
the momenta of the incoming and outgoing particles, 
respectively) to the reaction plane, and the number 
(Naown) With their spins antiparallel to the normal. 
This is the same definition of positive polarization as 
used by Wolfenstein,’ and is the negative of that used 
by Lepore.? The polarization is therefore always 
perpendicular to the plane of the reaction. The polari- p— Po/o, 
zation may be calculated from the left-right asymmetry ae Ua 
obtained by demanding that the spin } particles undergo = 2 siné sin (6;*—6,-)[ (a/2s*) sin(6x*-+51 
a second polarization-dependent reaction, which will +o1+<a Ins*) —sindy sin (6;++-6;-+01— 589) 
be called the analyzing reaction. In order to under- — 3 cos@ sind;* sind; ], 
stand this clearly, let us consider the double scatterin i _ . ; Rac 
of protons by beth. The ratio R of the number of em (a/2s') *-+sin*Sot+-cos'¥L 4 reel oh 
protons scattered twice to the right (or left) to the Xcos(6i+—61-) +4 sin’,*+sin*6.~ ] 





number scattered once to the left and once to the right —2(a/2s*) sindy cos(a Ins?+-o) — 2(a/2s°) 
is: X cos6[2 sind;+ cos(a Ins*-++-o;+6;*) 
i 1+ Pi( E191) P2( E262) +siné;~ cos(a Ins*+-0;+6;~) }+2 sinds sind 
1—P,; (E1,0:)P2(E2,82). X [2 sind,* cos(69—01—6;*+) +sind,- 


< _ 8 +—,-), 
where P; and P2 are the polarizations which would Mecan lem os Hi) LED alae v) 


result from an unpolarized beam scattering at energies where @=scattering angle, 50=s-wave phase shift, 
and angles Ey, 6;, and Es, 62, respectively . 5;+= p-wave phase shift for j= 3, 6.>=p-wave phase 

Numerical values of the polarization in proton-alpha shift for j=}, s=sin(6/2), a= (ze%u)/(kh*), o1=2 
elastic scattering as a function of energy and angle can tan~a, and @ is proportional to the differential cross 





* Work performed under the auspices of the U. S. Atomic section. bel 
Energy Commission. The method of calculating the polarization from the 


¢ Submitted in artial fulfillment of the requirements for the oii ae : j 
Pd ge nm The Suiaw ‘Saliies University, pitioais. angular distribution by means of the phase shifts 


Maryland. inherently yields a large uncertainty in the polarization. 
_4 Present address: Bryn Mawr College, Bryn Mawr, Pennsyl- The phase shifts are fitted to the angular distribution 
“IL Wolfenstein, Phys. Rev. 75, 1664 (1949). in such a way as to minimize their errors with respect 

2 J. V. Lepore, Phys. Rev. 78, 137 (1950). to the angular distribution data. Since the dependence 


1398 








p-a ELASTIC 


of the polarization on the phase shifts is different from 
that of the angular distribution, namely all terms are 
proportional to a trigonometric function of the differ- 
ence between the p; and #; phase shifts, the polarization 
is more sensitive than the angular distribution to un- 
certainties in the phase shifts. 

In order to ascertain the magnitude of the uncer- 
tainties in the polarizations resulting from uncertainties 
in the phase shifts, P+dP was calculated from the 
phase shifts and uncertainties as given by Critchfield 
and Dodder.* The calculation of dP was done using the 
statistical error formula.‘ This formula states that the 
error AF in a function F'(x,), i=1 to n, in terms of the 
Ax;, is given by 


n OF 293 
AF (x,) -| 2 (- ax) | : 
i=] Ox; 


This method of calculation of dP assumes the phase 
shifts to be independent variables and does not take 
into consideration the interdependency of the phase 
shifts. Therefore the calculated values of dP are likely 
to be larger than the actual uncertainties in the polari- 
‘gation P due to uncertainties in the phase shifts. 

The phase shift analysis of the angular distribution 
of protons elastically scattered from alpha particles 
yields two independent sets of phase shifts which fit 
the data equally well. These two sets of phase shifts 
correspond to a real and an inverted doublet in Li’. 

Since the calculated polarization, as a function of 
energy and angle, is quite different for the two sets of 
phase shifts, Heusinkveld and Freier’ performed a 
double scattering experiment in which the energies and 
angles were chosen so that the final ratio would be 
about 2 for an inverted doublet and about 1/20 for a 
real doublet. Their results proved conclusively that the 
better set of phase shifts is that corresponding to an 
inverted doublet, so that the p; level in Li® is at a 
lower energy than the 9, level. 

Another measurement of the polarization in p-a 
elastic scattering by double scattering protons in 
helium was performed by Juveland and Jentschke.® 
They chose energies and angles for the two scatterings 
in order to check the prediction of the calculated 
polarizations that the sign of the polarization changes 
in the vicinity of about 4 Mev for certain angles. Their 
results were in agreement with the polarizations calcu- 
lated from the angular distribution data. 

In the experiment of Heusinkveld and Freier,’ the 
statistics were very poor and the acceptance criteria 
for the energies and angles were very large. 

Juveland and Jentschke® measured the polarization 
3C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 602 (1949). 
4H. Margenau and G. M. Murphy, 7he Mathematics of Physics 
and Chemistry (D. Van Nostrand Company, Inc., Princeton, 
New Jersey, 1947), second edition, p. 498. 

5M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 
®A. C. Juveland and W. K. Jentschke, Z. Physik 144, 521 
(1956). 
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TABLE I. Results of the double-scattering experiment 
of Scott and Segel.* 


P.Ps(observed) PaPs(calculated) 





Measurement R (observed) 
P,P, 2.19+0.09 0.37+0.05 0.48+0.11 
PiP; 1.94+0.09 0.32+0.05 0.35+0.09 
P,P, 1.57+0.08 0.22+0.05 0.18+0.05 


* See reference 7. 


product P:P2, where P; and P»2 were the polarizations 
at the first and second scatterings, respectively, with 
the energy and angle of the first scattering such that, 
according to the calculated values of the polarization, 
P; should be negative. In analyzing their results, they 
used the calculated value of P2 without taking into 
consideration the uncertainties in Peace) due to un- 
certainties in the phase shifts. 

It is to be noted that the validity of these experiments 
is not being questioned. They were designed to detect 
gross effects and therefore did not yield a quantitative 
check on the calculated values of the p-a polarization. 

The double-scattering experiment of Scott and Segel,’ 
which was the forerunner of the experiment reported 
here, measured the three polarization products: P;P2, 
P,P;, and P,P,, where P; was the polarization at 
E,= 2.865 Mev and 6;=76° [90° (c.m.)] and Po, Ps, 
and P, were the polarizations at £.=1.640 Mev and 

2=61° [73° (c.m.)], 0;=86° [110° (c.m.)], and 

64=111° [124.5° (c.m.)], respectively. The results, 
which are shown in Table I, agree with the polarizations 
calculated from the phase shifts, within the limits of 
error of the experimental and calculated results. 

These more accurate results cannot be analyzed in 
terms of the individual polarizations since the polari- 
zations were not measured individually but only as 
inseparable parts of a product. They therefore indicated 
a need for a careful measurement of individual polari- 
zations in p-a elastic scattering. Unfortunately, in most 
double-scattering experiments, the result is the product 
of two polarizations, not an individual polarization. 

Individual polarizations in p-a elastic scattering can 
be measured by means of three interdependent measure- 
ments in which the polarization product P,P» is equal 
to P,P2, P2P3, or P:P;. P, and P, are the polarizations 
at the first and second scatterings respectively and P,, 
P., and P; are the polarizations of protons scattered at 
energies £;, E2, and E; through angles in the laboratory 
system of 6,, 42, and 43, respectively. The present 
experiment was designed to make these three inter- 
dependent measurements. 

The results of these measurements can be analyzed 
in terms of three equations in three unknowns. The 
explicit solution of the equations may be seen by 
considering the values of the ratio R obtained from the 
first, second, and third measurements, which are Rj », 
R23, and R,,3, respectively. The polarization products 


™M. J. Scott and R. E. Segel, Bull. Am. Phys. Soc. Ser. IT, 30, 
16 (1955). 
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Fic. 1. Target chambers with scattering foil and third plate holder in position. 


PP» resulting from these ratios are called Ni,2, N23, 
and N,,3, respectively. The polarizations may then be 
written down directly: 


P,=(Ni,2N1,3/N2,3)', 
P.= (N 1, Veo 3 Ny, 3) i, 
Py= (Ni, 3Vo 3/ Ni, 2) i, 


Two of the energies (3.58 Mev and 2.02 Mev) at 
which the polarization is measured were chosen to be 
energies at which the cross section and angular dis- 
tribution had been previously measured* in the hope 
that combining the data from the two experiments 
might yield better values of the phase shifts. 

It is to be noted that the measurements given here, 
because of their improved accuracy over other polari- 
zation measurements, should be of use when helium 
is used as an analyzer for protons of unknown polari- 
zation. 


EXPERIMENTAL PROCEDURE 


In the first measurement a fairly high bombarding 
energy was used and the polarization at the first 
scattering was P;(3.58 Mev). The polarization at the 
second scattering was then P2(2.02 Mev), since energy 
was lost both by giving energy to the helium nucleus 
in the first scattering and in the helium gas between the 
two scatterings. 


8 Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
(1949). 


The bombarding energy for the second measurement 
was then chosen to that the energy at the first scat- 
tering was the same as that at the second scattering in 
the first measurement and the polarization was again 
P2(2.02 Mev). The polarization at the second scattering . 
in the second measurement was then P3(1.375 Mev). 

The bombarding energy for the third measurement 
was the same as that for the first measurement so that 
the polarization at the first scattering was again 
P,(3.58 Mev). A foil was then placed between the first 
and second scatterings in order to degrade the proton 
energy so that the energy at the second scattering in 
the third measurement would be the same as that at 
the second scattering in the second measurement and 
the polarization would be P3(1.375 Mev). 

Wolfenstein! has shown that charged particles of 
these energies do not lose their polarization in passing 
through matter and therefore the foil between the first 
and second scatterings lowers the proton energy without 
affecting the polarization. 

A diagram of the experimental arrangement is shown 
in Fig. 1. The four main components are a first-scat- 
tering chamber, a second-scattering chamber, a line-up 
chamber, and a phototube. The second chamber may 
be placed either in the position shown, with its axis at 
an angle of 61° from the direction of the incoming 
beam, or on the opposite side of the first chamber, with 
its axis at an angle of 90° from the direction of the 
incoming beam. 

The P,P; run was taken with the second chamber in 
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the 61° position, and the P;P, and P,P; runs were 
taken with the second chamber in the 90° position. In 
both positions, the second chamber may be rotated 
through 180° about its own axis. 

Wallace and Tiernan gauges were used to measure 
absolute pressure in units of millimeters of mercury. 
The ranges of the gauges on the first and second 
chambers were 400 to 800 mm, and 0 to 400 mm, 
respectively. 

The first scattering chamber was sometimes modified 
by the addition of a scattering foil cemented to a 
U-shaped holder (Fig. 1). This was done when it was 
desirable to scatter protons of a well-defined energy 
into the second chamber. 

A third plate-holder was sometimes placed in the 
second chamber directly in front of the phototube 
collimator (Fig. 1). It was equipped with positioning- 
pins to insure reproducibility of position and was 
grooved as shown to aid in marking the center of the 
chamber on the nuclear emulsions. It was used to 
detect the singly scattered protons. 

The piece of quartz in the line-up chamber could be 
rotated to a position which was at an angle of 45° from 
the position shown so that the cross-hairs indicated the 
center axis of the first chamber. By means of horizontal 
and vertical screws in the support of the chamber, it 
was possible to change the position of the chamber 
until the cross-hairs were in the center of the spot 
formed on the quartz by the beam. It was necessary to 
cover the Lucite lid while a run was in progress in order 
to prevent scattered light from reaching the emulsions. 

The phototube was used to detect singly scattered 
protons. A thin CsI(TI) crystal was optically coupled 
to a Lucite light pipe which was then coupled to a 
DuMont 6292 phototube. Vaseline was used as the 
coupling material. The CsI(Tl) crystal was covered 
by a 40-microinch aluminum foil to protect it from the 
light generated in the helium gas by the proton beam. 
The output of the phototube was fed into a Radiation 
Instrument Development Laboratory hundred-channel 
pulse-height analyzer through a linear amplifier. 

The water jacket in back of the 60-mil tantalum 
collimator and the water-cooled backstop were neces- 
sitated by the large beam currents which were used. 

In order to increase the yield in this experiment, the 
50-microinch nickel entrance foil (grade B, obtained 
from the Chromium Corporation of America) was 
cooled with a jet of cooled helium. If a foil is not cooled, 
the maximum current which can be used without 
breaking the foil is about two microamperes. When a 
foil is cooled, as was done in this experiment, the maxi- 
mum becomes about 20 microamperes. The apparatus 
is easy to construct once the basic design is known. 
The construction of the cooling system and the pro- 
cedure followed in cementing the foil to the entrance 
collimator is described elsewhere.’ 


9M. J. Scott and R. Lindgren, Rev. Sci. Instr. 28, 1090 (1957). 
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When it was desirable to have different gases in the 
first and second chambers, a foil was cemented over 
the central defining aperture of the interchamber 
collimator. The cementing procedure was the same as 
that for the entrance foil for the first chamber. 

The entrance collimator was held in position by the 
pressure of the gas inside the first scattering chamber. 
The interchamber collimator was mechanically posi- 
tioned by a screw-on cap since there usually was no 
pressure differential between the first and second 
scattering chambers to position the interchamber 
collimator reproducibly. 

The antiscattering shields (Fig. 1) in the second 
target chamber were hard-soldered to the bottom lid 
of the chamber and the final collimators were press fit 
into the shields. Positioning-pins in the lid assured 
reproducibility of alignment of the final collimators 
relative to the interchamber collimator. It was not 
necessary to position the plate holders precisely since 
the final collimators defined the proton beam which 
was incident on the nuclear emulsions. 

The plate holders were designed so that the protons 
would enter the emulsion at an average angle of 45° 
in order to yield a maximum track length -projection 
when the emulsion was placed on the horizontal stage 
of a microscope, without significantly increasing the 
emulsion area to be scanned. 

It is obvious that in this experiment, in spite of taking 
all reasonable precautions in the construction of the 
apparatus, one could never be certain that all spurious 
asymmetries had been eliminated and only polarization 
effects remained. It is therefore desirable to measure 
directly the asymmetries not due to polarization. 

Pure Coulomb scattering is known to be polarization- 
insensitive at the energies and angles used here.’ When 
a heavy gas is substituted for the helium in the second 
scattering chamber, most of the asymmetries due to 
nonpolarization effects are therefore measured. Further- 
more, the strong angular dependence of Coulomb 
scattering would enhance the effect of asymmetries 
caused by errors in angle. A heavy gas is one in which 
the charge on the nucleus is sufficiently large so that 
the Coulomb scattering predominates at the proton 
energies used. Xenon (Z=34) was used in the present 
experiment, 

Normalization to the xenon asymmetries would be 
sufficient if the geometrical asymmetries were only due 
to errors in the measurement of distances and dimen- 
sions in the second scatterinig chamber, i.e., length of 
the final collimators, size of the defining apertures, their 
distance from the center of the second scattering 
volume, etc. However, asymmetries can also be intro- 
duced by errors in the definition of angles. If the final 
collimators are at different angles relative to the beam 
entering the second chamber, the ratio (R) could well 
be affected since the angular distributions of protons 
scattered by helium and xenon are not spherically 
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Fic. 2. The number of 
tracks (N) per swath vs 
position on the detection 
plate. Data from a P,P, 
plate were used. The pro- 
tons detected at 6 were 
scattered through smaller 
angles than those detected 
at a. The area located be- 
tween a and } was consid- 
ered to be the significant 
area of the plate. On the 
basis of all other tracks the 
background was estimated 
to be 0.6340.13 tracks per 
“| swath and subtracted from 
the number of tracks in 
each swath in the significant 
b area. Each swath was ap- 

proximately 0.08 mm wide 
ae | 








and 12 mm long so that the 
distance on the figure be- 
tween a and b corresponds 








FORWARD 


symmetric. Furthermore, the two angular distributions 
are somewhat different, which means that different 
asymmetries could be introduced in the two cases. 

A large part of the error due to improper angular 
definition can be eliminated by repeating all runs with 
the second scattering chamber rotated through 180° 
about its own axis. The angular error should then be 
cancelled in averaging the results of the “up” and 
“over” runs, and the helium to xenon ratio should be 
the same in the two positions. The xenon ratio should 
average to unity unless either an asymmetry has been 
introduced by the variation in the p-a cross section over 
the angular definition of the interchamber collimator, 
or the interchamber collimator system is misaligned 
with respect to the first chamber. 

In this experiment, there was no measurable chamber 
asymmetry and the ratio measured with the second 
chamber in the “up” position was within statistics of 
that measured in the “over” position. However, the 
average of the xenon runs was 0.965+0.012, indicating 
a slight asymmetry due to effects in the first chamber 
or in the interchamber collimator. 

Since the effect on the xenon ratio could differ from 
the effect on the helium ratio, because of the different 
angular distribution over the angular definition of the 
final collimators, calculations were done of the expected 
ratios for the cases of helium and xenon in the second 
chamber. The helium calculation was done for the P,P», 
P,P;, and P:P3; measurements and the xenon calcu- 
lation was done for the two cases of the second chamber 
on the 90° and 61° sides of the first scattering chamber. 

The results of these calculations do not show any 
significant difference between the xenon ratios and the 
helium ratios. The calculated ratios are all within one 
percent of unity so that the experimental xenon ratio 
was probably due to an interchamber asymmetry and 
not to the variation in p-a cross section over the angular 
definition of the interchamber collimator. 
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to 6.4 mm. 


In view of the fact mentioned above that the strong 
angular dependence of Coulomb scattering would tend 
to enhance the effect of asymmetries due to angular 
inaccuracies, it was decided to use one-half of the asym- 
metries measured by the xenon runs as the correction 
factor for the helium runs. An error of 2% in the xenon 
measurement would result in an error of only about 
0.5% in the measured value of the polarization. 

A xenon run was taken for each set of helium runs 
in order to check that the target chamber could be 
taken apart and reassembled reproducibly. Since the 
results of the xenon runs did not show a statistically 
significant variation, it was decided to average them 
in order to obtain the correction factor for the helium 
runs to as great an accuracy as possible. The results for 
all the xenon runs are given in detail in Table II. 

Tracks on the emulsions which were not due to pro- 
tons that had been doubly scattered in helium were 
another possible source of spurious asymmetries. These 
tracks, which could have been caused by either protons 
or neutrons, could either increase or decrease the 
measured ratios. 

The background due to neutrons was measured by 
reading the plates well beyond the significant area (Fig. 
2) containing the tracks which were the result of 
protons reaching the plates through the final col- 
limators. That this background was only due to 
neutrons and not to protons which had been scattered 
from the walls of the chamber was demonstrated by 
the virtual absence of background in the runs which 
were taken with a bombarding energy of 2.230 Mev. 

The neutron background in the runs which were 
taken with a bombarding energy of 3.720 Mev was due 
to neutrons produced in the 60-mil tantalum collimator 
at the front of the target chamber. For the second set 
of runs this background was lessened by a factor of 
three by the insertion of a box of Borax between the 
collimator and the second scattering chamber. 
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The background due to neutrons was considerably 
worse for the P,P; plates than for the P,P» plates since 
the former runs were three times as long as the latter 
and the final track lengths on the former plates were 
considerably shorter than on the latter plates. The 
number of tracks which were mistakenly accepted was 
reduced somewhat by increasing the magnification of 
the microscope objective lens and by substituting 
objective lenses of the oil type for lenses of the dry type. 
Both of these changes helped in applying the criteria 
for acceptance more effectively. 

The background due to protons which entered the 
second chamber through the interchamber collimator, 
but had not been scattered from helium, was measured 
using both the phototube and the third plate holder. A 
sample spectrum, taken with the target chamber set 
up for a P,P; run is shown in Fig. 3, where the second 
chamber was always evacuated and the “He in” and 
“He out” refer to the first chamber. Runs of this type 
were also taken for the P;P: and P:P; measurements 
with the phototube and for all three measurements with 
a nuclear emulsion in the third plate holder. The con- 
clusion which was drawn from these data is that the 
background due to protons is less than 0.1%. 

The Brookhaven Van de Graaff beam tubes were so 
arranged that when the mass-one beam was magneti- 
cally directed into one tube (No. 1), the mass-two beam 
was directed into another tube (No. 2). Since there was 
an electrostatic analyzer in position on beam tube No. 
2, this experiment was set up on beam tube No. 1. The 
energy of the machine could then be regulated by the 
mass-two beam which had passed through the electro- 
static analyzer. This was done because the only other 
way of measuring the beam energy was with a gen- 
erating voltmeter which does not take into account the 
voltages applied to the beam before it leaves the ion 
source. The electrostatic analyzer was calibrated by 
using the Li’(p,)Be’ threshold at 1.8814 Mev.” 

Bombarding energies of 3.720 Mev and 2.230 Mev 
were used. At the lower energy it was possible to regu- 
late continuously on the mass-two beam. At the higher 
energy, however, the electrostatic analyzer tended to 
blow fuses so that it was necessary to restrict its use to 
periodic checks of the beam energy. 

The protons were detected by Ilford C-2 50u 1X 3-in. 
emulsions on glass backings which were cut to 1X 1-in. 
size before being placed in the chamber. They were 
developed in the standard manner and were then glued 
with Vinylite cement to 1X3-in. glass microscope 
slides and allowed to dry for several hours before they 
were scanned through the microscope. Bausch and 
Lomb moving-stage microscopes with 15X eyepiece 
lenses were used to scan the emulsions. Different ob- 
jective lenses were used for different sets of plates. 

In order to discriminate as much as possible against 
spurious tracks, several acceptance criteria were applied 
; 10 5 Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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to the tracks. The track length had to lie within set 
limits, which were determined for each type of plate 
and the track had to start in the surface of the emulsion 
and enter in the correct direction in both the horizontal 
and vertical planes. The sufficiency of these criteria is 
demonstrated by the low density of tracks when the 
plates were scanned beyond the significant area (Fig. 2). 

The energetics for the runs were calculated by using 
the usual elastic scattering formula and the range- 
energy curves which are given in the literature." A 
curve of —dE/dx vs E was used to calculate the energy 
lost in the helium. Since no such curve was available 
for nickel, it was necessary to use a curve of range vs 
energy for copper. Inasmuch as copper and nickel are 
adjacent in the periodic table and their densities are 
quite similar (pcy=8.30 to 8.95 g/cm* and pyi=8.50 to 
8.90 g/cm'),” this was considered to be a valid pro- 
cedure. 

The calculations showed that the interchamber foils 
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PULSE HEIGHT 


Fic. 3. Pulse-height spectra from a typical pair of runs taken 
with the CsI(T1) crystal in order to measure the background due 
to protons entering the second chamber which had not been 
scattered from helium in the first chamber. The “He in” and 
“He out” refer to the first chamber. The second chamber was 
evacuated in both runs. The pulse height is given in arbitrary 
units, and the number of counts per channel for the two runs are 
given for the same amount of integrated beam current. 





" Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663 (1949) (unpublished). 

2 Handbook of Chemistry and Physics (Chemical Rubber 
— Company, Cleveland, 1952), thirty-fourth edition, 
p. 183. 
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for the P;P; measurement should be chosen so that 
the protons would lose 614 kev in the foils. Since the 
range-energy curves are not always accurate for foils, 
and the stated thickness is not reliable, it was decided 
to measure the equivalent thickness of the foils in kev 
at the energy desired. 

The measurement of the foil thickness was done with 
the aid of a thin (20- or 50-microinch nickel) scattering 
foil (Fig. 1) and the CsI(TI) crystal. Protons of a known 
energy were scattered from the foil through the inter- 
chamber collimator and the pulse-height spectra from 
the CsI(TI) crystal were displayed on the hundred- 
channel analyzer. The analyzer was calibrated by 
scattering protons of three widely separated energies 
from the scattering foil with no interchamber foil in 
position. 

The interchamber foils were then placed in the 
interchamber collimator, in the position occupied by 
the 50-microinch foils during the xenon runs, and the 
bombarding energy chosen so that the protons incident 
on the interchamber foils would have an energy of 
2.099 Mev, which was the energy before the inter- 
chamber foil in the P,P; run. 

In the hope of finding a combination of foils whose 
total thickness would be as close to 614 kev as possible, 
several foils were sandwiched together. The foil thick- 
ness for the first set of runs was measured to be 601415 
kev and the runs were therefore taken with a helium 
pressure of 800 mm. A remeasurement of the thickness 
showed that the true thickness was 576+15 kev so that 
the second scattering took place at 1.400 Mev instead 
of 1.375 Mev. The foil thickness for the second set of 
runs was 635+10 kev and a helium pressure of 657 
mm was therefore used. 

The energy uncertainties at the second scattering 
volumes were estimated to be 


E2(P;P2)=2.020+0.026, 
E3(P2P3)=1.375+0.012, 
E3(P,P3)=1.375+0.040. 


The energy uncertainty at the first scattering volume 
was estimated to be +10 kev for all three meas- 
urements. 

The energies and cross sections are all monotonic in 
the regions of the energy uncertainties given above. 
Since the mean is therefore very close to the average, 
it was felt that these energy uncertainties did not 
affect the validity of the polarizations measured in the 
present experiment. For example, in the case in which 
there is the largest variation in the polarization, 
E3(P,P3)=1.375+0.040 Mev, the calculated value of 
the polarization is 60+6%. The largest variation in 
the cross section is found at E2(P,P2)=2.020+0.026 
Mev where the cross section is 0.19+0.08 barn. 


RESULTS 


The measurements were taken in four sets of runs. 
For the first two sets of runs, the second scattering 
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chamber was on the 61° side of the first scattering 
chamber and the bombarding energy was Lg=2.230 
Mev (i.e., P2P3 was measured). For the second two 
sets of runs, the second scattering chamber was on the 
90° side of the first scattering chamber and the bom- 
barding energy was 3.720 Mev (i.e., PiP2 and PyP; 
were measured). 

The procedure in each of the sets of runs was to take 
a xenon measurement in each position (up and over) 
immediately before or after each helium measurement, 
ie., without removing the second chamber from the 
first chamber. The bombarding energy for a xenon run 
was the same as that for the corresponding helium run. 
Therefore the sequence in the 61° runs was: P2P; up, 
xenon up, P2P; over, xenon over. In the 90° runs, only 
one xenon measurement was taken in each position, 
even though two helium measurements were taken, 
since the xenon measurement was independent of the 
energy at the second scattering. Therefore the sequence 
in the 90° runs was P;P2 up, PiP; up, xenon up, Pi?» 
over, P,P; over, xenon over. 

The data resulting from these runs are summarized 
in Table II, where the average ratio for the two sets 
of runs (R) is given in addition to the value of P,P» 
averaged over the up and over positions of the second 
target chamber and corrected for one-half of the 
measured xenon asymmetry (Rx.=0.965+0.012). The 
values of R for the first set of P:P; measurements have 
been corrected for the error in foil measurement which 
resulted in the second scattering taking place at 1.400 
Mev instead of 1.375 Mev. The calculated values of P; 
were used since it was felt that they were sufficiently 
accurate for this small correction. The result was a 4% 
correction on the polarization product. 

No data are shown for the first set of 90° xenon runs 


TABLE Ii. Summary of results, where the first value of R for a 
given measurement refers to the first run, & is the average over 
the two runs, and (P.P») is the average over the two positions 
(up and over) of the second target chamber, after the xenon 
correction has been applied to R. 


Measurement R R (PoP) ay 
P2P; up 3.10 +0.18 2.96 +0.12 0.512+0.011 
2.82 +0.16 
over 3.34 +0.21 3.13 +0.13 
2.92 +0.18 
Xe up 0.965+0.028 0.978+-0.020 
0.990+0.027 
over 0,953+0.028 0.946+0.019 
0.938+-0.024 
P,P: up 2.51 +0.15 2.64 +0.15 0.460+0.015 
2.77 +0.22 
over 2.67 +0.21 2.67 +0.13 
2.66 +0.19 
P,P; up 1.99 +0.15 1.81 +0.10 0.325+0.010 
1.63 +0.14 
over 2.02 +0.18 2.07 +0.13 
2.12 +0.18 
Xe up ae 0.936+0.027 
0.93624-0.027 
over fea 1.009+0.032 
1.009+0.032 
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because the runs were taken with too much xenon in 
the second chamber so that the plates were so difficult 
to read that the resultant data was unreliable. In view 
of the consistent results of the other runs, it was not 
felt to be necessary to repeat this run. 

Although the plates were scanned by three different 
scanners, the same person always read both plates in a 
set (i.e., those resulting from a single run). Since there 
was no background on the P,P; plates, they were very 
easy to scan so that when one set of plates was read by 
both of the scanners who worked on the P2P; plates, 
the results were identical. In the case of the plates taken 
at the higher bombarding energy, however, a significant 
neutron background was present. Considerable care 
was therefore taken to assure that the final ratios would 
be independent of the scanner. In particular, microscope 
objectives of magnifications as high as 60 were used. 
Since these objectives were of the oil type, they had a 
shorter depth of focus so that the criterion that a track 
must start in the surface of the emulsion in order to be 
accepted could be applied more stringently. 

Using the values of the polarization products shown 
in Table II, corresponding values of the polarization 
may be calculated. The results are: 


P\=544+14%, 
P2=84.742.1%, 
P;=62.2+1.6%, 


where the errors are statistical and the positive roots 
of the squares of the polarization have been taken in 
order to agree with the definition of positive polarization 
given above. 

In order to allow for the small uncertainties in 
geometry and energy mentioned above, it was decided 
to attach somewhat larger errors to the measured values 
of the polarizations and to quote the values to only two 
places. The final results and errors are given in Table 
III. The values of the calculated P+dP are included 
for comparison. 


DISCUSSION OF RESULTS 


The measured values of the polarization are in agree- 
ment with the calculated values within the estimated 
uncertainties of both. The estimated uncertainty in the 
experimental value of P, is larger than either of the 
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TABLE III. Final values of the polarization, with the 
corresponding estimated errors. 


Polarization Experimental Calculated 
measured value (%) value (%) 
P,[3.580 Mev, 104° 29’ (c.m.) 54+2 59+13 
P,{ 2.020 Mev, 73° 38’ (c.m.) 85+0. 80+4 
6242 59+ 16 


P,{1.375 Mev, 73° 38’ (c.m.) 


other two experimental uncertainties because AP; 
= PAP’, where AP’ is the same for all three polari- 
zations. 

The polarization in p-a elastic scattering was meas- 
ured to greater accuracy than that to which it can be 
calculated from the phase shifts. Therefore more 
accurate values of the phase shifts would be necessary 
for further comparison of the experimental polarizations 
with the calculated polarizations. 

The results indicate that the calculated values of dP 
are too large for P; and P3, but about right for P2. 
This is probably due to the method which was used to 
estimate the dP, which did not take into account the- 
possibility of interdependent variations of the phase 
shifts within their estimated uncertainties. 

On the basis of the above data, it is felt that when 
helium is used as a polarization analyzer for protons, 
the calculated values of the p-a polarization may be 
used in the energy region of 1.4 Mev to 4 Mev with an 
uncertainty of +0.05. 
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The longitudinal polarizations of thermalized positrons from Ga**, Ga®*, P®*, and Al** have been observed 
from measurements on annihilation with polarized electrons in a magnetic medium. When allowance is made 
for the depolarization suffered by the positrons in coming to rest, the observations are in qualitative agree- 
ment with the assumption that the initial polarizations are proportional to +-2/¢ with the same proportion- 


ality constant as for positrons from Cu®. 





HE polarization of the positrons emitted from a 

Ga*® source has been measured, with discordant 
results.'~* Since the spin of Ga® is zero‘ it is fairly 
certain that the beta transition is of the type 0*—0* 
and hence involves only the Fermi interaction. We 
have investigated the polarization with the method*’ 
used previously to determine the polarizations of 
positrons from Cu and N™. The positrons come to 
rest and annihilate with electrons in a magnetized 
sample of iron. A change in the shape of the angular 
correlation of two-quantum radiation is observed when 
the direction of magnetization is reversed, and this 
change is then associated with the positron polarization. 
In the course of the experiment information was ob- 
tained also on the shorter-lived isotope Ga**. The 
results on the gallium isotopes led to a study of the 
positrons from P* and Al”. 

Each gallium source was prepared by bombarding a 
copper disk with about 40 ya hr of alpha particles 
(40 Mev) from the Argonne cyclotron. A typical disk 
was 7 in. in diameter and 0.15 in. thick; the alpha- 
particle beam penetrated to a depth of about 0.007 in. 
A source was installed in the apparatus within one to 
two hours after preparation and at the start of a run 
approximately 50% of the positrons were from Ga® 
with a half-life equal to 1.1 hr. In a few hours, however, 
the only effective activity remaining was due to Ga® 
with a half-life of 9.4 hr. By inserting an appropriate 
absorber into the path of the positrons it was possible 
to study positrons emitted with high energies, thereby 
suppressing the positrons from Ga‘, since the end- 
point energies for Ga® and Ga® are 4.15 and 1.88 Mev, 
respectively. The initial source strength was, very 
roughly, 50 mC. The measurements, obtained in the 
same way as in the earlier work*~’ with Cu, are given 

t This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Frauenfelder, Hanson, Levine, Rossi, and DePasquali, Phys. 
Rev. 107, 910 (1957). 

* Deutsch, Gittelman, Bauer, Grodzins, and Sunyar, Phys. 
Rev. 107, 1733 (1957). 

’ Frankel, Hansen, Nathan, and Temmer, Phys. Rev. 108, 
1099 (1957). 

* Hubbs, Nierenberg, Shugart, and Worcester, Phys. Rev. 105, 
1928 (1957). Worcester, Nierenberg, Marrus, and Hubbs, Bull. 
Am. Phys. Soc. Ser. II, 2, 383 (1957). 

5S. S. Hanna and R. S. Preston, Phys. Rev. 106, 1363 (1957). 


6S. S. Hanna and R. S. Preston, Phys. Rev. 108, 160 (1957). 
7S. S. Hanna and R. S. Preston, Phys. Rev. 109, 716 (1958). 


in Table I, together with some recent measurements on 
Cu which were taken for comparison. The data ob- 
tained with gallium are divided into an early part, in 
which positrons from both Ga*® and Ga® were present, 
and a later part, in which the average contribution 
from Ga® was less than 5%. 

It appears in Table I that (1) the polarization effect 
for the gallium source is decidedly smaller than it is for 
Cu®, (2) in the case of gallium, the result of an increase 
in the amount of absorber is a decrease, if anything, in 
the polarization effect-——just the reverse of what 
happens with Cu®, and (3) the Ga® isotope produces 
a larger effect than does Ga®*. One explanation of these 
phenomena immediately suggests itself, namely, that 
the observed differences are due, not to a departure 
from the relation that the initial polarization is equal 
to v/c, but rather to a depolarization of the positrons 
in slowing down to thermal velocities. Both Coulomb 
and electron scattering contribute to the depolarization 
of the positrons during the process of slowing down, 
the Coulomb scattering being more important at high 
energies and the electron scattering more important 
at low energies.* Obviously positrons with high initial 
energies suffer more depolarization in coming to rest 
than those with low initial energies, since they must 


TABLE I. Values of (V,—N_)/N_ in percent for Ga®(Emax 
=4.15 Mev), Ga®*(Emax = 1.99 Mev), and Cu®(Em.x =0.66 Mev), 
and for various thicknesses of absorber. The symbols N, and N 
represent the integral yield in the two-quantum angular correlation 
over angles greater than 8 milliradians, for field parallel (+) and 
antiparallel (—) to the direction of motion of the positrons. 
Thicker absorbers result in higher values for the average initial 
energy of the positrons whose annihilations in the iron sample 
are detected. 





Source of Absorber (N,—N_)/N 
positrons (mg/cm?) (%) 
Ga®*+Ga® 280 4.1+1.4 
Ga** 280 2.941.3 
Ga®*+Ga® 750 2.6+4.4 
Ga*® 750 0.9+1.9 
Cu 55 4.5+1.6 
Cu 110 7.0+1.9 


8G. W. Ford and C. J. Mullin, Phys. Rev. 108, 477 (1957). 
These authors have calculated the depolarization of negative 
electrons by singie scattering from electrons (in the absence of a 
magnetic field, which, in the present application, is longitudinal). 


1406 








POLARIZATION 


undergo more scatterings. In single scattering, the 
greatest depolarization occurs for the largest scattering 
angles.’ Unfortunately, positrons which undergo large- 
angle single scatterings are not always lost from the 
beam in this experiment because of the focusing action 
of the magnetic field. Hence positrons whose annihila- 
tion radiations are eventually detected may be ap- 
preciably depolarized, those initially of high energy 
more so than those of low energy. This latter property 
would account for the fact that the observed polariza- 
tion effect becomes progressively larger in the sequence, 
Ga"*( Emax=4.15 Mev), Ga®*(Emax=1.88 Mev), and 
Cu (Emax = 0.66 Mev). It accounts also for the decrease 
in the effect when absorber is added to the gallium 
source, thereby eliminating positrons which are emitted 
with low energies and therefore suffer less depolariza- 
tion. There is, of course, some positron energy below 
which this decrease in depolarization is offset by the 
lower initial polarization resulting from a lower value 
of v/c at emission. Hence, in the case of Cu™ the 
empirical evidence is that the size of the effect is in- 
creased when absorber is added. 

In view of these considerations, measurements were 
made on two other sources, Al** and P”, with large 


TABLE II. Values of (V,—N_)/N_ in percent for the short- 
lived positron sources P® and Al*® produced by Van de Graaff 
irradiation. 


Source of Emax Absorber (N4,—N-)/N~ 
positrons (Mev) (mg/cm?) (%) 
and 3.94 400 4.74+3.1 
AP 3.24 400 3.243.1 


end-point energies of 3.24 and 3.94 Mev, respectively. 
In both these cases the transitions are between mirror 
nuclei and presumably of a mixed type. The sources 
were prepared by (d,n) reactions in the Van de Graaff 
generator, using the technique’ developed for N®. 
Because of the short lifetimes of Al*® and P® (7.3 and 
4.7 sec, respectively), an automatic sequence of opera- 
tions was provided for taking the data. The source 
was irradiated with a fixed integrated current for about 
10 sec. The beam was interrupted and the annihilations 
were detected for a period of 5.0 sec; after a deadtime 
of 0.83 sec the counting was continued for another 5.0 
sec. During the first period of counting, the collimating 
plug which restricts the observed yield to the wings of 
the angular correlation was in place. During the dead- 
time this collimator was removed and in the second 
period the “total” coincidence yield was recorded. 
Following this first cycle the source was irradiated 
again and a second cycle was carried out with the same 
time intervals. This time, the “total” coincidence yield 
was measured during both periods of counting. The 
complete program was automatic and repeated itself 
until it was interrupted in order to reverse the direction 
of the magnetic field. To obtain the result for a given 
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TABLE III. Values of (V,—N_)/N-_ in percent for positrons 
from Ga®*(Emax=4.15 Mev), Ga"*(Emax=1.88 Mev), and Cu™ 
(Emax =0.66 Mev), and for various thicknesses of the absorber 
and of the annihilation sample. A thin annihilating sample pref- 
erentially stops positrons that have low energies when they 
reach it. 











Sample 
Source of thickness Absorber (N4—N-)/N- 
positrons (inches) (mg/cm?) (%) 
Ga®*+Ga"®* 0.037 80 3.0+1.7 
Ga® 0.037 80 3.641.7 
Ga*+Ga® 0.027 200" 2.042.3 
Ga® 0.027 2008 2.541.8 
Cu 0.027 55 2.6+1.0 
Cu” 0.027 110 2.6+1.2 
Cu oo b 105 7.142.5 
Cu oe 105 3.742.5 


* Plastic absorber. 
» Full magnetic field. 
¢ Reduced magnetic field. 


source, the cumulative yield with the collimator in 
place was normalized to that with the collimator 
removed as obtained during the first cycles. The result 
was then corrected for the decay of the source by 
normalizing it to the ratio of the counting rates obtained 
without the collimator in the second cycles. This latter 
correction was made because of the possibility of the 
presence of small amounts of impurities in the sources 
which could have affected the observed rate of decay. 
The results in Table II then give a comparison of the 
final normalized yields for the two directions of the 
magnetic field. Although the statistical uncertainties 
in the results are large, it appears that there is a 
positive polarization for both P” and Al** and that the 
observations fall between those for Ga® and Cu®, 

In order to examine further the influence of de- 
polarization, the thick sample in which the annihilations 
took place (in reality an extension of a pole face of the 
magnet) was replaced with a thin sample, suspended 
in the magnetic field, which preferentially stopped only 
the positrons of low energy. With such a sample there 
were no significant differences among the results 
obtained for Ga®, Ga®, and Cu®, as tabulated in 
Table III. The values (2-3%) are, however, markedly 
smaller than the values (4-7%) obtained with Cu® 
and a thick annihilation sample. This diminution of the 
effect can be attrikuted chiefly to the unavoidable 
reduction of the magnetic field (~50%) in the sus- 
pended sample. The two final runs in Table III were 
obtained with a Cu® source using a thick annihilation 
sample. In one, the field was maintained at its usual 
value and a 7% effect was observed, as expected. In 
the other run, the field in the sample was reduced to a 
value comparable to that measured for the thin samples. 
In this case, a greatly reduced effect was observed. 

It is clear that for all the sources investigated the 
positrons are polarized, and the sense of the polarization 
is the same in all cases. There is evidence that in coming 
to rest the positrons suffer an appreciable depolarization, 
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making it difficult to compare the polarizations of 
different sources if the initial energies of the positrons 
are markedly different. Hence, the effect observed for 
Ga*® is invariably smaller than for Cu, unless positrons 
of approximately the same initial energies are compared 
in the two cases. When this is done (Table III) the 
evidence supports the assumption of full polarization 
(+2/c) for Ga® (if that is the value for Cu™) and 
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hence is in agreement with the results of Deutsch ef al.? 
and of Frankel et al.* 
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The radiative capture of alpha particles in N“ and C has been studied for bombarding energies between 
1.3 and 3.0 Mev. Four narrow resonances were observed in the reaction N“(a,y)F"*, corresponding to 
levels in F!® at 5.60, 5.67, 6.24, and 6.65 Mev. Two narrow resonances were observed in the 
reaction C(a,7)O"*, corresponding to levels in O'* at 7.63 and 8.05 Mev. These two are 1 states. 

The decay schemes of some of these levels were partly elucidated, and severai partial radiative widths were 
measured. The decays studied gave information on the low-lying levels in F!* and O'. 


INTRODUCTION 


HE radiative capture of alpha particles can be 

a very useful means of obtaining information on 
the low-lying levels in the light nuclei. It is a method 
which so far has been little exploited for bombarding 
energies greater than 1.5 Mev. The study of the decay 
scheme and of the angular properties of the gamma 
rays emitted at an isolated resonance will yield informa- 
tion on all of the levels involved in the compound 
nucleus. If the elastic alpha scattering data in the 
region of the resonance under examination can put 
limits on the spin of the level formed, then this can be 
of great help in interpreting what is seen in its radiative 
decay. 

Much theoretical and experimental work has recently 
been done on the nuclei above O"* in the 1d shell. The 
positions of the positive-parity levels in F and many 
dynamic characteristics of the mass-19 nuclei agree 
very well with the prediction of the intermediate 
coupling shell-model theory,' and also with a rotational 
interpretation.” Similar success has been obtained with 
the first few O'* levels.’ In the present work N“ and C™ 
were bombarded with alpha particles of energies 
between 1.3 and 3.0 Mev to try to find out more about 
the levels in F'* and O**. 


+ Work supported by the U. S. Atomic Energy Commission and 
by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

1]. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 526 (1955). 

2 E. B. Paul, Phil. Mag. Ser. 8, 2, 311 (1957). 

30. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 108, 305 
(1957). 





EXPERIMENTAL RESULTS 


Cylindrical NaI crystals, 2 in. and 1} in. in diameter, 
2 in. and 1 in. thick, were used as gamma-ray detectors, 
together with DuMont type 6292 phototubes. After 
amplification, pulses were fed into a multichannel 
pulse-height analyzer, and into conventional coincidence 
and gate circuitry as required. The gamma-ray energies 
were determined by comparison with six standard 
sources: annihilation radiation (0.511 Mev); Cs!*’ 
(0.661 Mev); Na® (1.277 Mev); ThC” (2.62 Mev); 
the N'(p,ay) reaction (4.43 Mev); and the F"(p,ay) 
reaction (6.14 Mev). 

The investigation of (a,y) reactions is rendered 
difficult by their low yield and by several sources of 
background, the most important being the neutrons 
formed in the reaction C¥(a,n)O'%. The pulse-height 
spectrum produced in a Nal crystal by 3-4 Mev neutrons 
has a roughly exponential distribution. The upper 
“cutoff” moves up with increasing neutron energy. 
In addition the yield of the C(a,n) reaction increases 
rapidly above 2 Mev.‘ These two factors make the 
study of gamma rays of energies below 3-4 Mev 
increasingly difficult for bombarding energies greater 
than 2 Mev. To minimize this background stringent 
precautions were taken to make the buildup of natural 
carbon on the targets as slow as possible. The most 
effective experimental arrangement employed an 
activated charcoal pump maintained at liquid air 
temperature and surrounding the path of the beam. 
All gaskets used on the target side of this pump were 
of Teflon, and the target was kept at a temperature of 


~ 4Walton, Clement, and Boreli, Phys. Rev, 107, 1065 (1957). 








RADIATIVE CAPTURE 


TABLE I. Data presently available on the levels in F'* from 
5.6- to 6.8-Mev excitation energy. 


Eq (res) (Mev) 





Tiab (kev) Eoxe! 
Earlier*-* Present Earlier Present Jnl (Mev) 
1.530 1.530+0.0048 <15 <2.0 i,-,1 5.602+0.027 
-1.617 1.618+0.008 <1.0 <2.0 5.670+0.027 
2.351 2.35040.008 <25 <10 (+)... 6.24040.027 
2.370 <4.0 (1,4+,0)® 6.255+0.027 
2.767 <1.0 (5,4,3,4+-,4)* 6.5642+0.027 
2.868 2.876+0.006 <4.0 <2.0 6.650+0.028 
2.870 120+7 1,-,1 6.644+0.027 
3.080 130+7 2,—,1 6.807 +.0.027 





* See reference 6. 

b See reference 7. 

© See reference 8. 

4 The excitation energy in F'* corresponding to the Z, (res) were calcu- 
lated by using the table of mass defects in F. Ajzenberg and T. Lauritsen 
(Revs. Modern Phys. 27, 77 (1955)]. The error quoted is mainly due to 
errors quoted there. 

¢ Parenthesis signifies uncertainty in the assignment. 


~100°C by blowing hot air onto it. With this arrange- 
ment the rate of carbon buildup was reduced to the 
extent that in 10 hours running the thickness of the 
deposit was ~2-4 kev for 2-Mev alpha particles. In the 
experiments background runs were interlaced with 
“target” runs in order to make sensible corrections. 

Both gaseous and solid nitrogen targets were used. 
Absolute yield measurements on the N“(a,y) reaction 
were made with a gas target of natural nitrogen, 
bombarded behind a 2500 A thick nickel foil. Solid 
nitrogen targets were made by heating tantalum disks, 
0.015 in. thick, to red heat in an atmosphere of dry 
ammonia. The gamma-ray yields estimated using these 
two targets were in good agreement if it was assumed 
that one nitrogen atom was absorbed on the surface 
for every tantalum atom. 

The C“ targets used were made by cracking acetylene 
in a discharge tube onto tungsten disks, 0.010 in. 
thick. The acetylene contained 38.6% C"™, 0.6% C®, 
and 60.8% C”. It was assumed that the targets were of 
carbon with this isotopic constitution. 

The total yield of a gamma ray integrated over a 
narrow resonance is proportional to (2J/+1)r,l./T, 
where J is the spin of the level; T',, '., and T are the 
partial widths for alpha emission and for the radiative 
transitions considered, and the total width, respectively. 
A measurement of the intensity of a gamma ray, with 
a target thicker than the total width, thus enables one 
to calculate this quantity. The interpretations of pulse- 
height spectra were made using the shapes of single 
gamma-ray lines determined from the calibration 
sources. Absolute yield measurements were made by 
calculating the detection efficiency of the crystal, 
knowing the absorption coefficient for the gamma ray 
in question. 


N''+e 
For bombarding energies between 1.3 and 3.0 
Mev four narrow resonances were observed in the 
~ 6 Douglas, Gasten, and Mukerji, Can. J. Phys. 34,1097 (1956). 
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Fic. 1. Energy levels known in F?* up to 6.65 Mev and the 
decay schemes as determined in the present work. All of the levels 
in the figure except those at 3.06 and 1.05 Mev most probably 
have T=0, since they were observed in either the Ne®(d,a)F"* 
[R. Middleton and C. T. Tai, Proc. Phys. Soc. (London) A64, 
801 (1951)] reaction or in N*+qa. This means that all of the 
levels in Fig. 7 except the ground and 1.99-Mev states in O'8 
have their 7 = 1 counterparts in F!* which are not indicated above. 
Levels in F'* at 6.666 Mev and above have been observed in the 
reaction O'7(p,a)F"* [Katarina Ahnlund, Phys. Rev. 106, 124 
(1956) }. 


reaction N"(a,y). These were at 1.530+0.004, 1.618 
+0.004, 2.3504-0.003, and 2.876+0.006 Mev. Table I 
summarizes data presently available on the levels in 
F'S in our region of interest. Figure 1 shows the decay 
schemes observed. 

The radiative capture yield in between the four 
resonances is less than 10% of that at any resonance, 
and in particular the yield from the resonance at 
E,,= 2.370 Mev is less than 5% of that of the 2.350-Mev 
resonance. 

The 5.60- and 5.67-Mev levels corresponding to the 
1.53- and 1.62-Mev resonances, respectively, were not 
looked at further. They have both been studied in 
some detail by Price,* and the lower one by Bromley 
et al.” 

The narrow level corresponding to E,=2.876 Mev 
is also observed in elastic alpha scattering, and is seen 
in the reaction N“(a,p) leading to the ground state of 
O'7.8 The large background at this energy makes the 
study of the decay of the 6.65-Mev level difficult. 
Gamma rays of energies 5.80+0.10 Mev and 4.90+0.05 
Mev are present with (2/+1)',T./T equal to 0.25+0.1 


®P. C. Price, Proc. Phys. Soc. (London) A68, 553 (1955). 

7D.:A. Bromley ef al., Bull. Am. Phys. Soc. Ser. II, 3, 27 
(1958). 

8D. F. Herring, Bull. Am. Phys. Soc. Ser. II, 2, 303 (1957); 
and University of Wisconsin thesis, 1957, University Microfilms, 
Ann Arbor, Michigan. 
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Fic. 2. Gamma rays observed in a 1 in. thick by 1} in. diameter 
Nal crystal which are in coincidence with radiation of energy 
greater than 3 Mev from the 6.24-Mev level in F!*. The upper 
limit shown in Fig. 1 on the ground-state transition from the 
1.76-Mev level is based on the absence of a peak at 1.76 Mev in 
the above spectrum. The straight line through the crosses shows 
the energy scale as obtained with the calibration sources. 


ev and 2.1+0.7 ev, respectively. An upper limit of 5% 
was put on the ground-state transition relative to 
that to the 1.76-Mev state. There are transitions to 
states in F'* around 3 Mev with about 30% of the 
intensity of the transition to the 1.76-Mev level. 


The 6.24-Mev Level 


This level decays mainly by emission of a gamma ray 
of energy 4.45+0.05 Mev to a state at 1.76+0.02 Mev. 
There is also a gamma ray of energy 5.30+0.10 Mev 
with about 10% of the intensity of the main transition. 
Upper limits of 5% and 20% of the 4.45-Mev gamma 
ray can be put on transitions to ground state and states 
around 3 Mev. The values measured of (2/+1)r, 
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Fic. 3. The angular distribution of the 4.45-Mev gamma ray 
emitted by the 6.24-Mev level in F*. The solid curve represents 
as angular distribution W(@)=1—0.40 cos¥. A small geometry 
correction gives the point-to-point correlation W(6)=1—0.41 
cos’. 


PHILLIPS 


for the two gamma rays are 7.9+1.0 ev and 0.8+0.15 
ev, respectively.® 

The low-energy gamma rays in coincidence with 
gamma rays of energy greater than 3 Mev are shown in 
Fig. 2. This spectrum shows gamma rays of energies 
720, 950, and 1050 kev. The decay schemes shown in 
Fig. 1 were obtained with the aid of this and other 
coincidence spectra. 

The (y,y) correlation between the 4.45-Mev gamma 
ray and the 1.05-Mev gamma ray was measured in 
the plane perpendicular to the beam by putting the 
“window” of a single-channel kicksorter on the total 
energy peak of the 1.05-Mev gamma and above the 
950-kev peak, and putting these counts in coincidence 
with gamma rays of energy greater than 3 Mev in 
another crystal. The correlation was isotropic to within 
16%. This isotropy is consistent with other evidence?’ 
that the 1.05-Mev level is 0+, T=1. The ground state 
is then 1+, T=0. To account for the gamma decay 
data the 1.76-Mev state is most likely to be 1*, 1~, or 
2+ and must have T=0 since it appears that no level 
exists in O'* below 2 Mev. 

The angular distribution of the 4.45-Mev gamma ray, 
after geometry correction, is satisfactorily represented 
by W(#)=1—(0.41+0.05) cos’. This is shown in 
Fig. 3. The alpha elastic scattering data exclude all 
but an /=2 or 3 wave formation of the level but are 
not conclusive.* The only possibilities which fit the 
angular distribution and the most likely spins of the 
1.76-Mev state are: 


Qe: gee cay anne 
wy 3 Sp 8 yt: geo 
qa at $2 ge BOM) ge, 4,—~03%. 


The A, quoted above are the theoretically expected 
values of the coefficient in the angular distributions 
W (6)=1+ A. cos’? for the unmixed schemes quoted 
above. 

(i) The measured value of (2/+1)I', of 8 ev makes 
it unlikely that the transition is an F1, since the | M |? 
value of 0.017 would then be greater than that of any 
known isotopic-spin-forbidden 1 transition." 

(ii) The possibility is also unlikely since if /=3 wave 
alpha particles predominantly formed a state of spin 2, 
this would mean that the /=3 component in the 
reduced alpha-particle width would be a factor of ~50 
times greater than the /=1 component. If we allow 
this, then a small amount of /=1 wave alphas interfering 
with /=3 waves will produce the observed correlation 
more accurately." Figure 4 shows theoretically allowed 


® This level is not seen in N“(a,p) but is observed in N"(a,qa). 
We therefore assume that I'g>I'p, ', and that '4=T', and that 
the isotopic spin of the level is T=0. 

10 TD. H. Wilkinson, Phil. Mag. Ser. 8, 1, 127 (1956). 

1 This can also be done by mixing in with the predominantly 
M1 transition an amount of £2 as big as or greater than the 
single-particle estimate of the strength of a 4.46-Mev £2 transition. 
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values of the angular distribution coefficient A» for +10-—t y T 7 
various values of aq, the ratio of the amplitudes of 
the /=1 and the /=3 alpha-particle waves. The shaded 
portion represents all allowed values of A, obtained when 


cosB4 (where 8 is the phase difference between the 
l=1 and /=3 waves) varies from —1 to +1. 

ee M1 

(iii) The sequence 1*—+2+——-+1* would correspond 


to |M|?=0.9 for the M1 transition, which is a reason- 
Bl 





able figure. 1*+—»2+————+1~ would correspond to an 
even larger |M |? value of 0.024 for the isotopic-spin- 
forbidden F1 transition. This value could be explained 
on the basis of a large mixing in the predominantly 
2+, T=0 state of nearby 2+, T=1 states. These states 
are expected to exist in this region from the configura- 
tions d*, ds, and s*. One has been found at 8.22 Mey in 
O'8 from the C"(a,a) reaction,” and an additional one 
may have been identified at ~17 Mev in O"* from the 
C(a,y) reaction.” The same sort of argument might 
also apply in scheme (i), but T=1, J=3~ levels are 
expected to lie somewhat higher than 6 Mev in F'*. 
There is also the possibility that the assumption of 
T=0 for the 6.24-Mev incorrect. Definite 
assignments to the 6.24- and 1.76-Mev states must 


level is 


await additional evidence. 
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Fic. 4. The coefficient A» as a function of the parameters ag 
and cos§g. The shaded area represents all allowed values of Az 
calculated for the scheme 1*(1,3)2~(1)1*. The experimental value 
is shown as the area between the dotted lines. 


An attempt was made to measure the anisotropy of 
the 5.3-Mev gamma ray but the relatively large 
background subtraction made the results inconclusive. 

The situation regarding the low-lying levels in F'* is 
not in such good agreement with theory as in the case 
in F®. The 1.76-Mev state is not the 3+ or the 5+ 
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target about 16 kev 
thick at 2 Mev. 
Curve C is for a C' 
target of thickness 
about 80 kev. This 
target was nonuni- 
form and probably 
had deposits on its 
surface. 
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12 J. A. Weinman and E. A, Silverstein, Phys. Rev. (to be published); and J. A. Weinman, University of Wisconsin thesis, 1957 


(unpublished). 


13 A, E. Litherland and H. E. Gove (private communication, 1958). 
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Fic. 6. Gamma rays observed in a 2 in. thick by 1.5 in. diameter 
Nal crystal at the resonances observed at bombarding energies 
of 1.51 and 1.65 Mev. Gamma rays from the first three excited 
states of C8 are observed at 3.85, ~3.6, and 3.05 Mev. 


predicted by the shell-model calculations, and this 
provides further embarrassment if, as data from the 
F¥(d,t)F'* and N"(a,y)F'® reactions’ suggest, the 
950-kev state has odd parity. 


C'+e 


Two narrow resonances were found in this reaction 
for E, between 1.3 Mev and the C'(a,”) threshold at 
2.34 Mev. These were at bombarding energies of 
1.794+0.006, and 2.334+0.006 Mev. The resonances at 
2.55,” 2.64, and 2.80 Mev observed in the C"(a,) reac- 
tion’ and the C“(a,a) reaction were also seen in the Nal 
counter, but the large background due to the capture 
of the slow neutrons obscured any gamma rays present. 
Figure 5 shows yield curves for counts above 3.5 Mev 
in a Nal crystal for targets of 38.6% C™ and natural 
carbon, respectively. The absence of resonances in 
C®(a,y) implies that there are no Ot, 1-, 2t, ete. 
states in O'® with radiative widths >0.03 ev in this 
region. This is in agreement with previous work.'® 
The resonances observed at 1.51 and 1.65 Mev are 
most probably in the reaction B"(a,p)C¥.’ They 
both have widths greater than 10 kev, and occur at the 
right alpha-particle energies.'* The gamma-ray spectra 
at these two resonances are shown in Fig. 6. Both 
show gammas of energies 3.85, 3.05, and ~3.6 Mev, and 


144 F. A. El Bedewi and I. Husseim, Proc. Phys. Soc. (London) 
A70, 233 (1957). 

15 R. M. Sanders, Phys. Rev. 104, 1434 (1956). 

16 G. A. Jones and D. H. Wilkinson, Proc. Phys. Soc. (London) 
A66, 1176 (1953). 

17 We are indebted to Dr. A. E. Litherland and Dr. H. E. Gove 
for drawing attention to this possibility.” 

18 Shire, Wormald, Lindsay-Jones, Lundén, and Stanley, Phil. 
Mag. 44, 1197 (1953). 
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an absence of higher energy gamma rays. This is also 
suggestive of B'(a,p), the intensities agreeing with the 
previous work on B+ and the known modes of decay 
of the C levels at these energies. By comparing the 
intensities observed with the known cross sections 
it is found that the boron impurity in the targets must 
be of the order of 1%. This large amount of contamina- 
tion might arise in the conversion of the BaC™O,; to 
acetylene (see reference 5) if the Pyrex (borosilicate 
glass) reacts with the barium metal to form a gaseous 
boron hydride. 

The yield from the C™ targets in between resonances 
can be accounted for by the C(a,m) reaction and there 
are no other C(a,y) resonances in this region with 
yields greater than 15% of any of the others. 

Table II shows data presently available on the levels 
in O'* in our region of interest. 

Figure 7 shows the presently known levels in O'* 
O'* up to the 8.05-Mev level, and decay schemes as 
elucidated in the present work. 


The 8.05-Mev Level 


This level decays mainly by transitions to the 
ground state and first excited state at 1.99 Mev. 
The anisotropy (defined as the yield at 180° divided by 
the yield at 90°) of the ground-state gamma ray is 
0.116+0.056. This value is consistent only with a 1 
assignment to the 8.05-Mev level.’ The transition is 
thus an £1 ‘and the angular distribution, corrected for 
geometry, is W(@)=1—(0.92+0.06) cos’#, compared 
with the expected 1—cos*#. The anisotropy of the 
gamma ray to the 1.99-Mev state is 0.915+0.064. 
This is consistent only with a spin of 2 for this state, 
and we then assign 2* to the first excited level in view 
of the stripping results of Bilaniuk and Hough.’ The 
corrected angular distribution is 


W (6) =1— (0.09+0.067) cos*6, 


compared with the expected 1—0.142 cos*0. 


TABLE II. Data presently available on the levels in O'* from 
7.6 to 8.5-Mev excitation energy. 








Eq (res) (Mev) Tiab (kev) Eoxe® 
Earlier*.» Present Earlier Present Jzxi (Mev) 
1.798+0.006 <3 1,—,1 7.634+0.029 
2.331+0.005 2.334+0.006 <64+43 <3 1,—,1 8.051+0.029 
2.553+0.004 1.6+1 2,+,2 8.2224+0.029 
2.642+0.005 10+1 3,—,3 8.293+0.029 
2.798+0.011 22+10 8.412+0.030 


® See reference 12. 

b See reference 15. 

¢ The excitation energy in O!* corresponding to the E, (res) were calcu- 
lated by using the table of mass defects in F. Ajzenberg and T. Lauritsen 
(Revs. Modern Phys, 27, 77 (1955)]. The error quoted is mainly due to 
errors quoted there. 





## Since the alpha particle and the C™ nucleus both have zero 
spin, this reaction is more easily amenable to analysis. Conserva- 
tion of angular momentum and parity make it impossible for 
the C'*+-a combination to form an excited state of O'* that has 
odd angular momentum and even parity or vice versa. It also 
prohibits the mixing of / values in the reaction. 








RADIATIVE 


The measured radiative widths are I',=0,09+0.02 
ev and 0.23+0.04 ev for the ground and first excited 
state transitions, respectively. These correspond to 
|M|* values of 2.3X10-* and 1.4X10-* for the EF1 
transitions. These are smaller than the average value of 
0.032 which Wilkinson” obtains for £1 transitions, but 
as pointed out, lower intensity transitions may be 
missed in his survey for that reason. 

An upper limit of 20% of that to the 1.99-Mev state 
is put on gamma transitions to either the 3.55- or 
3.93-Mev states. 


The 7.63-Mev Level 


This level we assign 1~ for the same reasons as for 
the 8.05-Mev state. The ground-state gamma has 
angular distribution W (@) = 1— (0.9934-0.027) cos*@ and 
r,=0.12+0.02 ev. The 5.64-Mev gamma has angular 
distribution W(@)=1—(0.13+0.07) cos?(@) and T, 
=(.24+0.04 ev. These correspond to |M|* values of 
3.6X10-* and 1.8X10-* for the ground and first 
excited state #1 transitions, respectively. 

From a study of the high-energy gamma spectrum 
and the spectrum of gammas in coincidence with 
gamma rays of energy greater than 700 kev, an upper 
limit of 10% of the intensity of the 5.64-Mev gamma 
can be put on transitions to the states at 3.55 and 3.93 
Mev. This limit and the corresponding limit of 20% 
from the 8.05-Mev level support the assignment® of 
4* to the 3.55-Mev state in agreement with shell-model 
calculations, but do not rule out other possibilities. 

In view of the success of the unified model in describ- 
ing many properties of some nuclei in the 1d shell*.° 
it is interesting to see how well the 0* and 2+ ground 
and first excited states of O'* can be described as 
members of a Q2=K=0O rotational band. If the 1 
states are both members of different Q= K=1 bands 
then the ratios of the reduced matrix elements for the 
F1 transitions to the 0+ and 2* states should both be 
equal*' to 2:1. In fact the ratios are 1:5 and 1 :6 
for the decays from the 7.63- and 8.05-Mev levels, 
respectively. This suggests that the rotational descrip- 

* Litherland, McManus, Paul, Bromely, and Gove, Chalk 
River Report PD-289, 1957 (unpublished). 


*t Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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Fic. 7. Energy levels known in O' up to 8.05 Mev and the 
decay schemes as determined in the present experiment. Levels 
up to 6.33 Mev were seen in the reaction F'(t,2)F!* [Nelson 
Jarmie, Phys. Rev. 104, 1683 (1956) ]; others in C“+<a. 


tion is not a good one, at least without invoking large 
perturbing effects. 

The shell-model description of the states must 
account for the small matrix elements for the £1 
transitions from the 7.63- and 8.05-Mev levels. The 
size of these matrix elements argues against the 
description of the negative-parity levels as states of 
single-particle excitation within the configurations df, 
dp, sf, and sp. 
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A more accurate value of the half-life of K*’ is 1.2340.02 seconds, in agreement with the value reported 
by Sun and Wright. The Gamow-Teller matrix element is recalculated using new values of the coupling 
constants, and is found to be in agreement with the theoretical value calculated by Winther and Kofoed- 
Hansen from the shell model. The experimental method is described in detail. 





HE existence of the mirror nuclide K*’ has been 

established by Sun and Wright.! They reported 
a positron activity with an end point of 5.10+0.07 
Mev and a half-life of 1.2+0.12 seconds. They used 
these results to obtain an /ft-value of 4150+500 and a 
Gamow-Teller matrix element | fo|?=0.43+0.14. 

The purpose of the present paper is to report a more 
accurate value of the half-life of K*’, namely 1.23+0.02 
seconds, which is the mean of the half-lives obtained 
from twelve integral decay curves. This result is then 
used to establish more stringent limits of error on the 
fi-value. Also, the Gamow-Teller matrix element is 
recalculated using new values of the coupling constants, 
and is found to be 0.38+0.08, which is in agreement 
with the theoretical value calculated by Winther and 
Kofoed-Hansen? from the shell model. 

Natural calcium foil was bombarded with 12.8-Mev 
protons in the circulating beam of the UCLA synchro- 
cyclotron. The target, mounted on a rider inside a 
pneumatic tube,’ arrived at the counting position 0.5 
second after the end of the bombardment. Its decay 
was then followed for 10 minutes by a scintillation 
counter which was equipped with a beta crystal con- 
sisting of a 1 in.X7¢ in. disk of plastic phosphor. The 
pulses were fed into a Bell-Jordan amplifier, then into 
a discriminator, and finally into four separate scalers 
that were gated by an electronic timer. The scalers 
were turned on in succession at ‘=0, 1, 2, and 7 seconds 
in the first six runs and at ‘=0, 2, 4, and 7 seconds in 
the last six runs. (‘=0 corresponds to 0.7 second after 
the end of the bombardment.) The first three scalers 
were turned off together at ‘=7 seconds. From this 
instant until /=599 seconds, every twentieth pulse was 
recorded on one channel of a Sanborn Twin-Viso 
recorder. The scaler gate voltage was recorded on the 
second channel in order to fix the time scale relative to 
i=0. In addition, the recorder supplied one-second 
marker pips on a third channel. About 40 seconds 
after the bombardment, the paper speed was changed 
from 25 mm/sec to 2.5 mm/sec by shifting the recorder 

t Work supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1C. R. Sun, thesis, University of California, Los Angeles, 
1956 (unpublished); C. R. Sun and B. T. Wright, Phys. Rev. 
109, 109 (1958). 

2A. Winther and O. Kofoed-Hansen, Kgl. Danske Videnskab. 


Selskab, Mat.-fys. Medd. 27, No. 14 (1953). 
3.N. W. Glass and J. R. Richardson, Phys. Rev. 98, 1251 (1955). 


into low gear. The arrangement permitted following a 
decay from an initial counting rate of about 5000 
counts/sec to a background counting rate of about 
0.25 count/sec—a factor of 20 000. It would have been 
impossible to follow this decay using the Sanborn 
recorder alone. 

The number of counts V(¢) accumulated in the time 
from / to 599 seconds was plotted as a function of ¢ on 
Cartesian paper. The background, which was a descend- 
ing straight line, was subtracted. The resulting curve 
was plotted on semilogarithmic paper. After subtraction 
of an unidentified activity with a half-life of about 6 
seconds, the remaining curve was a straight line on a 
semilogarithmic plot. Each of these final curves yielded 
a value for the half-life of K*. On the average, the 
probable error due to the manner of drawing the final 
decay curve is 0.02 second, if the uncertainty in each 
value of V(t) is ¥ N according to a Poisson distribution. 
The mean of the twelve values of the half-life of K*’ 
is 1.230 seconds with a probable error of 0.006 second. 
The graphical error of 0.02 second is a conservative 
estimate of the probable error in the result. The dead- 
time correction was small compared to this error. The 
graphical accuracy might be improved by the use of 
least-square analysis for plotting the curves. The half- 
life of K*’ is 1.23-0.02 seconds, in agreement with the 
value reported by Sun and Wright. 

The integral decay curve was plotted in order to 
avoid the error that would be introduced by the 
determination of the counting rate, which involves 
numerical differentiation of the data. 

If f is found from Sun and Wright’s end point and 
the curves cf Moszkowski and Jantzen,‘ then the new 
half-life gives the following results: 


ft=42904280; logft=3.63+0.03. 


The Gamow-Teller matrix element | f@!* is found 


from the relation® 
2 
A=si( fi fo ), 


where A and R are related to the coupling constants, 


4S. A. Moszkowski and K. M. Jantzen, Technical Report No. 
10-26-55, Department of Physics, University of California, Los 
Angeles (unpublished). 

5 J. B. Gerhart, Phys. Rev. 95, 288 (1955). 
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value 0.32 that Winther and Kofoed-Hansen have 
calculated from the shell model. The error in the 
experimental value of the Gamow-Teller matrix element 
is now principally due to the error in the end point of 
the K* positron spectrum. 


and | f1|? is the Fermi matrix element. Recent 
ft-values*.’ for the 0-0 transition in O", Al**, and 
Cl* give A=6200+100. This value of A and recent 
ft-values‘ for the mirror transitign in O'* and F!’, which 
are closed shells+-one nucleon, give R= 1.17-+0.10. 

The resulting Gamow-Teller matrix element for K* 
is 0.38-0.08, which is in agreement with the theoretical pas 

I am grateful to Professor J. R. Richardson for 
suggesting this problem and for his interest and 
guidance. 


6 Bromley, eave Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 
7D. Green and J. R. Richardson, Phys. Rev. 101, 776 (1956). 
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Photoprotons from N'*+ 


Jacos L. Ruopes* anp W. E. STEPHENS 
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(Received February 20, 1958) 


The photoprotons ejected by bremsstrahlung photons from nitrogen gas enriched in N" were detected in 
nuclear emulsions and the proton energy and angular distributions measured for 18.7- and 24.6-Mev betatron 
energies. The photoproton yield is 10° protons per atomic weight per roentgen unit at 24.6 Mev. The inte- 
grated cross section in the giant resonance is 10-Mev millibarns for ground-state transitions. Structure is 
observed in the giant resonance and the angular distributions in this region are predominantly sin’. 





INTRODUCTION 


HE excitation of nuclei by high-energy photons is 
enhanced in the “giant resonance” region and 

can be detected by observing the ejected photoparticles. 
Such observations can give information concerning 
highly excited states of the absorbing nucleus. The 
high available intensity of bremsstrahlung radiation can 
be utilized in those cases where the resultant nucleus 
has wide spacing between levels, so that a measurement 
of photoproton energy identifies the absorbed photon 
energy. The reaction N'*+7—C"+ H'— 10.207 Mev is 
especially favorable since the first excited state of C"* is 
at 6.091 Mev. Furthermore, the N'* ground state is 4~, 
different from isotopes previously examined here.' The 











Cross section through S-—S 
(oriented 90°) 


Leod Lining 


Fic. 1. The reaction chamber. 
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1 Cohen, Mann, Patton, Reibel, Stephens, and Winhold, Phys. 
Rev, 104, 108 (1956), 


resolution attainable using nuclear emulsion recording 
of the photoprotons is about 0.2 Mev. We have there- 
fore observed the photoprotons from N, using betatron 
bremsstrahlung and nuclear emulsion detectors. 


EXPERIMENT 


A well-collimated bremsstrahlung x-ray beam from 
the betatron passes through the reaction chamber shown 
in Fig. 1. This aluminum chamber contains the gas to 
be irradiated and the nuclear emulsion plates to detect 
the photoprotons. It is lined with #y-inch lead to reduce 
the proton background. Details of the several runs are 
given in Table I. 200-micron Ilford C-2 nuclear emulsion 
plates were used and scanned with a Leitz Ortholux 
microscope at a magnification of 848. The proton ranges 
were corrected for absorption in the gas and for photon 
momentum, and the proton energies determined from 
Rotblat’s range-energy data. Background was deter- 
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Fic, 2, Photoproton energy distribution for 18.7-Mev exposure. 














1416 | Poe 


RHODES AND W. E. 


STEPHENS 








70-— 
E, * 24.6 Mev 





o 
9 
| 


Number of protons 
» 
9 
| 


30}—- 


10}— oe bios 
ca 
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energy distribution for 
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mined from scanning runs X, D, and Y. It was estimated 
to be about $ protons per energy interval from 2 to 8 
Mev and 3 proton per interval above 8 Mev in the 
24.6-Mev run. In the 18.7-Mev run, the background 
was estimated to be 1 proton per energy interval above 
2 Mev. These background protons seem to be rather 
uniformly distributed in energy. 

The energy resolution is estimated to be about 200 
kev at 3- and 10-Mev proton energy, dipping to a 
minimum of 150 kev at 5-Mev proton energy. This is 
mainly due to straggling in the emulsion and gas plus 
an additional uncertainty due to width of the x-ray 
beam. The accuracy of proton energy is estimated to 
be about 100 kev. 


RESULTS 


Figures 2 and 3 exhibit the energy distributions of the 
photoprotons for the 18.7-Mev and 24.6-Mev runs 
respectively. These histograms include all acceptable 
tracks observed in the angle range from 30° to 150° 
with respect to the photon beam direction. The proton 
energy region in which all the protons would be com- 
pletely absorbed before making a recognizable track in 
the emulsion is indicated as “total bias.” ‘‘Partial bias” 
designates the energy region in which some protons 


TABLE I. Details of exposures. 











Pres- Beta- Irradi- Expo- 
sure tron ation sure Area Tracks 
(mm energy (roent- time scanned meas- 
Run Gas Hg) (Mev) gens) (days) (mm?) ured 
A Nitrogen-15 (95.7%) 845 246 22600 3 189 2183 
B_ Nitrogen-15 (95.7%) 845 18.7 18700 4 105 912 
X Nitrogen-14 36.4 246 10900 2 63 21 
D_ Nitrogen-14 855 246 20400 3 21 396 
36.4 18.7 2 63 13 


Y Nitrogen-14 


{ Partial bias 
~- <= ofe-f 4 
0 1 2 3 - 5 6 7 i0 ii 12 13 14 


were prevented by gas absorption from being recorded. 
Ejection of protons of less than 1 Mev should be 
inhibited by the Coulomb barrier. 

When the proton distribution in Fig. 2 (18.7-Mev 
run) has been corrected for difference in bremsstrahlung 
photon distribution at 18.7 and 24.6 Mev and sub- 
tracted from Fig. 3 (24.6-Mev run), the difference 
represents the numbers of photoprotons emitted leaving 
the C' nucleus in an excited state. This distribution is 
shown in Fig. 4. These protons cannot now be uniquely 
identified with the photon energy absorbed due to the 
multiplicity of possible C excited states. Nevertheless 
it can be noted that there are almost twice as many 
transitions to excited states as to the ground state after 
photon absorption in the 18- to 24-Mev range. 

The angular distributions of the photoprotons have 
been determined for various energy groups and is 
tabulated in Table II and shown in Figs. 5, 6, 7, and 8. 
In the 18.7-Mev run, the protons are emitted in transi- 
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Fic. 4. Energy distribution of protons from 
excited-state transitions. 
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tions from the excited intermediate states of N'® to the 
ground state of C'. In the 24.6-Mev run this is also 
true for all protons over 8 Mev. 

The x-ray beam intensity was monitored by an ioniza- 
tion chamber calibrated against a Victoreen 100 r-meter 
in a 9.5-cm diameter Lucite cylinder. Using the Schiff 
spectrum as tabulated by Nathans,? corrected for 
absorption in the beam, and the r-meter response calcu- 
lated by Zendle et al.’ the observed photoproton yield 
can be transformed into cross section. 

The average yield of N'* photoprotons with 18.7-Mev 
bremsstrahlung was found to be 2.17 10* protons per 
atomic weight per roentgen unit. The 24.6-Mev yield 
was 1.1210° protons (atomic wt)~! r-!. The yield of 
photoprotons from N™ was found in run D to be 


TABLE IT. Observed angular distribution parameters. 
J(0)=A-+B sin¥(1+ cosé)?. 


Energy groups in Mev A/B 8 


18,.7-Mev run 





2.2- 3.5 isotropic 

3.5— 5.6 1.20+0.30 

5.6- 8.0 0.27+0.36 

1.8- 8.0 1.39+-0.44 0.26 
24.6-Mev run 

2.4- 3.5 isotropic 

3.5- 5.6 1.17+0.34 

5.6- 8.0 1.00+0.38 

8.0- 9.3 0.81+0.59 

9.3- 9.6 0.00+0.12 

9.6-10.1 0.164+0.25 

10.1-14.0 0.26+0.17 

8.0-14.0 0.25+0.18 0.24 


1.8 — 8.0 Mev Protons = 
Es * 18.7 Mev 
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Fic. 5. Angular distribution of protons with 1.8- to 8.0-Mev 
energy in the 18.7-Mev run. 
2R. Nathans, Ph.D. thesis, University of Pennsylvania, 1954 
(unpublished). 
3 Zendel, Koch, McIlhinney, and Boag, Radiation Research 5, 
107 (1956). 
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Angular Distributions £,* 18.7 Mev 
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Fic. 6. Angular distributions from 18.7-Mev run for protons of 
energy: (a) 1.3 to 2.2 Mev, (b) 2.2 to 3.5 Mev, (c) 3.5 to 5.6 Mev, 
and (d) 5.6 to 8.0 Mev. 
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Fic. 7. Angular distributions from 24.6-Mev run for protons of 
energy : (a) 8.0 to 9.3 Mev, (b) 9.3 to 9.6 Mev, (c) 9.6 to 10.1 Mev, 
and (d) 10.1 to 14.0 Mev. 


(1.8+0.4)X10*° protons (atomic wt)! r-'. The N® 
photoproton yields can be corrected for angular distri- 
bution to (2.06+0.2)X10* protons (atomic wt)! r 
at 18.7 Mev and (1.06+0.14)X10° protons (atomic 
wt)! r! at 24.6 Mev. 

The cross section for absorption of photons by N™® 
leading to the emission of a proton leaving C™ in its 
ground state can be deduced from Figs. 2 and 3 and 
the bremsstrahlung photon distributions. This cross 
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Fic. 8. Angular distribution of protons with 8.0- to 14.0-Mev 
energy in the 24.6-Mev run. 


section is shown in Fig. 9 as a function of photon energy. 
Only the statistical uncertainties are shown by the 
vertical lines. An additional uncertainty of about 10% 
is imposed by the photon intensity calibration. The 
dotted curve in Fig. 9 is the cross section predicted from 
measurements on the inverse‘ reaction C'(p,y)N™ 
using detailed balancing, and is in good agreement with 
the photoproton cross section. 

The integrated cross section for photoproton produc- 
tion can be estimated from such curves to be 3.9 Mev- 
mb up to 18.7 Mev, 14.5 Mev-mb for ground state 
transitions up to 24.6 Mev, and 38+5 Mev-mb total. 

A few alpha particles were observed, indicating yields 
of 200 and 1200 alphas per atomic weight per roentgen 
at 18.7 and 24.6 Mev, respectively. With these yields in 
mind and the observations of Muller and Stoll’ on 
photodeuterons and tritons from boron, we estimate the 
contribution to our results of photodeuterons and 
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tritons to be less than 3 Mev-mb, and because of energy 
considerations not to affect the ground-state transition 
cross-section curve. 


DISCUSSION 


The ground-state transition cross-section curve shown 
in Fig. 9 indicates several resonances which can be 
interpreted as levels in excited N'*. The large numbers 
of protons below 2.2 Mev in Fig. 2 are associated with 
excitation to an 11.6-Mev level in N* and transition 
to the ground state in C™ giving a peak in the cross- 
section curve at 11.6 Mev. This level is known from the 
inverse reaction C(p,y)N™ to be a 3+ level with a 
width of 475 kev.‘ Consequently, this would correspond 
to row 1 in Table III and would require isotropic 
angular distribution of the emitted protons. Since 
these photoprotons are in the region of “partial bias” 
due to gas absorption, the observed angular distribution 
is incomplete but consistent with isotropy. 

The next large group of protons in Fig. 2 is at 4.5 Mev 
corresponding to the peak at 15 Mev in Fig. 9. The 
angular distribution has a ratio A/B=1.2+0.3 which 
is consistent with electric or magnetic dipole absorption 
into a $+ level in N'®. This level (or group of levels) may 
correspond to the “pygmy resonance” found in other 
light nuclei, but here certainly it is not associated with 
electric quadrupole absorption. All the protons observed 
in the 18.7-Mev run are consistent with Fl or M1 
absorption and very little quadrupole interference 
below 16 Mev. Above 16 Mev the isotropic component 
is somewhat less than would be expected from £1 and 
M1 absorption in isolated levels ; however, the statistical 
errors in these angular distributions of the 18.7-Mev 
run are large. 

The angular distribution of protons greater than 
9 Mev in the 24.6-Mev run are predominantly sin’. 
These protons correspond to the cross-section curve of 
Fig. 9 above 20 Mev, i.e., the giant resonance region. 
From Table III all the expected distributions for com- 
pound nucleus transitions from single levels should 
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Fic. 9. Variation with 
energy of the cross sec- 
tion for ground-state 
transitions in N15(y,p)- 
C™, Dotted curve is de- 
rived from the inverse 
reaction C(p,y)N™ by 
detailed balancing. 
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TABLE ITI. Calculated angular distributions (using j-j coupling) for various compound nuclear state transitions in N**(7,p)C™. 
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Emitted 
Nis Nis proton 
ground Type of excited angular Angular distribution 
state C* state photon state momentum of emitted proton 
Ji Jy absorption Je lp £@) 
4 0* ground state or 6.894-Mev excited state El 4+ 0 isotropic 
}t 2 2+3 sin”? 
Mi 4 1 isotropic 
; 1 2+3 sin? 
E2 3 1 1+cos#® 
a 3 1+6 cos¥*—5 cos? 
0~ possibly 6.589-Mev state E1 El 4* 1 isotropic 
q+ 1 2+3 sin” 
1~ 6.091-Mev or possibly 6.589-Mev state Ei 4+ 1 isotropic 
3+ 1 {2+3 sin’? (S=}) 
4+3 sin”® (S=}) 
3 1+sin#” 
2- 6.723-Mev, 7.346-Mev, or possibly 6.589-Mev state E1 }t 1 isotropic 
3 isotropic 
y+ 1 (4+3 cos” (S=}#) 
\6+sin# (S=§) 
3 f1+sin# (S=}) 


have an A/B20.66; actually A/B is observed to be less 
than 0.4. The angular distribution to be expected on the 
Wilkinson “resonance direct” picture from single-shell 
states is also A/B20.66. The alpha-particle model is 
not appropriate for ground-state transitions. Conse- 
quently the observed angular distribution requires a 
different explanation. Since both $+ and 3* states are 
accessible by electric dipole absorption in N", and 
since such states may overlap (for example, the 11.61- 
Mev }* state has a width of 475 kev and the 11.80-Mev 


\19+43 cos’ (.S=§) 


§* state is 38 kev wide),‘ the emitted proton waves can 
interfere and show angular distributions different from 
those of Table III. It seems that with appropriate 
mixing, the isotropic terms can cancel, leaving the sin’# 
distribution. 
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Coulomb Corrections to the Fermi Nuclear Matrix Element* 


Wittiam M. 
University of Maryland, Physics Department, College Park, Maryland 
(Received January 27, 1958) 


The Fermi nuclear matrix elements for positron decay between two T=1 states can be evaluated exactly 
for charge-independent nuclear forces in the limit of nonrelativistic nucleon velocities to give Mp=v2. 
Sherr and Gerhart have used this fact to place limits on the Fierz interference terms for the scalar and 
vector 8 interactions by comparing the ft values for the O", Al**, and Cl* 0*--0+ 8 decays. The equality 
of these ft values to within an experimental uncertainty of ~10% implies a limit for the contribution of 


the Fierz interference term to the ft value of 12%. 


arising from the Coulomb interaction and from v*/c? terms in the nucleon velocities. These Coulomb cor- 
rection terms are calculated on the coupling model with harmonic-oscillator wave functions and are shown 
to affect the ratio of the ft values for Cl* and O™ by less than 1.5%. The relativistic corrections to this ratio 
have been shown to be even smaller. Therefore the uncertainty in the theoretical value for the square of 
the Fermi nuclear matrix elements is much smaller than the present experimental uncertainty in the ft values. 


I. INTRODUCTION 


HE ft value for the 8 decay of a nucleus through 
a transition between J=0*, T=1 corresponding 
states with positron emission is given by 


ft=2r In2lé+(W) PP, 
=| fil [k-*(|Cs|*+|Cs’|2)+(Cv|2+|Cy’|2)1, 
\F | 


\2 (1) 
tb= -| fy Re[k(CsCy*+Cy'Cy*) ], 


tfi/ fs : 


in the notation of Rose,’ of Lee and Yang,’ and of 
Porter, Wagner, and Freedman.’ Sherr and Gerhart*® 
have pointed out that the ft values for several of these 
allowed favored transitions with different beta end 
points can be used to place a limit on the Fierz inter- 
ference terms between the scalar and the vector inter- 
action. If one assumes that nuclear forces are charge- 
independent, the Fermi nuclear matrix elements for 
positron decay in the nonrelativistic limit are given by 


Mr= f V/*(T;+iT, dV, (2) 


where T;, T,, and T; are the components of the total 
isotopic-spin vector T for the nucleus. The component 
T; has the eigenvalue (7;)=}(N—Z) where N is the 


* Research supported in part by the U. S. Atomic Energy 
Commission. 

1M. E. Rose, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
pp. 273-291. 

2 T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

3 Porter, Wagner, and Freedman, Phys. Rev. 107, 135 (1957). 

‘J. B. Gerhart and R. Sherr, Bu!l. Am. Phys. Soc. Ser. IT, 1, 
195 (1956). 

* J. B. Gerhart, Phys. Rev. 109, 897 (1958). 
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Such a limit will be modified by the correction terms 


number of neutrons and Z is the number of protons in 
the nucleus and (T?)= 7(7+1). The values of Mr for 
positron decay between two T=1 states is given as 
My=V2. This result is not dependent on any specific 
model for the nucleus, nor even upon the particular 
nucleus. Using this result Gerhart has analyzed the 
experimental data for the 0*—0* decays of O'", Al’*, 
and Cl* and given a value for the interference term } 
of b=0.00+0.12. 

The value found for 6 is subject to any corrections 
to the nuclear matrix element which would vary from 
one nucleus to another. There are two types of cor- 
rections to be considered, (1) modification by Coulomb 
forces of the assumption of charge independence and 
(2) relativistic correctien terms in the beta interaction. 
The relativistic correction terms have been found to 
have a very small effect on the ratio of the ft values for 
two 0*-0+ transitions.’ In this paper the Coulomb 
corrections will be considered. 


II. ISOTOPIC SPIN IMPURITY AND 
DYNAMIC DISTORTION 


One effect of the Coulomb interaction is to mix 
states of different total isotopic spin T. In the O'—N"™* 
decay the initial state is the /=0*+, T=1 ground state 
of O" and the final state is the first excited state at 
2.31 Mev in N“ with J/=0+, T=1. To the ground state 
of O the Coulomb interaction will add components of 
excited J=0+, T=1, 2 states. The first excited state 
of N* will have J/=0+, T=0, 1, 2 components from 
excited states. Similarly in the decay Cl*-S* the 
J=0+, T=1 ground state of Cl* has J/=0*, T=0, 1, 2 
components from excited states, while the S* ground 
state of J=0*, T=1 has J=0*, T=1, 2 components. 
The introduction of T=1 isotopic-spin impurities into 
T=0 nuclear states has been calculated theoretically’* 
and investigated experimentally by means of the 
selection rules on electric dipole transitions for nuclei 

®W. M. MacDonald (to be published). 


7W. M. MacDonald, Phys. Rev. 100, 51 (1955). 
8 W. M. MacDonald, Phys. Rev. 101, 271 (1956). 
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with A < 20." These calculations must be extended to 
determine the impurity of a 7=1 state arising from 


‘excited T=0 and T=2 states in the A=14 and A=34 


isotopic multiplets. 

A second effect of the Coulomb interaction is the 
dynamic distortion of the wave functions of the initial 
and final nucleus with a resultant diminution of the 
overlap of Wy, and (7;+iT7,)¥;. This distortion is 
produced by the mixing of states of same total angular 
momentum and isotopic spin, but with the amplitudes 
and phases of the admixed states different in the 
initial and final nucleus. An illustration of this effect is 
obtained by comparing the wave functions of a neutron 
and a proton outside a closed shell produced by a 
central potential V(r). The Schrédinger equation is 


h? 
——A+V(r)+g(r) (4-1) (W=EV, (3) 
2M 


where g(r) is the Coulomb potential produced by the 
protons in closed shells. A suitable charge-independent 
unperturbed Hamiltonian is 
h? 
Ho= ——A+ V(r) +3¢(r), (4) 
2M 


with the perturbation H,= g(r)t;. Eigenfunctions of Ho 


will be 


1 0 
fo ( ) for a neutron, fof ) for a proton. 
0 1 


We are neglecting distortion of the core, and therefore 
the perturbation cannot change the total isotopic-spin 
quantum number of /= 4. The perturbation will change 
the radial wave function for a proton and it will no 
longer be true that (te+1l,)¥, roton = Wneutron- 

The total effect of these two types of mixing is 
easily found in the O'—N'* decay. Let ¥(TT;) denote 
eigenstates of T? and T; and W°(1,7;) be the principal 
component of the ground state of O™ and of the first 
excited state of N™. As the result of the Coulomb 
interaction, one has 


V,=ao¥(1,0) +> [a,Ow"( 1,0) 
+4,2%"(2,0)+-a,6(0,0)], (5) 


V,=b(1, —1)+D,[0,0W"(1, —1) +," (2, —1)]. 
The Fermi matrix element given by Eq. (2) is 
My= (aobo+d, a,b, VIF, a,b, 0/6. 
The normalization of V, and V; provides the relations 
a? +L [(a,)?+ (a,)?+ (a,)?]=1, 


i eet ay bP +> (b,)*+ (6,)?]=1. 


9W. M. MacDonald, Phys. Rev. 98, 60 (1955). 
0 1). H. Wilkinson, Phil. Mag. 1, 127 (1956). 


(6) 
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The coefficients a,“ and 6,” are small compared to 
unity and we can expand in powers of these coefficients 
to obtain the result to lowest order 


My|*=2(1—8), 


6=>-[ (a, —b,)*+ (a,)*+ (a,)? (7) 
+ (b,®)?— 2v3a,b, J, 


A precisely similar result holds for the matrix element 
of the Cl* decay. Since ft is inversely proportional to 
|My}? the ft value is increased by a fraction 6 over 
the value calculated on the assumption of charge 
independence. The form of 6 is precisely what we 
expect. The 7=0 components of the final state do not 
contribute to the matrix element and this portion of 
the wave function is effectively subtracted. On the 
other hand, the dynamic distortion reduces the matrix 
element only if the initial and final states are distorted 
differently, i.e., only if a;4b;. The effect of the T=2 
components depends upon the relative size and phase 
of a,” and 6,. The effect of the T=2 components 
will be shown to reduce, or even change the sign, of 4. 

If 6 did not change from one nucleus to another, the 
Coulomb interaction would not produce any difference 
in the ft values for O“—N"™* and for Cl*+S*. The 
corrections arising from the Coulomb interaction would 
amount only to a renormalization of the coupling 
constant and would have no effect upor the determi- 
nation of the limits on the Fierz terms. Consequently 
we must calculate not merely the value of 6 for say the 
O“—N"™ decay, but the difference in the values of 6 
for the O* and the Cl* decays. 


III. ISOTOPIC-SPIN IMPURITIES 
The Coulomb potential can be written in the isotopic- 
spin formalism as 
C=ée> 


hoes 1) 


(4—1;)(3- tes riz, (8) 


where /;= 47; has eigenvalues +} for a neutron state 
state and (—4) for a proton state. The Coulomb 
potential can be decomposed into irreducible tensors in 
isotopic-spin space. Since the component which is a 
scalar in isotopic spin can be included in a charge- 
independent nuclear Hamiltonian, only the vector and 
tensor components of C need be considered. The 
perturbation on the isotopic-spin states is therefore 


C=V_O+V_, 
VoP = —(e /2)Vici(lgsttysris, (9) 
Vo =e dic; tele Fi; 1 


The two operators, the vector Vo“ and the tensor Vo, 
satisfy selection rules in self-conjugate (T;=0) nuclei 


(a’'T T;=0| Vo |a’T T;=0) =0, 


(10) 
(a’T+1 T;=0|Vo® |a’'T T;=0)=0. 
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In order to calculate the effect of C on the Fermi 
matrix elements, we must use a specific nuclear model 
which will provide wave functions for the initial and 
final states and for the excited states. Earlier calcu- 
lations on the isotopic-spin impurities lead us to expect 
that the results are not sensitive to the particular 
model. We shall use the 77 coupling model with har- 
monic-oscillator wave functions. On this model the 
ground states of O and N™ belong to the configuration 
(1p)? with a core consisting of filled 15, and 1, shells. 
The ground states of Cl* and S* will belong to the 
(1d;)* configuration with a core consisting of filled 
153, 1p3, 14, 1dy, and 2s, shells. 

In the construction of the wave functions with the 
quantum numbers J, M, T, and T; we shall couple an 
antisymmetric wave function for the core nucleons to 
an antisymmetric wave function for the two nucleons 
outside the core. But we shall not antisymmetrize 
between these two sets of states. We shall be neglecting, 
therefore, the exchange integrals between these states. 
The two sets of states are in different shells, however, 
and the exchange integrals between them will be much 
smaller than the direct integrals. 

The only excited states which will be considered in 
calculating the isotopic-spin impurity are those which 
can be formed by promoting a single nucleon from an 
(n,l,7) orbital to an (m+1,/, 7) orbital. The long-range 
character of the Coulomb potential causes the matrix 
elements between the members of the ground-state 
T=1 multiplet and such excited states to be much 
larger than matrix elements to excited states formed 
by changing the 7 or / value of a single nucleon.’ 
Furthermore, the contributions from states of two- 
nucleon excitation are much smaller than contributions 
from states of single-nucleon excitation, especially in 
the A=34 triad. The states to be used in the calcu- 
lations can be summarized as in Table I. The state A 
forms the lowest T=1 multiplet in the A=14 and 
A=34 multiplets, while states B, C, and E provide 
the T=0 impurity in A. These T=0 states appear 
only in the 7;=0 nuclei N“ and Cl* and are mixed 
to the state A by the vector component of the pertur- 
bation ©. The state D gives rise to a T=2 impurity 
in the state A. 

We shall denote the unperturbed single-nucleon 
states by ¢n1;". The excited-nucleon state with n 
replaced by m+1 will be denoted by Wn:j;"*. The 
construction of the states A, B, D, and £ is given in 
Appendix I; state C can be shown to contribute a 


TABLE I. Composition of excited states considered. 











Core state (JT) Two-nucleon state (JT) Total (JT) 
(A) (0,0) (0,1) (0,1) 
(B) excited (0,1) (0,1) (0,0) 
(C) excited (1,0) (1,0) (0,0) 
(D) excited (0,1) (0,1) (0,2) 
(E) (0,0) excited (0,0) (0,0) 
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much smaller amount of isotopic-spin impurity than 
the other states and will not be considered further. 
The matrix element between the state A and a state 
of the type B formed by exciting an (n/j) nucleon from 
a filled shell is found for N“ to be 


(B,nlj| @| A)= (—}e*) (+3) (2j+1)-4 


XL E| [vas ()eur ns*(1— Pu) 


, 
mim a 


X enns™(1) ea” (2)-+4 f Yars™(1) eps” (2) 
Xrartean (ein (2), (11) 


where a denotes a state of the filled shells and Pi, 
exchanges the new nucleons. The sums on the magnetic 
quantum numbers are easily evaluated for the direct 
integrals using 


Ln ¢n'tj*™(1) ¢ntj"(2) 


=[(2;+1)/4aJRai(1)Rai(2)ri-. (12) 


The R,, are the radial functions for the nucleon states. 
The exchange integral involving P32 is more complicated 


to sum. One can expand r;:~' in Legendre polynomials, 


thus obtaining the Slater expansion of the integral. 
One knows that for the Coulomb potential the succes- 
sive terms in such an expansion decrease rapidly. We 
shall retain only the matrix element of the first spheri- 
cally symmetric term and sum this. 


pm Yati"(1) ¢0™ (2)—~enusn(2) ¢0™(1) 
mm! rs 
=i. v0, 92541) f irr Rend )Rai Rat 2) 
> 
r>=larger of r1, 72. (13) 
Combining Eqs. (11), (12), and (13) we find 
(B; nlj|@| A)= (—e/2)[(2j+1)/6]'8(nlj), 
where 
B(nlj) = dL N(nlj; n'l’j’)R(nl; n'l’) 
oa +A(nl; 1p), 
if (mlj)# (n'l’j’) 
if (nlj)=(n'l'j’), 


N(nlj; n'l' 7’) = (27’+1) 


=2j (14) 


R(nl ; n't) = fdradred(costis)Rows 11) 
X Rn) Rwy? (2)riz. 


In a similar fashion the matrix element to the state E 
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formed by exciting one of the 1; nucleons to a 2p, 
nucleon state is calculated. 


(E|e@|A)=—fe?  (2j’+1) (1p; n'’) 
nV! 7! 


= — $e*B(19;). (15) 


Matrix elements between the state A and states of 
type D formed by exciting an (lj) nucleon from a 
closed shell to a state (m+1,/7) occur in T;=0, +1 
nuclei. We shall calculate the matrix elements of the 
vector and tensor components of in the 7;=1 nucleus 
(C%). 


(D; nlj| Vo | A) = (e/2)((27+1)#/2 JB (nj), 
(D; nb j| Vo®| A)= — (2/2) (27+-1)8/4]A(nl,19). 


From the Eckart-Wigner formula and the generalization 
by Racah" we find the matrix elements in a T;=@ 
nucleus (N"*) to be 


(D; nb j| Vo | A) = (e/2)L(27+1)/3 }i8 (nl j), 
(D; nlj| Vo | A)=0. 


(17) 


The matrix elements in the 7;=—1 nucleus (O") are 
(D; nbj| Vo | A)= (€/2)[(2j+1)*/2]8(nlj), 
(D; nbj| Vo | A)= (e/2)[(2j+1)1/4 JR (ml, 1p). 


The corresponding matrix elements in Cl* and S* 
are easily found from Eqs. (14), (15), and (16) by 
replacing the (1p) by (1d) and extending the sum over 
filled states 154, 1py, 1p4, 1d, and 2s. 

The coefficients a,, a,, and 6," which appear in 
Eq. (5) are now given in terms of the matrix elements. 


a,® = (—e/2)[(27+1)/6}'8(nlj) (Eo— FE), 
1p} = (—€/2)B (1p) (Eo— Expy), 
a,® = (e/2)[(2j+1)/3]}'8 (lj) (Eo— Ex), 
b,® = (e/2)[(2j+1)'/2J[3(nlj) 
+3 R(nl,1p) \(Eo— Ex)“. 


18) 


v=(nlj), 
(19) 


A corresponding set of formulas can be given for the 
coefficients in the expansion of the wave functions for 
the lowest 0+, T=1 states of N“ and Cl*. In the 
following set of equations a,” and a, are coefficients 
in the Cl* wave function; 6, is a coefficient in the 
S* wave functions. 


a,® = (—e*/2)[(2j+1)/6}'8(nlj)(Eo— Es), 
aya = (—e?/2)B(nlj) (Eo— Era)", 

a, = (e2/2)[(2j+1)/3}'8 (nl j)(Eo— Ex)“, 

b,® = (e/2)[(2j+1)!/2 ][B(nlj) 


+40 (nlp)](Eo— E:). 


UE, P. Wigner, Gruppentheorie (Friedrich Vieweg und Sohn, 
Braunschweig, 1931); G. Racah, Phys. Rev. 62, 438 (1942). 


(20) 


NUCLEAR MATRIX 


ELEMENT 1423 

These coefficients will be evaluated by using har- 
monic-oscillator wave functions in the form given by 
Talmi.!* The matrix elements will be presented in terms 
of the mean. square radius R?, which is given in terms 
of the parameter v by v=31/14R* for N™ and by 
v= 99/34R? for Cl*. The numerical evaluation will be 
made, however, in terms of the parameter y as deter- 
mined by Talmi and Thieberger” from the binding 
energy of light nuclei. 

The physical interpretation of these results is obvious. 
Each proton wave function is perturbed by interaction 
with the (27’+1) protons in every (n’l’7’), with the 27 
other protons in the same shell, and with the single 
(1p,;) proton. In order to obtain an approximate 
expression for the isotopic-spin impurity we shall take 
the energy separation of the state A from all states of 
the types B and E to be equal to Ey— F,. The separation 
of A from all the type-D states will be taken as Eo— Ex. 
The T=O0 impurity in the first excited state of N™ is 
represented in Eq. (7) by the sum 


> »(a,)? icin (e? 2)°{ bd ntj(2j+ 1)6?(nlj) 


+67(1p;)}(Eo— Fi). = (21) 
The T=2 impurity of the state is 
> »(a,*)?= (e?/2)?(1/3) 
XD i(27+1)6*(nlj)(Lo— Ex). (22) 


Comparing these expressions with Eqs. (22), (42), 
(43), and (44) of reference 8, we see that if E:= Fj, 
the total isotopic-spin impurity of this T=1 state is 
equal to the total T=1 impurity of a T=0 state 
calculated there. In the T=1 state, however, ~} of 
the impurity is from T=0 states and ~3 is from T=2 
states. 

Although the effect of the 7=0 impurity is to reduce 
the matrix element, Eqs. (7), (17), and (18) show that 
the T=2 impurity will increase the matrix element. 
The contribution of the single 1p proton to the matrix 
elements is much smaller than the perturbation pro- 
duced by all the closed shell protons. Therefore the 
following approximate relations hold: 


b, = (v3/2)a,, 


(23) 
S,= (a,®)?+ (b,®)?— 2v3a,b, 9 on (5 4) (a,)?, 


The approximate relation (Eo— E2)a, ~(Eo— E;)v2a, 
follows by comparing Eqs. (14) and (17) and gives the 
result that 


SAT, = (a,®)?+ (a,®)?+ (b,®)?— 2V80,%,® 
5 /Eo— £\\? 
sy ) -1]io.9y, T,=(a,%)*. (24) 
2\ Eo— Ee 
21. Talmi, Helv. Phys. Acta 25, 185 (1952). 
8]. Talmi and R. Thieberger, Phys. Rev. 103, 719 (1956); 


the » in their paper is one-half our ». 
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The net effect of the 7=0 and T= 2 impurity upon the 
ft value is less than the effect of either impurity upon 
the ft value separately. The magnitude, and in fact 
the sign, of (S,+7,) depends upon the ratio (Ho— £;)/ 
(Ey— Ez). The ratio obviously satisfies 0< (Eo— £:) 
(Eo—E2)<1. The quantity S,+7, then ranges from 
[—$(a,)*], through zero, to positive values. The 
total effect of the isotopic-spin impurity can be to 
increase or decrease the Fermi matrix element for 8 
decay. 

The coefficients given in Eqs. (19) and (20) were 
evaluated and are given in Table II. The sums on S 
and 7 in the A=14 and A =34 triads can be found. 


A=14: 
> »(a,™)?=5.92(e?/R)*(Eo— £1), m 
(25 
LL (a,)?+ (b,%)?— 2v3.a,b, ] 
= — 6.95 (e/R)?(Ey— E2)~, 
A=34: 
¥,(a,®)?=38.32(e2/R)?(Eo— E:)~, 
(26) 


DL(a,®)+ (b,)?— 2v30,b,” ] 
= — 83.94(e/R)?(Ey— Ez). 


To find 6 and the total effect of the Coulomb inter- 
action upon the ff values we shall now calculate the 
dynamic distortion, expressed by the terms (a,‘? —6,")? 
in Eq. (7). 

IV. DYNAMIC DISTORTION 


The dynamic distortion arises from the mixing of 
T=1 excited states to the T=1 states between which 
the beta decay takes place. The energy separation of 
these excited T=1 states from the lowest 7=1 states 
will be the same in the nuclei between which the 


TABLE II. Coefficients for isotopic-spin impurity. 

















A=14 
aig ~0.49(e/R)(Eo—Ei)4 
aipy® —1.50 
a7; —1.85 
143” 0.69(e/R) (Eo— Ex) bigs =0.74(e/R) (Eo— Ex) 
apy” 2.14 bipy® = 2.48 
ay? 0 bins? 0 
A=34 
Qi —1.19(e2/R)(Eo—E,) + 
apy” —2.82 
a1 p53” —1.99 
aiagg® —4.10 
a2 —2.06 
aiag®™ —4.10 
ai4? 1.68(e/R)(Ey— Ez) bigs = 1.42(2/R)(Eo— Ex) 
apy 3.97 bipyy® 3.41 
ap” 2.82 bipx® 2.39 
idk 2) 5.80 bias 4.95 
295” 2.92 boy 2.40 
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B decay takes place. We can write the difference in 
the matrix elements for O and N™ as 


¢,= (Eo— Es) (a,%—),) 

=W(1, -1), GT-€T,—EW(1, -1)), 
where 

T4=T;+1T,. (27) 

In order to find the distortion coefficients «, we need 
only calculate the matrix elements of a certain operator 
in the T;=—1 nucleus. When this operator operates 
on a T=1 state, the form of the operator is 


17 CT,—C={-3 Die (t7 +t 


Hh De i(tate titer} Ts. (28) 

We first consider perturbations produced by inter- 
action with excited states formed by excitation of a 
single nucleon from an (n/7) state to an (m+1, /7) state. 
Two kinds of states contribute most of the dynamic 
distortion. The first kind is formed by coupling a 
J=0, T=1 excited state of the nucleons originally in 
filled states toa J=0, T=1 state of the (1p,)* nucleons. 
The second kind of state is formed by coupling an 
unexcited /=0*+, T=O state of the nucleons in filled 
states to a J=0*, T=1 state of the 19,2, configur- 
ation. 

The dynamic distortion coefficients ¢, are then given 
by the equations 


€ntg= —(€/2)[(2j7+1)/2 }iR(njl; 1p) 


if (mlj)A(1py), (29) 
erpp = — (2/2)29 YS wry (27 +1) R(1p,1p). 
For N* we find the results 
4443 — by 44°? = —0.121 (e?/R)(Eo— Es)“, 
1p? — bp; = —0.498(€/R) (Eo— Es), 
(30) 


41 p45"? — bi 4"? = — 1.803 (e?/R) (Eo— Es)“, 
> (a, —b,)? = 1.34(e/R)*(Eo— Es). 
We have used the same energy separation for all three 
states. 

The calculation of the dynamic distortion in the 
Cl*—S* decay is slightly different. The dynamic 
distortion coefficient is given by 
€,= (Eo— E3) (a, —b,) 


=(y’(1,1), 47,€7T_—e)y(1,1)). (31) 


The operator which appears here can be written as 


$T7,CT_—C=} Dig (titti nA 


+3 Dic lbtty +t thr. (32) 
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The same types of excited states are considered in 
calculating the dynamic distortion and the results are 


€ntj= (7/2) (27+1)/2}}R(nlj; 1d) if 
€1ay= (€°/2)2-90S we (27 +1) R(d,n’ 71’) 
+2R(1d,1d) }. 


(nlj)A 1d, 
(33) 


These coefficients are given in Table III, along with 
the sum >> ,(a,“ —b,™)? in the approximation in which 
all the energy denominators are equal. 

Equations (29) and (33) give the distortion, produced 
by the additional proton, of the wave functions of the 
protons in filled shells, and the distortion of the wave 
function for the additional proton by the protons in 
filled states. The dynamic distortion is a function of the 
number of protons, therefore, while isotopic-spin im- 
purity depends upon the number of pairs of interacting 
protons. The importance of the dynamic distortion 
relative to the isotopic-spin impurity should decrease 
with increasing number of particles. 

In addition to the dynamic distortion produced by 
the interaction of the (J,7)= (0,1) states with these 
excited states we must consider the effect of the (0,1) 
state formed by exciting a 1p; core nucleon to a 1p; 
orbit. The orbital angular momentum is unchanged 
although the orientation of the spin is different. The 
matrix elements will not be as large as those already 
calculated, but the energy separation should be much 
less. In fact the separation of the single-particle levels 
is only ~6 Mev. In this case even a reasonable upper 
limit to the distortion can only be found by using the 
energy separation obtained from diagonalization of 
the energy matrix. 

For N“ the wave functions of the ground state of 
O* and the first excited state of N™ have been calcu- 
lated in this way by Ferrell and Visscher working in LS 
coupling." Only the interaction of states of the (1p)” 
configuration was considered, and therefore the wave 
functions give directly just the part of the dynamic 


TABLE III. Coefficients for dynamic distortion. 


A=14 
1S; 0.12(e/R) 
1py —0.50 
1p, , — 1.80 
L (a —h"))2 3.51(2/R)?(Ey— E;)* 
. A=34 i cea 
1S; —0.069(e/R) 
1p; —0.13 
1p, —0.10 
1d; —0.20 
2S, —0.32 
1d; —3.51 


D(a —h)?2 


12.47 (e/R)?(Eo— Es)? 


4 W. M. Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957). 


MATRIX ELEMENT 1425 
distortion which we require. The contribution to 6 is 
found to be 2.6 10~*. This result will actually be found 
to exceed the contribution of the distortion arising 
from the other excited states of N“ by a factor of ~3. 
A similar calculation of the distortion in the A=34 
states arising from the 1dy—1d; excitation has not been 
carried out. Here the isotopic-spin impurity should be 
much larger than the dynamic distortion, however, as 
has been pointed out. 


V. NET EFFECT OF COULOMB CORRECTIONS 


We have calculated all the terms in 6, which gives the 
reduction of the Fermi nuclear beta-decay matrix by 
the Coulomb interaction. Only the excited states were 
considered which are believed to provide the principal 
contributions to the perturbation of the J=0*, T=1 
states between which the decay occurs. The contri- 
butions to 6 from individual excited states do not 
interfere, and we have made the approximation of 
taking all the excited states characterized by the same 
isotopic spin to be the same (average) energy above 
the lowest J=0*, T=1 state. Since the perturbations 
of the matrix element from states of different isotopic 
spin do interfere, we must consider the effect of different 
average energies of excitation for these states. The 
three different kinds of terms which appear in 6 are 
summarized in Table IV. 

The states T=0 and T=1 are probably thoroughly 
mixed in the spectrum at the excitation energy at which 
the states which perturb the lowest J=0*, T=0 
appear. A reasonable approximation is to take Eo= £; 
=E, and since the T=0 and T=1 states do not 
interfere destructively this is also safe. Since the 
matrix elements to the 7=2 states are so large, the 
T=2 impurity actually changes the sign of 6 if the 
energy E» is also taken as E. The 6 for this case is 
given and is seen to agree very well for A = 34 with the 
conclusions of the simple arguments following Eq. (24). 
Since we shall certainly have Eyp— E2> Eo— Ei, however, 


TABLE IV. Summary of Coulomb corrections to the 
Fermi nuclear matrix element. 


A=14 


2, (ay)? = 5,92 (e2/R)*(Eo— £1)? 


>[(a,)?+ (b,)? —2v3a,b,® J 
= — 6.95 (e/R)?(Ey— E2)? 


T =1 distortion D,(a,™ —b,)?=3.51(e2/R)?(Eo— E3)? 
Total effect for LE; = E.=E;=E §=2.49(e/R)?(E)—E)? 





T =0 impurity 


T =2 impurity 


A =34 
4. 








D,(a,™)?= 38.32 (e/R)?(Eo— FE)? 


z,[ (a,)?+ (6, )?—2v3a,b,® ] 
= —83.94(e/R)?(Ey—E2)? 


D(a, —b,)2#= 12.47 (e/R)?(Ey— Es) 2 


T=0 impurity 
T=2 impurity 


T =1 distortion 
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Fic. 1. The ratio (ft)ci*/(ft)~“=1+a deviates from unity by 
a, which gives the effect of the Coulomb correction. The value _of 
a=6(Cl*)—8(N*) is given as a function of (Ey—E2)/(Eo—B), 
which is taken for this purpose to be the same in the A = 14 and 
A=34 nuclei. 


the value of 6 should be smaller in magnitude than this. 
In fact if Eo—E2 is only ~20% larger than Eo— Fy 
the value of 6~0. 

The maximum amplitude of 6 is given for Eo= F, 
=E,=E. We shall take E=2hv/M, the separation of 
the states (n+1/7) and (nlj). The value of » is taken 
from the work of Talmi and Thieberger on the binding 
energy of light nuclei.” 


E=30.8 Mev, 
E=24.7 Mev. 


A=14: 
A=34: 


e?(v/2r)*=0.349 Mev, 
e*(v/2x)'=0.312 Mev, 
The values of 6 arising from these states are then 


A=14: 6=9X10; A=34: 6=—1.2X10-%. (35) 


To the 6 for N"* we must add the contribution from the 
interaction of the 7=1 states within the p shell giving 
6=3.5X10-*. The correction to 6 for A=34 from the 
dy—d, excitation is not included but would reduce the 
absolute value of 6 (see Fig. 1). 

The corrections to the Fermi matrix element arising 
from Coulomb interactions will change the ratio of the 
ft values for the Cl*—S* and OC" decays by an 
amount which is certainly less than ~1.5%. This is 
less than the quoted experimental uncertainties. In 
Cl* the quoted error is ~3%. 


VI. SUMMARY 


The Coulomb interaction in nuclei produces a cor- 
rection to the Fermi nuclear matrix element for 8 decay 


WILLIAM M. 


MacDONALD 


calculated for charge-independent nuclear forces. The 
correction arises from the introduction of isotopic-spin 
impurity into nuclear states and from a dynamic 
distortion of the wave function. The net effect is the 
result of interference between 7=2 isotopic-spin im- 
purities, which increase the matrix element, and T7=0 
impurities and dynamic distortion, which decrease the 
matrix element. The effect can be an increase or a 
decrease of the ft value calculated for charge-inde- 
pendent nuclear forces in the limit of nonrelativistic 
nucleon velocities. The magnitude of the correction to 
the ratio of the ft values for Cl4—S* and ON! is 
less than about one percent. Since the corrections to 
this ratio from the (v*/c?) terms in the scalar matrix 
element are also less than one percent,® the limits on 
the Fierz interference terms are correctly given by the 
analysis of Gerhart as approximately 10%. 
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APPENDIX I 


The single-particle states will be denoted by ¢n:;"’, 
where m= j,, and r=0, 1 represent proton and neutron 
isotopic-spin states, respectively. The Slater determi- 
nant of states ¢1, ¢2, will be designated by 
{¢1,¢2°-+,¢n}. The state of the core nucleons will be 
designated by Vi(JTT;); the state of the particles 
outside the core, by Wu(JTT;). We shall give the 
states (A), (B), and (D) for N™. 

The state (A) is the J/=0*+, T=1 state which lies 
lowest and predominates in the states between which 
the decay occurs. 

V1 (000) = (12 !1)~8f grag PP paeg grag” -}, 
rr (011) = 2-4 Gipsy Gipy}, (36) 


W (011) =, (000)¥,, (011). 


The states of T;=0, —1 are easily generated by 
applying the lowering operator 7;—i7,. 

The states (B) are formed by exciting a nucleon from 
a filled shell state ¢,1;" to a state Pnij"= Gn411;"- 


Wy" (O11) = (12!)-4(2j +1)! 
j 


xX wy {- me Put nr path ontjiht®- ea }. 


war *5 


(37) 


The nuclear state y"4(010) is formed by vector 
coupling ¥r"4 and yu(017;) to form a T=0 state. 
The states (D) y""(027;) can be formed by vector 
coupling the same two states to 7 =2 states. 
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The states (E) "4(000) are easily formed by (000) have a different form for a (1d,)* configuration. 


coupling ¥:(000) to the state ¥%1:(100) given by the 


equation Wr (O11) = 30 grag? grag} — (grag gray’ } J, — (39) 
W11 (000) = 30 { gr py Vipy!"} — (Ging) ips} ensues PD ie MP ey a 9 
—{ gins Vipy 4} +{ ips ips 1} J. (38) +{ghoy-Hy —{ ghty-40V), (40) 


The subscript 1d; has been omitted from the single- 
particle wave functions in writing this equation. 


To calculate the states for A=34 we follow the 
same procedure as above. The states ¥u(011) and 
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Decay of Er’”} 
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The decay of Er!” (7.52 hours) has been studied with beta- and gamma-scintillation spectrometers, a 
magnetic lens spectrometer, and a 180° permanent-magnet spectrograph. A number of previously un- 
observed beta-ray and gamma-ray transitions were found. On the basis of coincidence studies, intensity 
data, internal conversion coefficients, and the measured transition energies, a consistent level scheme for 
Tm!” js proposed which has excited states at energies of 0.0051, 0.1167, 0.1291, 0.4251, 0.636, 0.688, 0.744, 
0.921, and 1.008 Mev. The observed states are identified with appropriate orbitals of the Nilsson energy 
level diagram, and the experimental transition probabilities are examined in terms of the asymptotic selec- 





tion rules for strongly deformed nuclei. 


I. INTRODUCTION 


RBIUM-171 decays by negatron emission to energy 
levels of the odd-proton nuclide Tm”. The ground 
state of Tm!” is beta unstable (7,=1.9 yr), and there 
is at present no practical way of studying the excited 
states of this nucleus except by examining the radiations 
of Er'”, Several such studies have been reported, the 
most recent being that of Hatch and Boehm.' Their 
precision measurements confirmed, among other things, 
that the four lowest states of Tm!” form a K=} 
anomalous rotational band, a conclusion which had 
been reached by earlier investigators** on the basis of 
less complete data. In all of the above studies, however, 
information was obtained only on the relatively low- 
energy (<0.5-Mev) transitions in Tm’. From the 
estimated Er’ decay energy of ~1.5 Mev, it was 
evident that a further search for higher energy y-ray 
transitions should be made. 

In the present investigation, it has been established 
that the decay scheme of Er'” is much more complicated 
than previously proposed and involves a number of 
y-ray transitions with energies >0.5 Mev. Although the 
observed energy levels of Tm’” above 0.5 Mev are quite 
weakly populated, sufficient data on these states have 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1E, N. Hatch and F. Boehm, Phys. Rev. 108, 113 (1957). 

2S. D. Koitki and A. M. Koitki, Bull. Inst. Nuclear Sci., “Boris 
Kidrich” (Belgrade) 6, 1 (1956). 

3S. A. E. Johansson, Phys. Rev. 105, 189 (1957). 


been obtained to make possible various tests of the 
predictions of current nuclear theory. In particular, 
certain features of the decay scheme can best be ex- 
plained as resulting from operation of selection rules 
involving the asymptotic quantum numbers‘ used in 
describing the states of strongly deformed nuclei. 


Il. SOURCE PREPARATION 


The Er'™ source material was produced by thermal 
neutron bombardment of Er.O; of natural isotopic 
abundance.* The only observed radiation from isotopes 
of erbium other than Er’” was the 0.33-Mev beta group 
of Er'® (9.4 day). A slight Dy'® contamination was 
detectable immediately after irradiation, but this ac- 
tivity did not interfere with the Er’ measurements 
because of its very different half-life (2.36 hr). Further 
chemical purification of the irradiated source material 
in an ion-exchange column failed to reveal the presence 
of any other contaminants; consequently, in most of 
the measurements described below, the Er,O; was not 
purified after irradiation. 

Sources for the lens spectrometer were mounted on 
Mylar backing 0.00025 inch thick. The source material 
was deposited on this backing by evaporating to dryness 
a drop of Zapon which had a small amount of irradiated 
Er,O; in suspension. 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


5 The Er2O;, of specified purity 99.9%, was obtained from 
F. H. Spedding, Iowa State College, Ames, Iowa. 
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Fic. 1. Fermi-Kurie analysis of the beta-ray spectrum of Er!”. 


Sources for the permanent-magnet spectrograph were 
prepared by electrophoretic deposition® of irradiated 
Er.O; onto a 0.012-inch nickel wire. 


Ill. HALF-LIFE 


The half-life of Er” previously reported by us 
(7.80+0.18 hr),” determined by following the decay of 
the gross beta activity, was found to be in error. We 
have remeasured the half-life by observing the decay of 
the 0.307-Mev photopeak (see Fig. 2) with a scintilla- 
tion spectrometer. These data indicate that the half-life 
of Er” is 7.52+0.03 hr. 


IV. INTERNAL CONVERSION MEASUREMENTS 


The internal conversion spectrum was studied with a 
141-gauss, 180° permanent-magnet spectrograph of 
~0.2% resolution. The data obtained are given in 
Table I. Five successive sources were required in order 
to obtain sufficient exposure of the spectrograph plate 
from which these data were taken. 

Each of the observed conversion lines is attributable 
to one of the following known! transitions in Tm’: 
111.6, 116.7, 124.0, 296.0, and 308.4 kev. Keller and 
Cork® observed conversion electron lines which indi- 


6 F. P. Cranston and W. J. McCreary, Rev. Sci. Instr. 27, 973 
(1956). 

7 Cranston, Bunker, Mize, and Starner, Bull. Am. Phys. Soc. 
Ser. IT, 1, 389 (1956). 
8 H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951). 
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cated the existence of two additional transitions with 
energies of 176.4 and 419.7 kev. We found no evidence 
for these conversion lines. However, the proposed 
176.4-kev transition may be identifiable with the 177- 
kev transition observed in our scintillation experiments 
(see Sec. VII.B). Further remarks concerning the 
hypothetical 419.7-kev transition are given in Sec. VI. 

The multipolarity assignments (see Table I) for the 
111.6-, 116.7-, and 124.0-kev transitions are based 
primarily on a comparison of the observed L subshell 
ratios with the theoretical ratios of Rose et al.’ This 
analysis was simplified by the fact that these three 
transitions depopulate levels whose half-lives are known 
to be <10~-* sec (see Sec. VII.B); consequently, only 
the £1, £2, and M1 possibilities needed to be considered. 

The K and L+M internal conversion lines of the 
296.0- and 308.4-kev transitions were observed with 
the lens spectrometer. Both transitions were found to 
have K/(L+M) ratios of ~5. The K-conversion co- 
efficients (ex) of these transitions were calculated by 
making use of the following information: (1) the areas 
of the K-conversion lines relative to the area of the 
1.05-Mev f-ray group, from the magnetic lens spectrum 
(see Sec. V); (2) the relative intensities of the 296.0- 
and 308.4-kev y rays, as reported by Hatch and Boehm’; 
and (3) the fact that the ratio of the intensity of the 
1.05-Mev 8-ray group to the sum of the intensities of 
the 296.0- and 308.4-kev transitions is ~0.99 (see Fig. 
8). The results obtained were ex(296.0)=0.035+0.011 
and €x(308.4)=0.017+0.005. Comparison of these 
values with the theoretical values of Sliv and 
Band” [a;(296.0) =0.0174, 82(296.0) =0.555; a; (308.4) 
=0.0157, 82(308.4)=0.472] indicates that the multi- 
polarity of the 296.0-kev transition is probably £1 


TABLE I. Conversion electron data for Er”. 








Electron Transition Estimated 








energy Proposed energy relative Multi- 
(kev) interpretation (kev) intensity polarity 
52.1 K 111.5 600 
101.4 Ly 111.5 102 M1 
109.1 M, 111.4 20 
57.1 K 116.5 20 
106.8 Ly 116.4) 24 E2 
107.8 Lin 116.5) 
64.4 K 123.8 69 
114.2 In 123.8 46 E2 
115.2 Lin 123.9 31 
121.9 Mir, 11 123.9 16 
236.7 K 296.1 10 Ei* 
248.8 K 308.2 20 Ei* 








* Assigned from Jens spectrometer data. 


® Rose, Goertzel, and Swift (privately circulated tables). 

10L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICC K1, issued 
Md the University of Illinois, Urbana, Illinois (unpublished) ], 

art I. 
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+M2(M2/E1=0.034+0.020), whereas the 308.4-kev 
transition is nearly pure £1. 


V. BETA-RAY SPECTRA 


The 8-ray spectrum was examined with a magnetic 
lens spectrometer which was operated at ~2% resolu- 
tion. A Fermi-Kurie analysis of the data (Fig. 1) 
revealed two 8-ray groups with end-point energies of 
1.49+0.02 and 1.0520.01 Mev. From a reconstruc- 
tion of the separate 6-ray spectra, based on the 
Fermi-Kurie plot, the ratio of the intensity of the 
higher-energy group to that of the 1.05-Mev group was 
measured to be 0.037+0.002. However, our 6-y co- 
incidence experiments indicate the existence of several 
other weak 8-ray groups (see Sec. VII.C and Fig. 8) 
which could not be resolved in the above analysis. One 
of these weak groups, of end-point energy 1.36 Mev, 
contributes significantly to the observed portion of the 
spectrum beyond 1.05 Mev. The other weak groups 
have end-point energies £0.89 Mev, and their presence 
has a negligible effect on the intensity of the 1.05-Mev 
group, as calculated from our reconstruction. The 
above intensity ratio is therefore interpreted as repre- 
senting the sum of the intensities of the 1.36- and 1.49- 
Mev groups, normalized to the intensity of the 1.05- 
Mev group. 


VI. GAMMA-RAY SPECTRA 


The observed y-ray spectra are shown in Figs. 2 and 
3. These data were obtained with a 22-inch NalI(TI) 
crystal mounted on an RCA-6342 photomultiplier tube. 
The spectra were recorded with a fast 100-channel 
pulse-height analyzer (average dead-time ~72 usec). 

It can be seen in Fig. 2 that the photopeaks of the 
111.6-, 116.7-, and 124.0-kev transitions merge into a 
single peak at ~113 kev. Similarly, the peak at 307 
kev is a composite of the 296.0- and 308.4-kev photo- 
peaks. The very weak 210-kev photopeak, which has 
also been observed by. Johansson,’ undoubtedly re- 
ceives most of its intensity from the 210.6-kev y ray 
reported by Hatch and Boehm.’ The prominent thulium 
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Fic. 2. Pulse-height spectrum of Er!” low-energy gamma rays, 
obtained with a 22-inch NaI(TI) crystal. 
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Fic. 3. Pulse-height spectrum of Er”! high-energy gamma rays, 
obtained with a 22-inch NaI (TI) crystal. 


K x-ray peak results primarily from K conversion of the 
transitions which contribute to the 113-kev photopeak. 

The high-energy portion of the y-ray spectrum, shown 
in Fig. 3, exhibits well resolved photopeaks at 0.686, 
0.801, and 0.914 Mev. Furthermore, a careful “un- 
folding” of this spectrum, involving the use of the 
measured pulse-height distributions associated with 
monoenergetic y rays of appropriate energies, revealed 
the presence of additional photopeaks at energies of 
approximately 0.372, 0.57, 0.62, and 0.74 Mev. Further 
verification of the existence of these four transitions 
was obtained from coincidence experiments (see Sec. 
VII). 

A very careful search was made for evidence of a 
y ray of ~420 kev, since Keller and Cork* and Johans- 
son® have reported the existence of such a transition. 
Our data indicate that if a y ray of this energy does 
exist, its intensity must be <10~* per disintegration. 
It seems likely that the 425-kev peak observed by 
Johansson* was the result of coincidence summing of 
the 113- and 307-kev y-ray groups. We are unable to 
account for the 360.2-kev electron line (assigned as the 
K-conversion line of a 419.7-kev transition) observed 
by Keller and Cork.® 


VII. COINCIDENCE EXPERIMENTS 
A. Equipment 


Most of the coincidence scintillation experiments 
were carried out with a “slow” coincidence spectrometer 
having a resolving time of 2r~4X10~" sec. In some 
cases, this equipment was used in conjunction with a 
“fast” coincidence circuit (2r~1.5X10-* sec) similar 
to the one described by Bell ef ai." In all cases, the 


4 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 
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Fic. 4. Gamma-gamma coincidence spectrum of Er!”!. Gate 
interval 95 to 135 kev. 


pulse-height spectrum in coincidence with pulses in the 
selected “gate” region was analyzed with the 100- 
channel analyzer. 

In cases where there was reason to believe that 
Compton-backscattered quanta could contribute serious 
coincidence background effects, the two detector crys- 
tals were shielded from one another with appropriate 
lead absorbers in such a way that the “Compton co- 
incidences” were greatly reduced relative to true y-y 
(or B~y) coincidences. 


B. Gamma-Gamma Coincidences 


The detectors used in most of the y-y coincidence 
experiments were 22-inch NaI(TI) crystals mounted 
on RCA-6342 photomultiplier tubes. The resolution of 
these detectors at 0.662 Mev was ~8%. 

The main results of our y-y coincidence measure- 
ments are shown in Table II. It had been previously 
determined?* that the 0.1116- and 0.3084-Mev transi- 
tions are in coincidence and that the 0.1240-Mev transi- 
tion is in coincidence with the 0.2960-Mev transition. 
We have verified these coincidence relationships and 
have shown that in both cascades, the half-life of the 
intermediate state is <10~* sec. 

In contradiction to the observations of Johansson,’ 
we find no evidence of the 0.210-Mev photopeak in the 
spectrum coincident with pulses which contribute to 
the 0.113-Mev photopeak. Specifically, our data indi- 
cate that not more than 20% of the quanta which con- 
tribute to the 0.210-Mev photopeak are in prompt 
coincidence with the 0.113-Mev group. This conclusion 
is strongly supported by other experiments described 
below. 

The high-energy portion of the y-ray spectrum in 
coincidence with the 0.113-Mev group is shown in 
Fig. 4. Photopeaks are observed at 0.88, 0.80, 0.61, and 
0.307 Mev. The relatively strong 0.686- and 0.914- 
Mev peaks (see Fig. 3) are conspicuously absent. This 
is the only experiment in which the 0.88-Mev photopeak 
was resolved. The relatively broad peak at ~0.61 Mev 
has a shape which suggests that it is a composite of two 
peaks with approximate energies of 0.57 and 0.62 Mev. 


Coincidence experiments were also conducted in which 
the gate region included only the lower or upper half 
of the 0.113-Mev peak, thus accentuating, respectively, 
those coincidences involving the 0.1116-Mev y ray and 
the 0.1240-Mev ray. Comparison of the two observed 
coincidence spectra revealed a definite shift in the 
position of the ~0.80-Mev peak. The data strongly 
suggest the existence of 0.80-, 0.1116-Mev and 0.79-, 
0.1240-Mev cascades, i.e., the 0.80-Mev photopeak of 
Fig. 4 is really a doublet. As will be mentioned later, 
there is reason to believe that the 0.57-, 0.62-, and 
0.88-Mev photopeaks are doublets of the same type; 
however, since these photopeaks are so poorly resolved, 
we were unable to establish their complexity by the 
above technique. 

The coincidence spectrum obtained when the gate 
interval was centered on the 0.210-Mev photopeak is 
shown in Fig. 5. The photopeaks of principal interest 
are those at 0.285 and 0.372 Mev. It was found that the 
spectra in coincidence with either the 0.285- or 0.372- 
Mev regions exhibited a strong photopeak at 0.210 
Mev. Therefore, the existence of 0.285-, 0.210-Mev and 
0.372-, 0.210-Mev -y coincidences seems firmly estab- 
lished. The peak at 0.113 Mev in Fig. 5 was found tobe 
caused almost entirely by the unavoidable presence in 
the “gate” spectrum of part of the Compton distribu- 
tion induced by the 0.2960- and 0.3084-Mev vy rays. 
Similarly, it was demonstrated that the peak at 0.210 
Mev results from coincidences between the 0.210-Mev 
¥ vay and “Compton” pulses associated with the 0.285- 
and 0.372-Mev vy rays. The 0.285-Mev y ray is un- 
doubtedly identifiable with the 0.2849-Mev transition 
reported by Hatch and Boehm.! The 0.372-Mev y ray, 
detected also in our ungated spectra, has not been 
previously observed. 


TABLE II. Gamma-gamma coincidence results. 








Dominant y-ray 
photopeak included 


in gate interval Experimentally hy mat coincident 





(Mev) 7 rays (Mev) 

0.113" 0.296, 0.308, 0.57, 0.62, 0.80, 0.88 
0.1115 0.308, 0.80 

0.124¢ 0.296, 0.79 

0.177 0.62, 0.74 

0.210 0.285, 0.372 

0.233 0. 57, ( .686 

0.3074 0.111, 0.124, 0.210,° 0.285,° 0.372° 
0.296! 0.124 

0.308 0.111 

0.686 0.233 

0.801 0.111, 0.124 

0.88 0.111, 0.124 

0.914 0.087 








* Gate interval included entire 0.113-Mev photopeak (see Fig. 

b Gate interval included only the lower half of the 0.113- Mev a 
(see Fig. 2). 
( e Sete ig interval included only the upper half of the 0.113-Mev photopeak 
see Fig 

4 Gate interval included entire 0.307-Mev photopeak (see Fig. 2). 

¢ Delayed coincidence. See text, Il. 

{ Gate interval included only the lower half of the 0.307-Mev photopeak 
(see Fig. 2). 
; « a interval included only the upper half of the 0.307-Mev photopeak 
see Fig. 2). 
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It seems very definite, on the basis of our measure- 
ments and those of other investigators, that the 
0.2960- and 0.3084-Mev transitions originate at a 
delayed level (74 ~ 2.5 usec)"? of energy 0.4251 Mev. In 
an effort to determine what 7 rays populate the 0.4251- 
Mev level, a delayed-coincidence experiment was per- 
formed in which the gate interval covered the 0.307- 
Mev photopeak. A time delay was introduced such that 
a pulse from the “analyzer” detector would arrive at 
the coincidence circuit ~1 ysec later than a simultane- 
ous pulse from the “gate” detector. The coincidence 
counting rate was very low, but the observed spectrum 
showed well resolved peaks at 0.210 and 0.285 Mev and 
evidence of a much weaker peak at ~0.37 Mev. We 
therefore conclude that the 0.4251-Mev level is popu- 
lated by a 0.2849-, 0.2106-Mev cascade and probably 
also by a 0.372-, 0.2106-Mev cascade. 

The solid curve of Fig. 6 is the coincidence spectrum 
obtained when the gate interval was approximately 
centered on the 0.686-Mev photopeak. Two previously 
unobserved photopeaks at 0.177 and 0.233 Mev are 
clearly evident. By the introduction of various thick- 
nesses of lead between the source and the “gate” 
detector, it was established that neither peak was the 
result of Compton backscattering of y rays with 
energies >0.686 Mev. We therefore conclude that the 
0.177- and 0.233-Mev peaks are photopeaks caused by 
y rays of these two eflergies. The coincidence spectra 
obtained by gating respectively with pulses in the 0.177- 
and 0.233-Mev regions revealed the coincidence rela- 
tionships indicated in Table II. We found no positive 
evidence of 0.177-, 0.686-Mev coincidences. The occur- 
rence of the 0.177-Mev photopeak in the solid-curve 
spectrum of Fig. 6 was found to be due to gate pulses 
associated with the ~0.62- and ~0.74-Mev y rays. 
Similarly, the peak at 0.113 Mev is not the consequence 
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Fic. 6. Gamma-gamma coincidence spectra of Er'!”. Solid 
curve, gate interval 650 to 750 kev. Dashed curve, gate interval 
750 to 870 kev. 


of 0.686-, 0.113-Mev coincidences but is induced by 
gate pulses associated with the ~0.62- and ~0.80- 
Mev y¥ rays. 

The spectrum in coincidence with pulses in the 0.80- 
Mev region is shown as the dotted curve of Fig. 6. The 
dominant feature of the spectrum is the 0.113-Mev 
photopeak, attributable primarily to the ~4.80-, 
~0.113-Mev coincidences discussed earlier in this 
section. One would expect a weak photopeak to occur 
at 0.177 Mev because part of the 0.74-Mev photopeak 
lies within the bounds of the gate region. Although the 
statistics are not very good above 0.15 Mev, it can be 
seen that there is some evidence for the 0.177-Mev 
photopeak. 

»..The coincidence spectrum obtained when the gate 
region included only the upper half of the 0.914-Mev 
photopeak is shown in Fig. 7. From a series of similar 
experiments in which the gate width was held constant 
at 50 kev and the lower bound of the gate interval was 
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set at various positions between 0.80 and 1.0 Mev, we 
conclude that the 0.087-Mev photopeak of Fig. 7 is the 
result of ~0.92-, 0.087-Mev y-y coincidences, and that 
the 0.113-Mev photopeak is the result of ~0.88-, 
0.113-Mev coincidences. Quantitative study of the 
above coincidence data yields an intensity for the 0.087- 
Mev 7 ray of only 0.0005+0.0001 (per disintegration). 
Since this transition is much too weak to be detected 
in ungated scintillation spectra, it is clearly not identi- 
fiable with the 0.088-Mev 7 ray reported previously.’ 
It seems likely that the peak observed by Johansson’ 
at this energy was the escape peak associated with the 
~0.113-Mev y-ray group. It is noted that Hatch and 
Boehm! found no evidence for 0.088-Mev quanta. 

An estimate of the K-conversion coefficient of the 
0.087-Mev transition can be obtained from the data of 
Fig. 7 if one makes the reasonable assumption that the 
K x-ray photopeak of that spectrum is engendered 
entirely by K conversion of the observed 0.087- and 
~0.113-Mev transitions. The K x-ray contribution 
associated with the ~0.113-Mev y-ray group is deter- 
minable from the coincidence spectrum observed when 
the gate interval was centered on 0.88 Mev. If the 
remainder of the K x-ray photopeak is assigned to the 
0.087-Mev transition and the obvious efficiency correc- 
tions (including fluorescence yield) are made, one ob- 
tains ex (0.087) =3.7+0.5. This value indicates a multi- 
polarity assignment of either M1+ £2 or E1+M2. The 
latter possibility can be excluded, however, since the 
8-decay data indicate that the two states connected by 
the 0.087-Mev transition have the same parity. On the 
basis of the theoretical conversion coefficients? [@2(0.087) 
= 1.3, 8:(0.087)=3.9], it is evident that the transition 
is predominantly M1. 


C. Beta-Gamma Coincidence Measurements 


On the basis of the observed energies and relative 
intensities of the y rays plus the established y-y co- 
incidence relationships, it seemed probable that the 
decay scheme of Er'” involved levels in Tm’ at 0.0051, 
0.1167, 0.1291, 0.4251, 0.636, 0.688, 0.744, 0.921, and 
1.008 Mev. Numerous 6-y coincidence experiments 
were performed in order to verify this level scheme and 
to obtain the intensities of the 6-ray groups which were 
too weak to be resolved with the magnetic lens spec- 
trometer. In these experiments, a Pilot Plastic Scin- 
tillator-B phosphor, 12 inches in diameter and ¢ inch 
thick, served as the §-ray detector, and a 2X2-inch 
Nal(T1) crystal was used as the y-ray detector. In 
most cases, the fast-slow coincidence circuit was 
employed. 

We have confirmed the previous observations?* that 
there are very few prompt §-y coincidences and that 
the strong 1.05-Mev @-ray group is in delayed coin- 
cidence with the 7 rays which contribute to the 0.113- 
and 0.307-Mev photopeaks. Our delayed-coincidence 
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data indicate a half-life for the intermediate state of 
~2.5 usec,* in agreement with the results of DeBenedetti 
and McGowan." Consideration of the observed y-ray 
intensities, the established y-y coincidence relation- 
ships, and the above §-y coincidence data fixes the 
energy of the metastable state at 0.4251 Mev. 

A comparison of the y-ray spectra in prompt and 
delayed coincidence with pulses which contribute to 
the portion of the 8-ray spectrum >0.80 Mev revealed 
that the 0.113-Mev photopeak was much stronger 
relative to the 0.307-Mev photopeak in the “prompt” 
spectrum than in the “delayed” spectrum. This is 
interpreted as positive evidence that there are direct 
B-ray transitions (calculated end-point energy ~ 1.36 
Mev) to one or both of the levels at 0.1167 and 0.1240 
Mev, a conclusion reached earlier by Johansson.’ The 
ratio of the intensity of the 1.36-Mev 6-ray group to 
that of the 1.05-Mev group can be estimated by analyz- 
ing the spectra described above, and was found to be 
0.016+0.002. 

It has been previously proposed’ that a 0.21-Mev 
y ray is associated with the decay of the 0.425-Mev 
delayed level. However, we could find no evidence for 
delayed (or prompt) 8-y coincidences between 8 rays 
of energy >0.60 Mev and y rays of energy ~0.21 Mev. 
On the other hand, the y-ray spectrum in prompt 
(27=1.5X 10-5) coincidence with that portion of the 
B-ray spectrum between 0.25 dnd 0.60 Mev exhibited 
photopeaks at 0.113, 0.177, 0.210, 0.233, 0.285, 0.69, 
0.80, and 0.91 Mev. These data suggest that each of 
the indicated y rays is somehow involved in the de- 
population of one or more of the energy levels above 
0.8 Mev. 

Fermi-Kurie analysis of the “prompt” §-ray coin- 
cidence spectra obtained by gating, respectively, with 
pulses in the 0.210-, 0.233-, 0.285-, 0.372, 0.686-, 0.801-, 
and 0.914-Mev y-ray photopeak regions revealed, in 
every case, the presence of a relatively strong 6-ray 
group of end-point energy 0.55+0.05 Mev. This value 
is consistent with the energy difference of ~0.56 Mev 
between the total decay energy of 1.48 Mev (see Sec. 
VIII) and the energy of the proposed level at 0.921 
Mev. A very weak 6-ray group of end-point energy 
~0.90 Mev was observed in the spectrum obtained by 
gating with the 0.686-Mev photopeak. This is inter- 
preted as direct evidence of 8-ray transitions (calculated 
end-point energy=0.89 Mev) to the proposed level at 
0.688 Mev. From the above data and the measured 
y-ray intensities, we estimate the intensity (per dis- 
integration) of the 0.89-Mev §-ray group to be ~0.1%. 
This same intensity value is indicated by a comparison 
of the observed 0.686-, 0.233-Mev and 0.80-, 0.113-Mev 
y-y coincidence rates. 








* Note added in proof.—In a subsequent experiment employing 
a time-to-pulse-height converter in conjunction with the 100- 
channel analyzer, we obtained the value 2.59+-0.03 usec. 
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VIII. CONSTRUCTION OF THE DECAY SCHEME 


A summary of the measured y-ray intensities, in- 
dicated (or assumed) multipolarities, and estimated 
transition intensities for the transitions in Tm” is 
shown in Table III. The 8-ray data are summarized in 
Table IV. A decay scheme consistent with these data 
and with the 6-y and y-y coincidence measurements is 
shown in Fig. 8. The main arguments which support 
this scheme are discussed below. 

The $-y delayed-coincidence results indicate that 
both the 0.3084-, 0.1116-Mev cascade and the 0.2960-, 
0.1240-Mev cascade depopulate the 2.5-usec delayed 
level. In both cascades, the higher-energy transition 
must precede the other transition in order to be con- 
sistent with the observation of 0.80-, 0.1116-Mev and 
0.79-, 0.1240-Mev prompt y-y coincidences. This con- 
clusion is confirmed by the existence of prompt coin- 
cidences between 8 rays of energy >0.8 Mev and the 
~0).113-Mev y-ray group. Consideration of these facts 
and the numerous coincidence relationships implied by 
the precise energy measurements of Hatch and Boehm! 
leads to the postulation of levels B, C, D, and EZ in the 
positions shown. 

The positions of levels J and J will now be considered. 
The existence of a level at 0.921 Mev is indicated by 
the following facts: (1) the 6-y coincidence data sug- 
gest the existence of a level at ~0.92 Mev (see Sec. 
VII. C); (2) level E is populated by a 0.2849-, 0.2106- 
Mev cascade; (3) the summation of energies in several 
other of the established y-ray decay chains equals 
~0.92 Mev (see Table II). The observed 0.914-Mev 
photopeak is thought to be engendered primarily by 
transition 7B (0.916 Mev), although a small contribu- 
tion from transition JA (0.921 Mev) would not be 
detected. The reason the photopeak in question occurs at 


TABLE III. Transitions in Tm!”. 


Esti- 


mated Transi- 
total tion 
Energy Transi- y-ray conv.  inten- 
(Mev) tion» intensity*® Multipolarity coeff.4 sity® 
0.0051" BA M1+E2 tee 
0.0124 DC tee M1+E£2« tee 
0.087 JI 0.05 +0.01 M1+£2 4.75 0.29 
0.1116 CB 22 +3 M1 2.24 71 
0.1167 CA 18 +03 E2 1.86 $.2 
0.1240 DB 8.5 +0.8 E2 1.46 21 
0.177 1H 0.12+0.04 (M1+E2) A.7 0.20 
0.2106 FE 0.95+0,20 (Fl) 0.05 1.0 
0.233 1G 0.35+0.09 (M1+£2) 0.3 0.46 
0.2849 IF 0.73 +0.14 (M1 +2) ~A.2 0.88 
0.2960 ED 23 = =+2 Ei+M2 0.04 24 
0.3084 EC 69 +7 El 0.02 70 
0.372 J 0.12 +0.03 (M1+E2) ~0.1 0.13 
~0.57 GD, GC 0.08+0.03 (£2), (Mi+E2) ~0.02 0.08 
~A).62 HD, HC 0.12 40.04 (M1 +£2) ~0.02 0.12 
~0.69 GB, GA 0.47+0.09 (M1+E2) ~0.02 0.48 
~A#.74 HB, HA 0.07 +0.03 (M1+E2), (£2) ~A.01 0.07 
~0.80 ID, 1¢ 0.80+0.10 (M1+E2) ~).01 0.80 
~0.88 JD, J 0.16 +0.04 (M1+£2) ~%O.01 0.16 
~A,92 IB,1A 0.56+0.06 (M1+E2), (E2) ~0.01 0.57 


® See reference 1. 

> See Fig. 8. 

¢ Per 100 Er'” disintegrations. 

4 Based on experimental results, if available. Otherwise, based on theo- 
retical conversion coefficients of Sliv (reference 10) and Rose (reference 9), 
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TABLE IV. Er'” 8-ray transitions. 





Intensity 
Eg (Mev) (percent) Logff 
(0.47)* 0.6+0.2 7.4 
0.55 2.6+0.5 6.9 
(0.73)* <0.1 >8.7 
0.89 0.140.05 9.0 
1.05 93 +2 6.3 
(1.36)* 1.5+0.2 8.6 
1.49 2.1+0.2 8.6 


* Not observed as a resolved group. 
b Determined from the curves given by S. A. Moszkowski, Phys. Rev. 
82, 35 (1951). 


an energy slightly lower than 0.916 Mev is attributed 
to the known presence of the 0.88-Mev photopeak. 

The observation of ~0.88-, ~0.113-Mev y-y coin- 
cidences suggests that there is a level at ~1.0 Mev. 
The added observation of ~0.92-, 0.087-Mev 7-7 co- 
incidences confirms this hypothesis and fixes the energy 
of level J at 0.921+-0.087= 1.008 Mev. 

Since both the 0.372- and 0.2849-Mev transitions are 
coincident with the 0.2106-Mev transition, and since 
0.372—0.285= 0.087 Mev, one is led to the conclusion 
that the 0.372- and 0.2849-Mev transitions precede the 
(.2106-Mev transition. There is therefore a level (F) 
at 0.4251+0.2106=0.6357 Mev. 

The existence of ~0.57-, ~0.113-Mev y-y coin- 
cidences plus the fact that the 0.233-Mev vy ray is in 
coincidence with y rays of approximate energy 0.57 
and 0.69 Mev indicates that there is a level at 0.921 
—0.233=0.688 Mev, designated as level G. Similarly, 
the evidence for level H, at 0.744 Mev, is the observa- 
tion of the following y-y coincidences: ~0.113 Mev 
coincident with ~).62 Mev, and 0.177 Mev coincident 
with ~0.62 and ~0.74 Mev. 

It is clear, from the state assignments of the next 
section, that each of the observed high-energy photo- 
peaks is probably a “doublet” caused by y-ray transi- 
tions from a given level to a pair of close-lying levels, 
either A and B or C and D. Consequently, all transi- 
tions which were found to proceed from levels G, H, J, 
and J to levels A (and/or B) and C (and/or D) are 
shown as “‘double”’ transitions, whether or not this fact 
was established experimentally. 

From the summation of beta and gamma energy in 
the various decay chains which connect the two ground 
states, we conclude that the total decay energy of Er’ 
is 1.48+0.01 Mev. 


IX. STATE ASSIGNMENTS 


The experimental and theoretical arguments which 
lead to the state assignments of Fig. 8 will now be 
presented. In view of the success of the Nilsson calcula- 
tions‘-*4 in explaining the properties of the low-lying 

13 B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 

4 Recent results communicated by Dr. S. G. Nilsson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. (to be published). 
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states of strongly deformed nuclei, we have attempted 
to correlate the observed intrinsic states of Tm!” 
with appropriate Nilsson orbitals. The applicable por- 
tion of the Nilsson diagram” is shown in Fig. 9. Calcula- 
tions based on experimental quadrupole moments in- 
dicate that a reasonable value to assume for the 
deformation parameter, 6, is 0.28.* In the interpretation 
of rotational-level spacings, use is made of the formula'® 


E,= (h?/23)0 (I+1) +x, a(—1)*4+4)]. (1) 


184. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 








As has been previously pointed out,!~*.’ the energy 
spacings of levels A, B, C, and D and the multipolarities 
of the interconnecting transitions are consistent with 
the assumption that these four levels are members of 
a K=} anomalous rotational band, with a spin se- 
quence of 3, $, 3, and 3, respectively. The only reason- 
able spin 3 Nilsson state available for assignment to 
the ground state of Tm” is the $+ [4, 1, 1 }*!7 orbital 
which, in fact, is the predicted assignment for an odd-A 
nucleus with 69 protons. 


16 The symbolism used here is Qa [N,n,,A ]. See reference 17. 
17 J. M. Hollander, Phys. Rev. 105, 1518 (1957). 
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The calculated position of the 9/2+ level of the 
ground-state rotational band is 0.3439 Mev.! We have 
no experimental evidence that this level is populated 
in the decay of Er’. The fact that there are virtually 
no §-ray or y-ray transitions to this level is explainable 
in terms of the state assignments of Fig. 8 and the 
intensity rules outlined by Alaga et al.'® 

Since transitions EC and ED are of F.1 multipolarity 
and terminate at $+ and 3+ states, respectively, level 
E must have spin and parity §}— or }—. The §— choice 
seems improbable from the fact that no transitions are 
observed to proceed from level E to level B. Examina- 
tion of the Nilsson curves reveals that the only 3— 
state which is near the 4+ [4, 1,1] state is the }— 
[5, 2, 3] state. This state is therefore assigned to level 
E. A $-— level, presumably identifiabie with this same 
orbital, occurs in Tm'®™ at an energy of 379.3 kev." In 
both of these nuclei, the } — state is presumably a hole 
state, corresponding to the configuration {}— [5, 2, 3]}! 
{3+ (4, 1, 1]}* for the last three protons. 

We shall next consider the state assignment for 
Er'”, The log ft values of the 8 transitions to the ground- 
state rotational band are characteristic of first for- 
bidden transitions, with AK <2. Since levels A and E 
are of opposite parity, it follows that the 8 transition 
to level E ({—) must be an allowed transition, even 
though the logft value (6.3) is somewhat higher than 
that of a normal allowed transition. The only spin and 
parity assignment for Er'” consistent with these re- 
strictions is }—. The ground state of Er’” is identified 
with the Nilsson state §— [5, 1,2] since there is no 
other state with 2= § in the region of 105 nucleons. 

The remaining state assignments are less certain 
since we have essentially no multipolarity data on the 
transitions which depopulate levels F, G, H, J, and J. 
In view of the energy systematics of Nilsson states in 
this region,"’ one expects the $+ [4, 0, 4] state to occur 
as a low-lying excited state of Tm'”. If the 3+ [4, 0, 4] 
state lies above level FE, then, because of K-selection 
rules, one would expect this state to decay to level E 
rather than to the ground-state rotational band. Of 
the levels F through J, only level F decays in this 
manner; consequently, it is given the assignment $+ 
[4, 0, 4]. On the sole basis of its decay properties, level 
F could also be the Nilsson state 9/2— [5, 1, 4], which 
has been observed as an excited state in both Lu!” 
and Lu!”’.” However, the y-ray branching to this level 
from higher levels appears to be inconsistent with the 
9/2— possibility. 

There are several convincing arguments which indi- 
cate that levels J and J are the first two members of a 
K=$ rotational band: 


18 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

1% Hatch, Boehm, Marmier, and DuMond, Phys. Rev. 104, 
745 (1956). 

* Mize, Bunker, and Starner, Phys. Rev. 103, 182 (1956). 
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Fic. 9. Nilsson energy-level diagram for prolate deformation. 


(a) Consideration of the logf/ values of the 6-ray 
transitions to levels J and J and examination of the y 
decay of these two levels to the K=4 band and to level 
F lead to the conclusion that the most probable spin 
and parity assignments for levels J and J are $+ and 
$+, respectively. The M1(+£2) multipolarity of 
transition J/ is consistent with these state assignments. 
An explanation of why neither level decays to level E 
is presented in Sec. X. 

(b) According to Eq. (1), the energy difference be- 
tween the $ and j states of a normal rotational band 
should be AE(3—§)= 7h?/29. If the value of #?/29 is 
assumed to be the same as that calculated for the 
K=}43 band (11.63 kev), then one obtains AE(}—3) 
= 81.4 kev, in reasonable agreement with the observed 
J-I difference of 87 kev. It is noted that the observed 
3—§ spacing of the K=$ band in Tm’® is 89.4 kev," 
whereas the spacing calculated on the basis of the rota- 
tional splitting term of the K=}3 band is 83.8 kev. 

(c) Although transition JJ is of much lower energy 
than the other transitions which depopulate level J, it 
has a y-ray intensity comparable to the intensities of 
the competing transitions. The most plausible explana- 
tion of this fact is the hypothesis that transition JJ is 
a rotational transition. 


In view of the preceding arguments, level J is assumed 
to be a $+ intrinsic state, with level J being the associ- 
ated first rotational state. Examination of the Nilsson 
diagram reveals that a $+ [4, 0, 2] state lies slightly 
above the $+ [4, 0, 4] state. However, it is also evident 
that the energy required to excite the $+ [4, 1, 3] 
hole state could reasonably be ~1 Mev. It seems prob- 
able, on the basis of the observed features of the popula- 
tion and depopulation of levels J and J, that the state 
function associated with level J contains components 
of both of the above-mentioned $+ states. The detailed 
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reasons for this assumption are presented in a subse- 
quent section. 

It is evident from the radically different decay prop- 
erties of levels G and F that level G is not a rotational 
state associated with level F; consequently, it is as- 
sumed to be another intrinsic state. The log/t value 
(8.8) of the 6-ray transition to level G suggests that 
this state is of positive parity. The fact that this level 
appears to decay only to the K=} band and not to 
levels E and F (both K= states) is indicative, on the 
basis of K-selection rules, that the spin of level G is 
< §. It then follows, in view of the relative strength of 
transition JG, that there should be a detectable transi- 
tion from level J to the first rotational state associated 
with level G. Since there is indeed a transition from 
level J to level H, one is led to examine whether level 
H exhibits other properties consistent with it being the 
rotational state in question. It is noted that the H-G 
spacing is 56 kev, which is close to the theoretical value 
of ~58 kev for the $—# spacing in a normal rotational 
band (calculated on the assumption that the value of 
h?/2 is approximately the same as for the K=} band). 
Since all aspects of the population and depopulation of 
levels G and H appear to be consistent with the spin 
assignments suggested above and with the assumption 
that both levels belong to the same rotational band, 
level G is believed to be a $+ intrinsic state, with level 
H being the associated $+ first rotational state. Un- 
fortunately, all attempts toe observe the 56-kev transi- 
tion HG were unsuccessful. Intensity balance considera- 
tions suggest that transition HG is weaker than any 
of the observed transitions from level H to the K=}$ 
band. Such a weak transition would be extremely 
difficult to observe in view of the fact that the total 
conversion coefficient could be as high as 20 and the 
fact that the 56-kev region is masked by the thulium K 
X-ray. 

There are two $+ Nilsson states available for assign- 
ment to level G: the $+ [4, 0, 2] particle state and the 
$+ [4,1,1] hole state. If pairing-energy effects are 
neglected and the relative level spacings of the Nilsson 


TABLE V. Classification of Er!” 8-ray transitions. 











Final 4K, AN Asymptotic Exptl 
state ~ ‘Al, Aw type Anz, OA classification log ft 
A 2, yes, 1st forb. AK=2 K-forb. >8.6 
B 1, yes, 1st forb. AK=2 K-forb. >8.6 
CO, yes, 1st forb. AK=2 K-forb. >8.6 
D 1, yes, 1st forb. AK=2 K-forb. >8.6 
E = 1,no, allowed 1,0, 1,1 hindered 6.3 
F $1, yes, 1st forb. Te ee hindered >9.0 
G 1, yes, 1st forb. 1,1,0,1 unhindered 8.8 
H 0, yes, 1st forb. 1,1, 0,1 unhindered >8.7 
I 0, yes, 1st forb. (0,1,1,0)* unhindered 6.9 
(0,1,0,1)® unhindered 
Ji, yes, ist forb. (0,1,1,0)* unhindered 7.4 
(0,1,0,1)® unhindered 








* Associated with the 5/2+ i 0, 3 component of J, J. 
> Associated with the 5/2+ [4, 1, 3] component of J, J. 
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diagram are assumed to be semiquantitative, it would 
seem that the $+ hole state should lie fairly close to 
the $+ [4, 0,4] state, whereas the $+ particle state 
should be at least 1 Mev higher. Consequently, level G 
is identified with the Nilsson orbital 3+ [4, 1, 1]. 


X. FURTHER REMARKS ON TRANSITION 
PROBABILITIES 


As indicated in Sec. TX, the only selection rules used 
as guides in assigning appropriate Nilsson states to the 
observed levels were those concerning AJ, Aw, and AK. 
Since it appears well established that violation of the 
asymptotic selection rules on AN, An,, and AA, given 
by Alaga*.** and others,”~** can cause transitions to be 
retarded,!7:*!.25.6 it is of obvious interest to determine 
the extent to which the beta and gamma transitions of 
the present decay scheme reflect the influence of these 
rules. 

The classification of the 8-ray transitions of Er'”, 
based on the proposed state assignments, is given in 
Table V. The transitions are classified as unhindered or 
hindered according to whether they obey or violate 
the appropriate asymptotic selection rules. A brief dis- 
cussion of the 8-ray transitions follows: 

The log/ft value (>8.6) of the 8 transition to the 
ground state is reasonable for a AJ=2 (yes) transition. 

The first forbidden transitions to stai B, C, and 
D are each expected to exhibit considerable AJ = 2 ad- 
mixture because of operation of the K-selection rule, 
AK <L,'* where L is the multipole order of the transi- 
tion. The experimental log/t values (each >8.6) are 
consistent with this hypothesis. 

The allowed transition to level E violates the An, 
and AA rules, thus providing an explanation for the 
relatively high log ft value of 6.3. The hindrance factor 
(~10) is similar to that of other known hindered 
allowed transitions.” However, part of the retardation 
may be related to the hole character of the final state. 

The transition to level F, classified as hindered first 
forbidden, with AK=1, was not observed. The log/t 
value is estimated to be >9, indicative of a large 
hindrance factor. 

The transitions to states G and H, presumably of the 
unhindered first forbidden class, have anomalously high 
log ft values. This anomaly tends to confirm the classi- 
fication of level G as a relatively pure 3+ [4, 1, 1] hole 
state. 

The transitions to states J and J have log/t values 
consistent with their classification as unhindered first 


1G. Alaga, Phys. Rev. 100, 432 (1955). 

2G. Alaga, Nuclear Phys. 4, 625 (1957). 

3S. G. Nilsson, dissertation, Berlingska Boktr., Lund, 1955 
(unpublished). 

* B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 

wa Canavan, and Hollander, Phys. Rev. 107, 141 
(1957). 
ust Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
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forbidden. This is interpreted as a strong indication 
that one of the admixed components of state J is a 
particle state, presumably $+ [4, 0, 2]. 

It is also of interest to compare the observed 6-ray 
branching ratios for each rotational band with the 
theoretical ratios calculated according to the intensity 
rules of Alaga et al.'* However, these rules are not 
strictly applicable to K-forbidden transitions, and the 
extent of their applicability to hindered transitions is 
not clear. The only transitions in the present scheme 
which are neither K-forbidden nor hindered are those 
which populate the K=$ and K=§ bands. The fact 
that we have such limited experimental information on 
the 8 branching to the K=% band does not seem to 
justify further analysis of these data. The theoretical 
value for the ratio of the ft values of the 6 transitions 
to the $+ intrinsic state and to the associated $+ first 
rotational state is 0.40, which is in fair agreement with 
the observed ratio of 0.30+0.08. 

We will now consider the y-ray transitions, in par- 
ticular those transitions which proceed from one rota- 
tional band to another. The values of AK, AN, An,, 
and AA for all possible combinations of assigned orbitals 
is given in Table VI. Since all of the observed levels 
except level (known to be depopulated by two £1 
transitions) were found to have half-lives of <4 10-° 
‘sec, it is assumed that the only significant multipolari- 
‘ties involved in the entire decay scheme are F1, £2, 
M1, and M2. On this basis, all of the transition types 
which might contribute measurably to the depopula- 
tion of levels E, F, G, H, J, and J are listed in Table VI. 

The two £1 transitions which depopulate level £ 
are each retarded compared to the theoretical single- 
particle rate*’ by a factor of ~10°. These large retarda- 
tions are the result of violation of the strong K-selec- 
tion rule, AK <L.'* Most of the known F1 transitions 
which involve AK = 3 exhibit similar retardation factors. 

In regard to the measured value of the K-iniernal 
conversion coefficient of transition ED, it was at first 
considered possible that the deviation of this value from 
the theoretical £1 value did not necessarily indicate 
M2 admixture since it is well known that several highly- 
retarded £1 transitions exhibit anomalous conversion 
coefficients. However, it has been recently pointed out** 
that K-forbidden E1 transitions can be expected to have 
normal conversion coefficients; therefore, the observed 
ex value for transition /D is interpreted as an indica- 
tion of M2 admixture. On the basis of the calculated 
mixing ratio, M2/£1=0.034 (see Sec. IV), one finds 
that the comparative lifetime of the @2 component of 
the 0.2960-Mev transition is ~2.5X10* greater than 
the single-particle estimate.”” Similarly, the retardation 
of the M2 component of the 0.3084-Mev transition is 


27M. Goldhaber and A. W. Sunyar, in Bela and Gamma Ray 
Spectroscopy, edited by Kai Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI (II), p. 463. 

28S. G. Nilsson and J. O. Rasmussen, Nuclear Phys. 5, 617 
(1958). 
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estimated to be >10*. These retardation factors pre- 
sumably result from the fact that, in both cases, M2 
radiation is first-order K-forbidden. 

The only transiton observed to depopulate level F 
is FE (0.2106 Mev), classified as a hindered (n,- 
forbidden) F1 transition. The half-life of level F was 
found to be shorter than we could measure with our 
coincidence apparatus; consequently, we have no way 
of estimating the retardation factor of transition FE. 
The theoretical ratio of the intensity of transition FE 
to that of the hypothetical F1 transition from level F 
to the 9/2 — first rotational state associated with level E 
(expected to lie ~0.105 Mev above level £), calculated 
according to the rules given by Alaga ef al.,)* is 28:1. 
Even if this estimate is in error by a factor of 2 because 
of the fact that these transitions are hindered, it is 
evident that the transition from level F to the 9/2— 
state in question would be extremely difficult to observe. 

Both M1 and £2 transitions can proceed “un- 
hindered” from the $+ [4,1,1] band to the K=} 
band. Therefore, each of the transitions GA, GB, GC, 
HB, HC, and HD may be of M1+£2 multipolarity. 
Since we have no way of estimating the mixing ratios, 
no further theoretical interpretation of the observed 
y-ray branching from levels G and H will be attempted. 


TABLE VI. Classification of transitions in Tm”. 





Initial Final AK, AN Assumed Asymptotic 
state state An:, SA = multipolarity classification 
E B,C, D 3,-¥, 1,2 Fl K-forbidden 
M2 K-forbidden 
F B,C, D 3G ia M1 K-forbidden 
E2 K-forbidden 
F E 1, 1,.3,.1 Ei hindered 
G,H A, B,C, D 1,0, 0,0 M1 unhindered 
E2 unhindered 
G, H E 21,3 El K-forbidden 
G, H F 2.0,1,3 M1 K-forbidden 
E2 hindered 
| i” A, B,C, D (2, 0, 1, 1)* M1 K-forbidden 
E2 hindered 
(2, 0, 0, 2) M1 K-forbidden 
E2 unhindered 
| Pe i E (1, 1, 2, 1) El hindered 
(1, 1, 1, 0)> Fl hindered 
or F (1, 0, 0, 2)* M1 hindered 
E2 hindered 
(1, 0, 1, 1) M1 unhindered 
E2 unhindered 
| Ae G, H (1, 0, 1, 1)* M1 unhindered 
E2 unhindered 
(1, 0, 0, 2) M1 hindered 
E2 hindered 





4, 0, 2] component of J, J. 


* Associated with the 5 [’ 
[4, 1, 3] component of 7, J. 


2+ 
> Associated with the 5/2+ 
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The following comments are directed toward explain- 
ing certain features of the y decay of levels J and J: 


(a) The fact that level J decays observably to level 
G, believed to be predominantly a hole state, forms the 
principle argument for postulating that state J contains 
an admixture of the hole state §+ [4, 1, 3]. Thus, JG 
and JH are interpreted as unhindered hole-hole 
transitions. 

(6) The (M1+£2) transitions to level F have the 
possible alternative classifications: hole-particle un- 
hindered or particle-particle hindered. Either possi- 
bility would be expected to have an abnormally low 
transition probability. The dominant contribution to 
the transition probabilities of 7F and JF may come from 
a coupling between states J and F, as has been proposed 
in the case of Ta!*!.” 

(c) The large retardations of the unobserved F1 
transitions to level E from the K=$§ band are presumed 
to result mainly from violation of the asymptotic rules. 

(d) There seems to be no obvious selection-rule 
explanation for the observed y-ray branching from the 
K=3 band to the various levels of the K=} band. 
Here again, the transition probabilities may strongly 
reflect a coupling between the rotational bands. 


XI. CONCLUSIONS 


Most of the features of the decay scheme of Er’™ 
appear to be explainable in terr~s of the Nilsson model. 
The recent calculations of Rassey® yield a theoretical 
level diagram similar to that of Nilsson. The present 
data do not give any clear indication as to whether the 
Rassey diagram is an improvement over that of Nilsson. 


* See reference 4, p. 13. 
% A. J. Rassey, Phys. Rev. 109, 949 (1958). 
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In both the Rassey and Nilsson schemes, there are 
several levels which come down into the region 60<Z 
<82 from the shell-model states above Z=82 (these 
levels are not shown in Fig. 9). None of these levels 
appear to be involved in the present decay scheme. 
However, the population of these states, if energetically 
possible, would be inhibited by selection-rule violations 
in almost every case. Consequently, the present data do 
not exclude the possibility that several of these levels 
lie within 1 Mev of the Tm'” ground state. On the 
other hand, the sequence of known ground-state spins 
of the odd-Z nuclei from Z=61 to Z=79 gives no 
indication that levels other than those shown in Fig. 9 
occur in this region. 

We have attempted to present a consistent interpre- 
tation of the 8- and y-ray transition intensities. This 
analysis has revealed that the inhibition of a number of 
the transitions can be explained as being due to viola- 
tion of the asymptotic selection rules. However, it is 
evident that the use of these rules as a guide in inter- 
preting transition probabilities is limited by the effect 
of admixed states (which usually tends to enhance 
transition rates) and dissimilar core configurations in 
the initial’ and final states (which tends to inhibit 
transition rates). 
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Elastic Scattering of 14-Mev Neutrons from Beryllium and Carbon* 
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The angular distributions of elastically scattered 14-Mev (nominal energy) neutrons have been measured 
for beryllium and carbon from 20° to 140°. Ring geometry, time-of-flight techniques, and relatively low 
detector biases were used. A comparison with optical-model calculations by Bjorklund and Fernbach 
indicates that the parameters that fit the medium and heavy elements do not yield satisfactory fits for 
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beryllium and carbon. 


INTRODUCTION 


PTICAL-MODEL calculations by Bjorklund and 

Fernbach'! have yielded excellent fits to the 
existing 14-Mev scattering data for elements heavier 
than aluminum. For elements lighter than Al, the 
predicted angular distributions might show progres- 
sively worse fits as A decreases, since the applicability 
of the optical model to light nuclei is questionable. 
This experiment was undertaken to compare the Be 
and C angular distributions with the predictions of 
reference 1. 

Because of the large elastic energy degradation, 
standard biased detector techniques’ prove very 
difficult. For example, to look at elastically scattered 
neutrons from Be at 90° the detector bias must be 
below 11 Mev. At 30°, however, this bias would then 
yield a detectable number of inelastic counts from the 





_ 8, 
t correr “s.us ' 
DETECTOR TRITIUM TARGET 
(FIXED) 
scattrerine 
RING 


Fic. 1. Schematic diagram of the experimental setup. The 
angle of scattering is denoted by 6. The scattering rings had a 
mean radius of 14 cm and were either square or rectangular in 
cross section. 


TABLE I. Variations made in the gbometry and parameters. 


Ring Detector 
Angular cross to-target Detector 
range section distance bias 
Element (deg) (in. Xin.) (in. ) detector (Mev) 
Be 20-80 1X1 135.5 Plastic* 3.8 
50-140 1x1 120 Plastic 3.8 
( 20-80 1X1 135.5 Plastic 3.8 
20-80 1X2 135.5 Plastic 3.8 
~ 30-140 1x2 81 Stilbene 1.7 
30-140 1X2 81 Stilbene 1.1¢ 
30-140 1 


2X2 81 


Stilbene 
® The plastic scintillator was 2 in. in diameter by 2} in. thick. 
> The stilbene detector was surrounded by lead and paraffin. Stilbene 
scintillator was 14 in. in diameter by 0.8 in. thick. 
© Biased at one-half of the 0.511-Mev gamma-ray Compton edge. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1F, Bjorklund and S. Fernbach, University of California 
Radiation Laboratory Report UCRL-4926T, 1957 (unpublished). 

2 J. O. Elliot, Phys. Rev. 101, 684 (1956). 


2.4-Mev level in Be. Thus many different detector 
biases would be necessary to cover the entire range of 
scattering angles. By time separating the elastic from 
the inelastic neutrons, a single, and at the same time a 
relatively low, detector bias could be employed. A low 
detector bias is desirable for increased stability, for 
greater efficiency, and for smaller changes of detector 
efficiency with scattering angle. Since gamma rays 
from inelastic scattering are also time separated from 
elastic neutrons, a large and efficient scintillator can 
be used. 


EXPERIMENTAL DETAILS 


Figure 1 is a schematic drawing of the experimental 
setup. The swept and bunched? 0.5-Mev deuteron beam 
of the Cockcroft-Walton accelerator strikes a tritium- 
loaded target and produces short bursts of 14-Mev 
neutrons. Some of these neutrons elastically scatter 
from the ring at an angle 6 and are detected in a plastic 
or stilbene scintillator. A 30-inch copper absorber shields 
the detector from the source neutrons. The geometry 
and parameters were varied (see Table I) in an effort 
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Fic. 2. Time spectrum for carbon at a scattering angle of 25°. 
The time scale is 1 mysec per channel, and increasing flight 
time is towards the left. The target-to-detector distance was 
135.5 in., and the detector bias was 3.8 Mev. 


~ 3 Ashby, Harris, Klein, and Nakada, University of California 
Radiation Laboratory Report UCRL-4641, September, 1955 
(unpublished). 
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to check on systematic errors. The angle of scattering, 
6, is varied by moving the ring scatterer with respect 
to the target. This results in a change of the incident 
neutron energy with scattering angle. At @=20°, 
the mean incident neutron energy is 14.7 Mev; at 
90°, 14.1 Mev; and at 140°, 13.6 Mev. For convenience, 
14 Mev is quoted as the nominal neutron energy. 


90 100 0 120 130 140 


The detector biases were set with reference to the 
Compton edges of the 0.5i1- and 1.275-Mev gamma 
rays from a Na™ source. After setting the biases, the 
detector efficiencies were measured at 14.7 Mev by 
sampling direct neutrons at 0°. The energy dependence 
of the efficiencies was measured by scattering from 
polyethylene (n-p differential scattering). The proton 
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Fic. 4. The carbon 
angular distribution 
in the center-of-mass 
system. Solid curve 
is the prediction of 
reference 1. Also 
plotted are the neu- 
tron scattering data 
of Coon et al. (refer- 
ence 8) and the 
proton scattering 
data of Peelle. Where 
applicable, size of 
symbols indicates 
statistics. 
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recoil bias energies associated with the 0.511- and 
1.275-Mev Compton edges were determined to be 
1.7 and 3.8 Mev, respectively. These bias energies are 
in reasonable agreement with those obtained from 
electron-to-proton pulse-height ratios.‘ The measured 
energy dependence agrees well with calculations for 
all bias settings. For a description of the time-of-flight 
electronics and monitoring, the reader is referred to a 
previous paper.® 


RESULTS 


A typical time spectrum for C at 25° is shown in 
Fig. 2. The elastically scattered neutrons are clearly 
separated from the first-level inelastically scattered 
neutrons. The full width at half-maximum of the 
elastically-scattered-neutron peak is about 4 musec, 
which is a measure of the resolution of our time-of- 
flight system. 

After making Monte Carlo corrections for multiple 
scattering, absorption, and angular resolution due to 
finite ring size, the cross sections obtained from the 
different size rings agreed with each other within 
statistics. The final combined results are shown in 
Figs. 3 and 4. The Monte Carlo calculations do not 
correct for finite size of the detector, since a point 
source and detector were assumed for the calculations. 
The residual angular resolution due to detector size is 
less than +1°. 

Upon using a reasonable extrapolation for angles 
less than 20° (see Fig. 5 for Be), the integrated elastic 
cross sections are: Be, 0.94+0.05 barn; C, 0.79+0.05 
barn. Since for the total cross sections o7(Be)=1.51 
+0.03 barns and o7r(C)=1.32+0.03 barns,® this 
implies o,.(Be)=0.57+0.06 barn and one(C)=0.53 
+0.06 barn for the nonelastic cross sections. These 
latter values agree within statistics with the nonelastic 
measurements of Ball, Booth, and MacGregor’: 
One( Be) =0.49+0.02 barn and ¢,.(C) =0.56+0.02 barn. 


DISCUSSION 


The predictions of reference 1 for Be and C are shown 
in Figs. 3 and 4. The shapes and magnitudes are 
predicted correctly, but the minima and maxima 
occur at the wrong places. Possible explanations for 
the poor fits are: 

1. The assumed dependence of r=ry A! may not be 
applicable. 

2. For Be and C at 14 Mev there may be an appre- 
ciable contribution from compound elastic scattering. 

Further calculations are being done by Bjorklund 
and Fernbach in an effort to fit the Be and C angular 
distributions. 

4C. J. Taylor et al., Phys. Rev. 84, 1041 (1951). 

5 Anderson, Gardner, Nakada, and Wong, Phys. Rev. 110, 
160 (1958). 


6 Bratenahl, Peterson, and Stoering, Phys. Rev. 110, 927 (1958). 
7 Ball, Booth, and MacGregor, Phys. Rev. 108, 726 (1957). 
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Fic. 5. A semilog plot of o(@) versus cos@ for Be. The dashed 
portion represents an extrapolation to angles less than 20°. 


The measurements on carbon by Coon et al.® are 
shown plotted on Fig. 4. Our measurements ai the 
forward angles tend to be systematically higher, and 
may be attributed to the fact that the incident-neutron 
energy averages near 14.6 Mev, slightly higher than 
Coon et al.’s value of 14.1 Mev. This explanation is 
plausible since the carbon total cross section is rising 
between 14.1 and 14.6 Mev.’ 

It is also interesting to compare neutron and proton 
scattering data for carbon. In Fig. 4 are plotted the 
proton elastic scattering data of Peelle’ for an incident 
energy of 14.7 Mev. The remarkable agreement over 
most of the angular range indicates that the neutron 
and proton see approximately the same nuclear 
potential. 
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The technique of collision-produced Doppler shift has been used to induce resonant absorption. The 
gamma rays emitted by excited P* from the Si®(p,y)P*! reaction at E,=622 kev have been selectively 
absorbed in phosphorus. Resonant absorption of the 7.90-Mev gamma rays emitted from this level occurs 
at 76.6 degrees with respect to the proton beam direction. Since the experimental absorption curve is broader 
than the previously measured instrumental resolution curve, it has been possible to determine directly the 
total width of the resonance level as 404-7 ev. From the absorption integral, together with this value of 
the total width, the radiation width for transitions to the ground state is found to be 1.52+0.12 ev. A 4* spin 
assignment is made on the basis of the partial widths thus obtained. 





1. INTRODUCTION 


N an earlier article,'! hereafter referred to as I, it 

has been shown to be possible to observe resonant 
absorption of gamma rays from a (f,y) reaction. In 
order to do this, the absorber is placed at the angle 
where the energy loss upon emission and reabsorption 
is equal to the energy gain from the Doppler shift 
caused by the motion of the excited nucleus. Gamma 
rays emitted at other angles are prevented from reaching 
the detector by a lead collimator. The resonant absorp- 
tion in phosphorus of the gamma rays emitted in the 
reaction Si*®(p,y)P*! from the P*! level at -7.90-Mev 
excitation has now been measured by using the same 
technique. 

It has been found previously that the garnma decay 
of this level proceeds preferentially (relative intensity 
94%) to the ground state.?* The isotropic character of 
the radiation determines the spin of the resonance level 
as 3, but its parity has remained in doubt. In the 
present experiment sufficient new information about the 
partial widths of the level has been collected to permit 
the assignment of positive parity to be made with a 
high degree of certainty. 

A description of the measurement follows in Sec. 2, 
and in Sec. 3 the calculations are discussed which lead 
to the determination of the partial widths. In Sec. 4 
the evidence for the assignment of positive parity is 
evaluated. 


2. MEASUREMENT 


The apparatus has been described in I. The collimator 
opening and the beam-defining apertures used in that 
measurement were maintained here, permitting a good 
comparison to be made between the width of the ob- 
served resonant absorption curve and the instrumental 


1 P. B. Smith and P. M. Endt, Phys. Rev. 110, 397 (1958). Note 
added in proof.—Since the preparation of this article, word has 
been received of similar work executed at Argonne National 
Laboratory. See S. S. Hanna and L. Meyer-Schiitzmeister, Bull. 
rn Soc. Ser. II, 2, 377 (1957) and Phys. Rev. 108, 1644 
(1957). 

2 P. M. Endt, Physica 22, 1062 (1956), and A. M. Hoogenboom 
(private communication). 

*Broude, Green, Willmott, and Singh, Physica 22, 1139(A) 
(1956), (private communication). 





resolution curve found in I. A separated Si” target, 
obtained from the Atomic Energy Research Establish- 
ment, Harwell, England, was used, the absorber being 
red phosphorus powder. The absorption curve required 
25 hours of bombardment at an average current of 
25 wa, during which time 30 runs were made over the 
angle of resonance. 

The absorption curve obtained is shown in Fig. 1. 
The slope of the base line is caused by the change in 
area of the target subtended by the collimator as the 
angle is varied. This effect was not present in the experi- 
ment described in I, because there the resonant angle 
of 71.1° was sufficiently close to the 45° angle of the 
target hoider so that the entire target area bombarded 
by protons was always seen by the collimater. Here the 
resonant angle is 76.6°, and very slightly more of the 
target is “visible” to the collimator opening at one 
extreme of the angular range than at the other. The 
expected slope can be calculated if an assumption is 
made concerning the distribution of beam in the target 
spot. Calculation showed that a uniform distribution of 
beam would result in a slope considerably larger than 
that observed, which indicates peaking of the distribu- 
tion toward the center of the target spot. This is in 
agreement with the observation made in I that the 
instrumental width is less than that calculated on the 
assumption of uniform beam distribution. Since the 
detailed shape certainly changes with time, no attempt 
was made to calculate the base-line slope. Instead a 
simple fitting procedure, to be described in the next 
section, was applied. The dotted base line and the solid 
curve in Fig. 1 are discussed in the next section. 


3. RESULTS 
(a) Determination of I, 


In the present measurement. the observed absorption 
curve was wider than the instrumental resolution curve 
measured in I. This circumstance permits the determi- 
nation of I’;. In order to find I’, from an analysis of the 
absorption curve, one must consider the contributions 
of the various influences tending to produce broadening, 
The total width of the level investigated in the work 
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reported in I was only 9 ev, while the instrumental 
resolution curve had a width of 220 ev. Further, under 
reasonable assumptions regarding temperature motion 
in the target and absorber, the expected Doppler 
broadening could not amount to more than 40 ev. 
Since Doppler broadening adds in quadrature to the 
other sources of instrumental width, it could be neg- 
lected. The observed width in that case was therefore 
attributable entirely to geometrical factors, which, as 
mentioned before, have not been altered. Since in the 
present measurement the Doppler broadening is also 
negligible, it may be assumed that the instrumental 
width is the same as that reported in I. The observed 
curve in this case should therefore be the fold of the 
known instrumental curve and an appropriate function 
representing the intrinsic line shape. 

The intrinsic line shape is, in its turn, the fold of two 
portions; the emitted line, and the absorption line. 
The emitted line is of Breit-Wigner shape. The absorp- 
tion line may deviate from this shape if there is appreci- 
able self-absorption, however. The small observed value 
of noo [see part (b) of this section ] indicates (as shown 
in I) that in this case it is legitimate to assume that 
the absorption line shape is also Breit-Wigner and, of 
course, of identical width to that of the emitted line. 
The fold of two identical Breit-Wigner curves is another 
Breit-Wigner curve of twice the width. The problem of 
finding the total width of the resonance level is thus 
reduced to the simple procedure of folding several trial 
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Fic, 1. Resonant absorption of the 7.90-Mev gamma rays from 
P® as a function of angle. Standard counting errors are indicated. 
The arrow shows the centroid of the absorption peak, and the 
indicated angle is that calculated theoretically. The expected 
position of the centroid is at 14.0 turns of the screw. The solid 
curve and the dotted base line are discussed in the text. 
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Fic, 2. The curve of Fig. 1 converted to relative absorption. The 
dotted curve is the instrumental resolution curve. 


Breit-Wigner curves into the known instrumental 
Gaussian until a best fit (using a least-squares criterion) 
is found. The value of I’; is one-half of the width of the 
appropriate Breit-Wigner curve found in this way. 

The fitting procedure mentioned in the preceding 
paragraph is actually comprised of three distinct parts. 
First the tilt of the base line is corrected by determining 
a straight line which passes through the centroid of the 
outer six points of the measured absorption curve. The 
true base line will lie slightly above this line, but the 
slope (especially since it is very small) thus determined 
cannot be much in error. In the second step, folds of the 
instrumental! Gaussian and various Breit-Wigner curves 
are fitted to the measured points. At this stage the 
outer points are not used since they contribute little 
information. As indicated above, the fitting procedure 
minimizes the square of the deviations between theo- 
retical and measured points. As a final step the fold is 
continued to include all measured points, and the base 
line shifted vertically until the position is found giving 
the minimum value of the sum of the square of the 
deviations. By the use of this procedure all points are 
used in obtaining the final curve, and thus optimum 
use is made of the data. 

The procedure outlined above was carried out and 
the resulting curve, corresponding to the fold of the 
instrumental Gaussian and Breit-Wigner curve of 80 ev 
width, is shown in Figs. 1 and 2. As explained above, 
the natural line width is therefore 40 ev. For comparison 
the instrumental curve is also shown (broken-line curve) 
in Fig. 2. The standard error was determined by an 
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Fic. 3. The function F (noo) = nope"? 1 9 (noo/2) +1; (noo/2) J. 
The value of F(noo) found in this measurement is 0.434, corre- 
sponding to noo=0.487. It is seen that there is very little deviation 
from linearity in this region. The significance of this fact is dis- 
cussed in the text [Sec. 3, part (b)]. 


analysis which was based on the variation of the sum 
of the squares of the deviations from the experimental 
points as the trial width was varied, and in which the 
effect of the standard error in the width of the instru- 
mental curve was included. The value of the total 
width adopted is 

T,=40+ 7 ev. 


(b) Determination of I+ 


It was shown in Sec. 2 of I that the value of the 
absorption integral is related to T'; and Iyo, the total 
width and the ground-state radiation width of the reso- 
nance level, respectively, by 


. T;, / da 
A= { A(a)da=—x(—) F (noo), (1) 
2 \dE,/, 


where A (qa) is the measured (resonant) absorption as a 
function of angle, (da/dE,), is the reciprocal of the 
rate of change of gamma-ray energy with angle (evalu- 
ated at the anyle of resonance), F(moo) is given by 
nae"! To(o/2)+1,(noo/2)] (see I for notation), 


and 
dM sT v0 
«-e-(—). (2) 
2x T; 


The statistical factor g is defined as (2/,+1)/(2/,+1), 
where J, and J, are the spins of the excited state and 
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the ground state, respectively. The factor m is the 
number of absorber atoms per unit area. 

With I’, and the absorption integral known, the value 
of F (noo) can be calculated from Eq. (1). The value of 
no is then taken from a graph of the function F (na), 
and I'y9 found from Eq. (2). A plot of F(noo) for the 
range of values of C relevant to this measurement is 
given in Fig. 3. 

As has been shown in part (a) of this section, I', was 
determined to be 40 ev. The value of (da/dE,), is 
6.37X10~* degree/ev. The absorption integral can be 
determined from Fig. 2. A correction of 8% must be 
added to the result to account for the wing area beyond 
the measured region. This correction is calculated on 
the assumption that the curve is of Breit-Wigner form 
in the wings.‘ The final result for the absorption integral, 
including the correction, is 0.174°. With this informa- 
tion, Eq. (1) yields 0.434 for F (noo), and from Fig. 3 
the value of noo is then found to be 0.487. As mentioned 
in Sec. 1 (above), the spin of the excited state is known 
to be 3, and since the ground state also has spin 3, g is 
equal to unity. By use of Eq. (2), I'yo is then calculated ° 
to be 1.53 ev. A correction of about 3% must be applied 
to the final result due to the effect of temperature 
motion of the absorbing nuclei. This reduces the value 
of I'yo to 1.52 ev. The error associated with Ivo is 
almost entirely determined by the statistical accuracy 
of the absorption integral, because the relatively small 
value of no» (0.49) makes the absorption integral 
almost independent of I';. This can be understood 
by noting that in Eq. (1) the factor I’; is cancelled 
by the factor [';-' in oo, and that the expression 
e~ "0/0 Ty(noo/2)+11(noo/2)] is almost equal to unity 
for noo<1. Thus Aq is almost proportional to I'yo and 
independent (within limits) of I';. The relative errors of 
I'yo and A, are therefore essentially equal. The standard 
error in the determination of the absorption integral is 
8%, the final result for the ground-state radiation 
width being ; 

I'yo= 1.5240.12 ev. 


4. CONCLUSIONS 


The quantity (2J,4+-0)0,7,/TE&(2,4+ Dl wl ,/T: 
(see Sec. 1) for the 7.90-Mev level in P*! has been 
measured by Hoogenboom,’ and by Broude et al.’ The 
results of these measurements are (2.60+0.28) ev and 
1.92 ev, respectively. Since in the present measure- 
ment it has been shown that [>>I'yo (and therefore 
P'yol',/[' ET vo), and since J, is 3, the corresponding 
values of I'yo are 1.30+0.14 and 0.96 ev. The agreement 
is satisfactory between the present value of 1.52+0.12 
ev and the first of these. No error has been stated for 
the second value, and in this light the disagreement is 
not serious. No other measurement of ',=I’; has been 
reported. 


4 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 
(1953). 

















RESONANT ABSORPTION 

If the level in question had negative parity, it would 
be formed by p capture and would de-excite to the 
ground state by £1 radiation. If its parity were positive, 
it would be formed by s capture and de-excite to the 
ground state by (pure) M1 radiation. It is feasible to 
make estimates of the expected proton and radiation 
widths for both possibilities, and the results of both of 
these estimates are favorable to an assignment of 
positive parity. 

In the case of I’,, the expected value is 

Pp= (2k/rK) wD, 

where the nomenclature adopted is given in I. A }~ 
assignment to the resonance level would require a value 
of 11 Mev for D. A 4* assignment on the other hand 
would give D=2.6 Mev. In a recent compilation of 
proton widths by C. van der Leun, of this laboratory, 
an average value of D equal to 2 Mev was found for 
6 levels in this region of the periodic table. The value of 
2.6 Mev corresponding to a }* assignment is closer to 
the average than that corresponding to a }~ assignment. 
This argument is not considered to be conclusive, but 
does render the + value the most probable. 

Our measured value of I'y9 also points to a 4* assign- 
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ment. According to the latest estimate of Wilkinson,° 
based on a study of dipole radiation widths for A < 20, 
widths of 16 ev and 1.1 ev would be expected for £1 
and M1 transitions of this energy, respectively. The 
latter, corresponding to a $+ assignment, is seen to be 
in agreement with all measured values. 

On the basis of the above discussion it is felt to be 
reasonably certain that the level in question is of spin 
and parity 4*. 
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Cosmic-Ray Modulation by Solar Wind* 


E. N. PARKER 
Enr:co Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinois 
(Received February 19, 1958) 


It is shown that the hydrodynamic outflow of gas from the sun observed by Biermann results in a reduction 
of the cosmic-ray intensity in the inner solar system during the years of solar activity. The computed 
cosmic-ray energy spectrum so closely resembles the observed spectrum at earth that we suggest the outflow 
of gas to be the explanation for the 11-year variation of the cosmic-ray intensity. 

It is also suggested that perhaps the Forbush-type decrease, which is a local geocentric phenomenon, 
is the result of disordering of the outer geomagnetic field by the outflowing gas from the sun. 


I. INTRODUCTION 


N a recent paper’ it was shown that the hydro- 
dynamic flow’ of gas outward in all directions from 
the sun, as observed by Biermann,’ stretches out the 
magnetic lines of force of the solar magnetic fields, and 
leads to an essentially radial magnetic field in the inner 
solar system; the field density at the point (1,0,¢), well 
removed from the sun is 


B(r,0,6)=B(a,0,6) (a/r)?, 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 

1 E. N. Parker, Phys. Rev. 109, 1874 (1958). 

2 E. N. Parker, Astrophys. J. (to be published). 

3. Biermann, Z. Astrophys. 29, 274 (1951); Z. Naturforsch. 
7a, 127 (1952); Observatory 107, 109 (1957). 


where a is the radius (710° km) of the sun, r is 
distance from the center of the sun, and @ and ¢ are 
the usual polar and azimuthal angles. A field density 
of 1 gauss at the sun‘ yields about 2X10~° gauss at 
the orbit of earth (r=1.5X 108 km). 

The high velocity (500-1500 km/sec) and low density 
(~500 ions/cm*) of this outward streaming gas, the 
solar wind, leads to anisotropic thermal motions as a 
consequence of the anisotropic expansion. And it was 
pointed out! that when the gas pressure in the direction 
parallel to the magnetic field exceeded the pressure 
perpendicular by an amount Ap which was greater 
than B*/4x, the dynamical equations® for the plasma 
predict instability of the magnetic field to transverse 


4H. W. Babcock and H. D. Babcock, Astrophys. J. 121, 349 
(1955). * 
6B. N. Parker, Phys. Rev. 107, 924 (1957). 
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perturbations. It was estimated that the instability 
should set in somewhere in the vicinity of the orbit of 
earth, thereby leading us to the conclusion that the 
inner solar system is surrounded by a thick shell of 
disordered magnetic field of perhaps 2 10~® gauss. 

The existence of an enclosing shell of disordered field 
of ~10~* gauss had been inferred earlier from consider- 
ations® of the decay of the cosmic-ray intensity from 
the solar flare of February 22, 1956, which suggested 
that the shell had (at that time) a thickness of about 
4 astronomical units, and extended from about the 
orbit of Mars to the orbit of Jupiter. 

Such a heliocentric shell of disordered field will, in 
the presence of the 500-1500 km/sec solar wind, have 
significant effects on the cosmic-ray intensity in the 
inner solar system.’ Each irregularity of the magnetic 
field in the disordered shell is carried outward in the 
solar wind. The cosmic rays will tend to be swept ahead 
of the field fluctuations. Equilibrium is reached when 
the rate at which cosmic rays can diffuse in through the 
shell is equal to the rate at which they are removed by 
convection. Hence the cosmic-ray intensity inside the 
shell is less than outside. 

In addition to this heliocentric reduction of the 
cosmic-ray intensity there may be a further effect of 
the solar wind on the cosmic-ray intensity. Polar 
magnetic stations show that the magnetic lines of force 
extending beyond about 6 earth’s radii (those lines of 
force which come down within about 25° of the mag- 
netic pole) are continually agitated by the solar wind. 
And we may infer from this that the lines of force are 
always slightly disordered beyond 6 radii; and when the 
solar wind is high, the disordering is probably sub- 
stantial. Such disordering of the outer geomagnetic 
field affects the entrance of cosmic rays, and thereby 
causes an observer on the surface of earth to see a 
geocentric change in intensity. 


II. HELIOCENTRIC MODULATION 


It has been pointed out elsewhere! that we can expect 
disordering of the magnetic field in the heliocentric 
shell with scales up to a maximum of about /=2X 10° 
km; the proportionately slower growth of larger scales 
does not allow their full development in the time 
available. 

The radius of curvature P(n) of a cosmic-ray particle 
with rest energy Mc? and kinetic energy 7M is 


P(n)=Mc[n(n+2) }'/ZeB. (1) 


Hence the path of a 1-Bev proton in the shell field of 
~2X10~* gauss has a radius of curvature of about 
2.6X10® km, which we note is larger than the scale / 
of the disordering of the field in the heliocentric shell. 
Thus upon passing through the shell, a cosmic-ray 
proton undergoes a large number of random angular 
deflections of the order of //P(n). The largest deflection 


® Meyer, Parker, and Simpson, Phys. Rev. 104, 768 (1956). 
7E. N. Parker, Phys. Rev. 103, 1518 (1956). 
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expected for a 1-Bev proton is, accordingly, of the 
order of 2/2.6 radians or about 45°; the smaller-scale 
(<2X10® km) magnetic irregularities, and higher- 
energy particles, will result in smaller deflections. But 
the cumulative effect of m small angular deflections //P 


is 
O(n)=n'l/P(n). 


Therefore, if we define a collision to be a total deflection 
of ©(n)=2/2, then the mean free path is 


L(n) =? P?()/4l (2) 
for a particle with energy 7. 

Elementary kinetic theory tells us that the coefficient 
of diffusion of particles with a velocity w and mean 
free path L is 

x(n)=4w(n)L(m) cm?/sec 
m / Mc* aes 
12\zeB1/ (n+1) — 
If the diffusing medium (the magnetic irregularities) 


has a general motion v, the diffusive and convective 
transport equation is’ 


dj(n)/dt=—V-(vj(n)J+V-[x(n)Vi(n)] (4) 


for the density j(n) of cosmic-ray particles with energy 
n 





(3) 


Supposing that the disordered shell extends uni- 
formly, and with spherical symmetry, from a solar 
distance r=r, out to r=r2, we have upon integration 
of (4) that the steady-state cosmic-ray density jo(7) 
inside the shell is related to the galactic density 7,.(n) 


outside by 
120(r2—1)1Z*e? B? (n +1) 


™M*c[n(n+2) }! 


If we suppose that we have the typical values 
mentioned above, =2X10*°, B=2X10~* gauss, r2—1 
= 4 astronomical units (6X 10" cm), and »= 10* km/sec, 
then we have 


jo(n) = jo(n) exp{ —2.16(n+1)/[n(n+2)}!} (6) 
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Fic. 2. The solid curves represent the obsérved primary cosmic- 
ray differential energy spectrum during the 1954 period of mini- 
mum solar activity and during the years of maximum activity; 
the curve 0.8/(3+-n?5) below 1.2 Bev is a qualitative represen- 
tation of the low-energy observations; the vertical arrow.indicates 
the energy at which the spectrum was observed to drop off 
rapidly during solar activity. The broken line is the spectrum 
which results from the solar wind in the heliocentric shell. 


for protons. jo(n)/j.(n) is plotted in Fig. 1. Note that 
the result is a depression of the cosmic-ray spectrum 
at all energies; but particularly at ow energies, where 
a sharp cutoff occurs. The mean particle energy inside 
the shell is increased as a consequence of the decreased 
intensity ; the low-energy cosmic-ray particles are kept 
out of the inner solar system by the solar wind in the 
heliocentric shell. 

But note that this is just the sort of depression of 
the cosmic-ray intensity that one observes during the 
11-year cycle of solar activity. When solar activity is 
at a minimum (as it was in 1954), the differentia! 
energy spectrum of the primary cosmic rays is observed® 
to be approximately of the form j(n) «4~", with n=2.7 
above about 2 Bev/nucleon; below 2 Bev/nucleon n 
has a somewhat smaller value, but there is no indication® 
that j() reaches a maximum before zero energy. 

On the other hand, with the reappearance of solar 
activity following the minimum, the cosmic-ray in- 
tensity begins to decrease. Meyer and Simpson® have 
shown that the cosmic-ray intensity at 2 Bev was 
depressed by 50% during 1948 when the sun was fairly 
active. Meredith, Van Allen, and Gottlieb’ found no 
evidence for particles below about 1 Bev/nucleon in 
1952 (the sun was still active), indicating a rather sharp 
low-energy cutoff. The depression of the cosmic-ray 
intensity during the years of solar activity is obviously 
due to the disappearance of the low-energy particles 
from the spectrum, as is shown directly by the shift of 


8 P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 
9H. V. Neher, Phys. Rev. 103, 228 (1956); 107, 588 (1957). 
10 Meredith, Van Allen, and Gottlieb, Phys. Rev. 99, 198 (1955). 
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the latitude knee toward the equator; the mean energy 
of the particles observed at earth increases with 
decreasing cosmic-ray intensity. 

We exhibit the observed cosmic-ray differential 
energy spectrum in Fig. 2 during the years of minimum 
and maximum solar activity. We have used the data 
of Meyer and Simpson* above 1.2 Bev for the solar 
minimum of 1954 and for the preceding solar maximum. 
We have included, in a qualitative way, Neher’s 
observation’ of the high abundance of low-energy 
particles during the solar minimum of 1954 by supposing 
that the spectrum is something like 0.8/(3+7°*) 
particles per sec per cm? per steradian below 1.2 Bev. 
The vertical arrow at 0.9 Bev represents the energy 
below which Van Allen et al.,!° found a rapidly diminish- 
ing particle density during solar maximum. 

Now, suppose that during the solar minimum of 1954 
the solar wind was so low that the observed spectrum 
was very nearly the galactic cosmic-ray spectrum 
(always to be found outside the solar system). Then it 
follows that if we should multiply the 1954 spectrum 
by the expected depression factor jo(n)/j.(n) given in 
(6), we would obtain some rough idea of what spectrum 
we might expect to observe in the inner solar system 
during the years of solar activity, at least so far.as the 
effects of the heliocentric shell are concerned. The 
broken line in Fig. 2 represents this expected spectrum ; 
it agrees in its general characteristics with the observed 
spectrum during solar activity. The difference between 
the observed spectrum and the spectrum produced by 
the solar wind is so slight that we conclude the 11-year 
cosmic-ray variation to be principally the result of the 
solar wind in the heliocentric shell of disordered 
magnetic field. 


III. GEOCENTRIC MODULATION 


It has been pointed out elsewhere’ that the onset of 
a Forbush-type decrease in the observed cosmic-ray 
intensity is sometimes so abrupt and geographically 
irregular that it must be a local geocentric effect." 
We do not propose here to establish a final model for 
bringing about a geocentric depression of the cosmic-ray 
intensity. But we shall point out at least one of the 
more obvious possibilities for its occurrence. Then 
perhaps when we understand the dynamical interaction 
of the solar wind with earth in a little more detail, 
we shall be able to draw a more complete picture. 

It was mentioned earlier that magnetic observing 
stations within about 25° of the geomagnetic poles 
observe a continued agitation of the field, which is 
evidently caused by the agitation of the outer regions 
of the geomagnetic field by the solar wind. A latitude 

1! Though, in view of the solar wind and radial solar field, we 
can no longer seriously entertain the suggestion made at that 
time’ that the Forbush decrease is the result of terrestrial gravi- 
tational capture of passing interplanetary gas clouds containing 
disordered magnetic fields. Nor can we suppose any longer that 


the 11-year cycle is simply an accumulation of Forbush decreases 
during the years of solar activity. 
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of 65° (25° from the pole) corresponds to magnetic 
lines of force which extend outward to about 6 earth’s 
radii, indicating the nearness of approach of the 
disturbing solar wind. 

Suppose that the solar wind can perturb the geo- 
magnetic field to within a radial distance R=R, at 
which point the magnetic energy density is equal to 
the kinetic energy density }NMv* of the solar wind. 
Then in the equatorial plane 


R,=b(Be/4eNMe*)"®, (7) 


where 6 is the radius of earth (6.4X10° cm) and By is 
the horizontal component (about 0.4 gauss) of the 
geomagnetic field at the equator. Even on the quietest 
days, when N10? ions/cm* and »500 km/sec, we 
have R,=5.6b, in agreement with the magnetic obser- 
vations. And when the solar wind is high, with V10° 
ions/cm’ and +1500 km/sec, we have R;= 1.24. 

Thus the geomagnetic field can be penetrated to a 
considerable depth by tongues of ionized gas from the 
solar wind, and we conclude that there is no reason to 
believe that beyond R;, the field bears any resemblance 
to a dipole: Besides being disordered, the outer field 
may be stretched out like smoke from a chimney in a 
high wind, 

We expect that such disordering will affect the 
entrance of cosmic-ray particles to earth. Unfortunately, 
we do not have even a qualitative notion of the nature 
of the disordering ; and it follows that we cannot deduce 
the quantitative effect on the cosmic-ray intensity. 

However, we need a point of departure for future 
interpretation of the observational data and for theo- 
retical investigation. Therefore, with the understanding 
that our results need not bear any significant relation 
to the actual case, consider entrance of cosmic-ray 
particles to the surface of earth at the geomagnetic 
pole with the assumption that beyond some distance 
R= R, (R-» is not necessarily equal to R;) the geomag- 
netic field is completely disordered, and that inside R» 
the field is the conventional dipole. 

We shall restrict ourselves to particles (protons) 
with energies rather less than 10 Bev so that we may 
use the adiabatic invariant 


sin’@/B=constant, (8) 


where @ is the angle of pitch, viz. the angle between the 
particle velocity w and the magnetic field, of density B. 

It follows from (8) that a particle which has an angle 
of pitch @ where the field density is B cannot penetrate 
to where the field density is in excess of B/sin*#. Thus 
a cosmic-ray particle starting far out in the geomagnetic 
field, where B is small, must have an exceedingly small 
angle of pitch if it is to reach the surface of earth at 
R=b. The angle of pitch at R= R2 must not exceed @,, 
where 


sind,= (b/R»)!. (9) 


PARKER 


We shall let f(n,0,z)d6dn represent the number of 
cosmic-ray particles per unit volume, a distance z 
beyond R, in the disordered magnetic field, and which 
have energies in (n, »+dn) and velocity w lying in the 
angular interval (6, 6+d6) from the radial or z direction. 
We shall suppose that the disordered field stretches 
uniformly from R= R;, (at which point we put z=0) to 
R=R2+a (where z=a). Then if a is rather less than 
R, we have essentially a one-dimensional diffusion of 
cosmic rays from z= <a into the undistorted geomagnetic 
field beginning at z=<a. 

We represent the diffusion coefficient by x(n) and 
suppose that on the average a particle of energy 7 is 
isotropically scattered after a mean life r(n). It follows 
that 











8 f(n,9,2) A f(n,8,2) — f(n,8,2) 
=«(n) a 
at a2? t(n) 
— fa f( ). (10) 
uf (,u,z). 
2r(n) 0 


We seek steady-state solutions of (10) subject to the 
boundary conditions that: (a) at the outer surface z=a@ 
of the disordered field, f(,9,2) is just equal to the 
isotropic cosmic-ray distribution to be found throughout 
the inner solar system 


f(,9,a) =} jo(n) sind ; (11) 


(b) the particles at z=0 with 6>48, are reflected by the 
increasing geomagnetic field back into the disordered 
field so that there is no net flux of particles across z=0, 
and hence at z=0 


x(n) Of(n,0,2)/d2=0 


for @>6.; (c) the particles at z=0 with 06<@. move 
freely into earth where they are absorbed, with the 
result that the flux at z=0 is 


«()0f (,0,2) /Az=w(n) f(n,9,2) 


(12) 


(13) 


for 0<6.. We have represented the particle velocity by 
w(n). 

The reader will readily verify that the steady-state 
solution of (10) which satisfies the boundary conditions 
(11), (12), and (13), is 


z—a a 
f(n,9,2) =4jo(n) sn +d cos——(1—cos6,) 


h(n) h(n) 
2—2a 
+4q(n,9) sinh“, (14) 
h(n) 
where 
h?(n) =x(n)r(n), (15) 
C=w(n)/x(n)Q(n,8.), (16) 
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h(n) x(n) x(n) h(n) o.8F oe ; 
S 
1 a I 4 
+-— cosh- -|(1+cose)], (17) ca y, 
h(n) h(n) 
and om 4 
—(1—cos@) if 0>86, 
q(n,) aes | 3 (18) 0.2 
+(1+cosé) if 0<6,. 
Since @, is small, it follows that the particle density oe eee 
Energy 4 


in <6, at z=0, which makes up the cosmic-ray flux 
observed at earth, is reduced from the usual 3 7o(n) sin@ 
to 


F(n,9,0)=4 jo(n) snd 1 


[w(m)/«(n) | sinhla/h(n) ] 


[w(n)/x(n)] sinh[a/h(n) }+-[1/h(n)] coshCa/h(n) ] 
+07(8.) }. 


Now if we suppose, after the manner of elementary 
kinetic theory, that the diffusion coefficient x(n) is 
related to the mean free path, L(n)=w/(n)r(n) by the 
expression 

x(n) =4L(n)w(n), 


then it follows that 3h?(n)=L?(n) and w(n)/x(n) 


=3/L(n). Hence 


f(,9,0) 
4 jo(n) sind{1—[1+3- coth(a3!/L(n)) }+0°(6,)}. 


Since we are interested in cases where /(n,0,0) is ° 


only 10 or 20% less than 4 jo(m) sin@,” it follows that 
a/L(n)1 and 


f(,9,0)S=4 jo(n) sindL (n)/[3a+L(n) }. 


If we suppose that the field beyond R, is disordered on 
on a scale which is small compared to the radius of 
curvature of the trajectory of a particle in the field, 
then L(n) is given by (2), and 


] 1217’ B? 7 
f(8,0)22 jo(n) snd ‘tema isaonnd | (19) 
1’ M°c'n(n+2) 


On the other hand, if the scale of the disordering is not 


12 Note that in the limit of an infinitely thick and dense dis- 
ordered field [a/L(y)>>1], we have f(n,0,0)=37o(n) sin6/(1+3), 
which is a reduction to 0.37 of the density in the absence of 
disordered field. 


Fic. 3. The geocentric depression f(n,6,0)/[47o(n) siné] of the 
cosmic-ray intensity at the magnetic poles by the disordering of 
the outer geomagnetic field by the solar wind. Equation (19) 
assumes that the disordering is on a small scale, and Eq. (20) on 
a large scale. The spectrum of the heliocentric depression jo(n)/ 
j«(n) is plotted for comparison. 


small compared to the radius of curvature, we have 
L(n)=P(n), and 


3aZeB ‘Ge 
f(,8,0)=3 jo(n) sin 1+ — nen, - (20) 
Mc*(n(n+2) }t5 

The reduction, given in (19) and (20), of the cosmic- 
ray intensity observed at earth, f(n,0,0)/3jo(n) sin@, is 
shown in Fig. 3 for the case in which the intensity is 
depressed by 10% at 10 Bev. The form of the helio- 
centric reduction jo(n)/j.(n) is also shown for purposes 
of comparison. Note how much flatter is the spectrum 
of the depression by the geomagnetic disordering, 
particularly (20). 

We do not have any notion as to the expected scale 
of the small irregularities assumed in (19), so we cannot 
evaluate the consequences of our assumed 10% reduc- 
tion. Suppose, however, that the thickness of the region 
of disordered field is a503X10* km. Then a 10% 
reduction of the incoming 10-Bev proton intensity is 
achieved in (20) if Rx 10d (6.4X10* km), where the 
geomagnetic field density is 4X 10~* gauss. This seems 
a modest requirement inasmuch as we have estimated 
that the solar wind can readily push to R&6b (4x 104 
km). Consequently, we suggest that it may be the 
disordering of the outer geomagnetic field by an 
enhanced solar wind which is responsible for the onset 
of a Forbush decrease. 

Unfortunately, we cannot treat the expected decrease 
of cosmic-ray intensity near the equator as we have 
done at the poles, without having a more detailed 
picture of the disordering. Therefore we cannot at the 
present predict how the Forbush decrease should vary 
with geomagnetic latitude. 
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The proof of the connection between spin and statistics for interacting fields is divided into two parts: 
commutation relations involving components of a single field, and commutation relations between different 
fields. The first problem is treated in this paper: the connection between spin and statistics is shown to 
follow from a few simple postulates. The explicit discussion is limited to the cases of spin zero and of 


spin one-half. 





1. INTRODUCTION 


HE theorem on the connection between spin and 

statistics states that particles with integral spin 
obey. Bose statistics and particles with half-integral 
spin obey Fermi statistics. Fields corresponding to 
particles of integral spin are to be quantized with minus 
commutation relations whereas plus commutation 
(anticommutation) relations have to be employed in 
the quantization of fields with half-integral spin. The 
connection between spin and statistics was proved by 
Pauli’ for noninteracting fields on the basis of a few 
simple postulates.’ In the presence of interaction the 
theorem splits into two parts: 

Commutation relations between two operators of the 
same field—Minus commutation relations for fields of 
integral spin (Bose fields), plus commutation relations 
for fields of half-integral spin (Fermi fields). 

Commutation relations between different fields.—Minus 
commutation relations between different Bose fields 
and between one Bose and one Fermi field, plus com- 
mutation relations between different Fermi fields. We 
shall refer to this choice of commutation relations 
between different fields as the “normal case.” 

There is a close relation between the TCP theorem’ 
and the connection between spin and statistics. The 
derivations and discussions by Liiders, Bell, and Pauli 
use, among other postulates, the usual connection 
between spin and statistics; the commutation relations 
of a field with itself are taken for granted, those be- 
tween different fields are explicitly postulated.‘ On the 
other hand, Schwinger® postulated the TCP theorem 





1W. Pauli, Phys. Rev. 58, 716 (1940). 

2 The postulates will be listed at the places where they are 
needed for our own analysis of the problem. 

5G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954) and Ann. phys. 2, 1 (1957); J. S. Bell, Proc. 
Roy. Soc. (London) A231, 79 (1955); W. Pauli, in Niels Bohr and 
the Development of Physics, edited by W. Pauli (McGraw-Hill 
Book Company, Inc., New York, and Pergamon Press, Inc., 
London, 1955). 

‘Actually only anticommutativity of different spinor fields 
was postulated. Apparently none of the authors was at that time 
aware of the fact that an equally nontrivial problem is given by 
the commutation relations between two Bose fields or one Bose 
and one Fermi field. A discussion of this point is given at the end 
of this section. 


5 J. Schwinger, Phys. Rev. 82, 914 (1951); 91, 713 (1953). 


(or actually the validity of TC and P separately) and 
inferred the connection between spin and statistics. 
Earlier work by Belinfante and Pauli® had shown that 
the connection between spin and statistics can be 
deduced for charged fields if one postulates invariance 
under C for their interaction with the electromagnetic 
field; this interaction is in any case invariant under T 
and P. The recent very satisfactory proof of the TCP 
theorem by Jost’ still has to use the usual connection 
between spin and statistics; the commutation character 
not only of a field with itself but also that between 
different fields has to be assumed. 

This situation is rather unsatisfactory; the theorem 
of the connection between spin and statistics and the 
TCP theorem support each other mutually but no 
independent proof of either of these theorems has been 
given. It is not clear whether Pauli’s arguments! do not 
lose their strength when interactions are present (and 
this is, of course, the only case when the TCP theorem 
is a nontrivial statement). In the present paper a new 
derivation of the connection between spin and statistics 
for operators of the same field will be given. The proof 
is valid in the presence of interactions and does not 
postulate the TCP theorem or an equivalent of it. We 
analyze fields which either are Hermitian or, if they 
are non-Hermitian, admit a gauge transformation of 
the first kind: 


g(x) o(x)e, g*(x)¢* (xe; (1) 


similarly for spinor fields, etc. This gauge transforma- 
tion may, of course, involve simultaneously several 
fields. The operator which generates it may represent 
the electric charge or other conserved quantities like 
baryon number, strangeness (in strong and electro- 
magnetic interactions), or lepton charge (if this 
quantity is conserved). We believe that two Hermitian 
fields can be reasonably combined into a single non- 
Hermitian field only under the assumption of some 
such gauge invariance.* Otherwise such a combination 





°F. J. Belinfante, Physica 6, 870 (1939); W. Pauli and F. J. 
Belinfante, Physica 7, 177 (1940). 

TR. Jost, Helv. Phys. Acta 30, 409 (1957). 

5 To derive the equality of masses (and lifetimes) of particles 
and antiparticles from C invariance or from the TCP theorem 
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is artificial and one actually has two different Hermitian 
fields. 

The derivation will be given for spin zero and one- 
half. The extension to spin one is evident. Higher spins 
will not be treated. The postulates on which the deriva- 
tion is based will be given at those places where they 
are needed for the proof. Formal! complications arise in 
the presence of a quantized electromagnetic field. 
Special care is needed to apply our arguments to that 
case; the discussion will not be given here. 

No detailed analysis appears to have been given so 
far of the problem of the commutation relations 
between different fields. It has been known for some 
time that the above-specified normal case is not always 
the only possible one; interactions can be constructed 
for which the character of the commutation relations 
between different fields is to a certain extent arbitrary. 
A trivial example is that of noninteracting fields; non- 
trivial cases have been given by various authors.’ The 
problem will be discussed in general in a forthcoming 
paper by one of the authors (G, L.), under the assump- 
tion that the theory is specified by a local interaction 
and that the resulting differential equations are also 
local. Here we shall only summarize his results. It can 
first be shown that the above-mentioned normal case 
provides a possible choice of commutation relations. 
In the presence of a certain invariance property of the 
theory, however, other choices are also possible. They 
can all be obtained from the normal case by means of 
one or more generalized Klein transformations." This 
freedom in the choice of the commutation relations 
can be shown not to affect the validity of the TCP 
theorem. It is in fact possible to satisfy this theorem 
in all cases by a simple redefinition of the TCP 
transformation." 


2. HERMITIAN SPIN-ZERO FIELD 


Let ¢(x) be a Hermitian spin-zero field in the 
Heisenberg representation. 


We first postulate: 


I. The theory is invariant with respect to the proper 
inhomogeneous Lorentz group (which includes 
four-dimensional translations but does not 
contain any reflections). 


It follows that the expectation value (¢(x) ¢(y))o with 
respect to the physical vacuum is an invariant function 





one also has to postulate the existence of gauge invariance, i.e., of 
a generalized charge operator. This requirement is, however, 
usually not stated explicitly. 

*K. Nishijima, Progr. Theoret. Phys. Japan 5, 187 (1950); 
S. Oneda and H. Umezawa, Progr. Theoret. Phys. Japan 9, 685 
(1953); T. Kinoshita, Phys. Rev. 96, 199 (1954); Umezawa, 
Podolanski, and Oneda, Proc. Phys. Soc. (London) A68, 503 
(1955); R. Spitzer, Phys. Rev. 105, 1919 (1957). 

(Q. Klein, J. phys. 9, 1 (1938). , 

1 The above results throw some light on questions raised in a 
recent paper by T. Kinoshita and A. Sirlin [Phys. Rev. 108, 844 
(1957), footnote 22]. 
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of the difference four-vector 


§,=Xp— Vo. (2) 


(9(x) o(y) o=/(&), (3) 


where f(£), for spacelike ¢, depends only upon the 
invariant £,¢, but for timelike — depends also upon 
whether this vector points into the future or past light 
cone.!? Use is made of the special consequence of 
Postulate I that the physical vacuum is a Lorentz- 
invariant (and nondegenerate) state. One concludes 
from Eq. (3) that 


([e(x),¢(y)])o=0 (& spacelike). (4) 


We now postulate: 


One then has 


II. Two operators of the same field at points separated 
by a spacelike interval either commute or anti- 
commute (Locality) ¥ 


Relying upon this postulate, we do not discuss the 
problem as to whether quite different types of relations 
between field operators might be possible. We therefore 
have only to show that the assumption 


({¢(x),¢(y)})o=0 (€ spacelike) (5) 


leads to contradictions with postulates which shall be 
given later. From Eqs. (4) and (5) one concludes that 


. (g(x) ¢(y))s=0 (€ spacelike). (6) 
If further one postulates: 
IIT, The vacuum is the state of lowest energy, 


one finds by the method of analytic continuation as 
used by Hall and Wightman” that Eq. (6) holds, not 
only for & spacelike but for all &. We assume as usual that 


IV. The metric of the Hilbert space is positive definite. 
This postulate allows one to conclude from Eq. (6) that 
o(x)Q2=0, (7) 

where Q is the physical vacuum. We finally postulate : 
V. The vacuum is not identically annihilated by a field. 


Since Eq. (7) is in contradiction with this postulate, the 
assumption (5) is untenable. 

Postulate V is probably less familiar than the others 
and may require a word of explanation. If the field 
¢(x) represents a stable particle, so that incoming and 
outgoing fields can be associated with g(x), Eq. (7) 
certainly cannot hold since there are known to exist 


2 More — expressions for f(t) under the additional 
assumption of Postulate III were given by G. Killén, Helv. Phys. 
Acta 25, 417 (1952); H. Lehmann, Nuovo cimento 11, 342 
(1954) ; M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954). 

18 We do not wish to formulate at this point the much weaker 
requirement of locality which is needed in Jost’s proof of the 
TCP theorem. 

4D). Hall and A. S. Wightman, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 31, No. 5 (1957). 
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nonvanishing matrix elements of g(x) between the 
vacuum and the one-particle states. But even in a more 
general case it seems unlikely that a Hilbert space can 
be constructed if Postulate V is not satisfied. 

The whole analysis holds in particular in the absence 
of interactions, the case originally studied by Pauli’. 
His deduction rests, for integral spin, on Postulate I 
and Postulate II. Postulate IV is tacitly assumed; the 
role of this postulate was studied later by the same 
author.!® Postulate V is evident for free fields because 
of the well-known procedure of constructing the 
Hilbert space in this case. Postulate III, on the other 
hand, does not seem to play any role in Pauli’s proof 
for the case of integral spin. 


3. HERMITIAN SPIN ONE-HALF FIELD 
Let the spin one-half field Y.(x) be Hermitian, or 


rather be a Majorana field, 


Va(x)=Wa(x)Cpa, (8) 


where C is the 4-by-4 charge conjugation matrix.’® We 
shall analyze the vacuum expectation value 


Wa" (x)Wa(y) o= Cas s38(Wa(x)Wa(y) do. ~ (9) 


This expression has the properties of positive definite- 
ness which will be needed below. In the following, we 
write 


Cas¥ 438= Nas- (10) 
The matrix 7 is symmetric: 
Nas=NBa- (11) 


Since expression (9) is the fourth component of a four- 
vector, it follows from Postulate I that 


* nas Wa(x)ba(y) o= Exg(E), (12) 


where g(é) is an invariant function of the difference 
vector ¢. Making use also of Eq. (11), one sees that 


nas({Wa(x) Wa(y)})o=O (E spacelike). (13) 


Because of Postulate II we have only to show that the 
assumption 


nas((Wa(x),Wa(y)])o=O0 (€ spacelike) 


leads to contradictions with the other postulates. In 
analogy to Eq. (6), one finds that in this case 


nasWa(x)We(y))o=O (€ spacelike). (15) 


From Postulate ITT it follows that Eq. (15) holds with- 
out restriction on ¢. Remembering (9), one finds, from 


(14) 


18 W’. Pauli, Progr. Theoret. Phys. Japan 5, 526 (1950). Our 
assumption that ¢(x) is a Hermitian field does, of course, not 
imply Postulate IV. If use were made of a nonpositive-definite 
scalar product, Hermiticity would be defined with respect to 
this scalar product (self-adjointness in Pauli’s terminology). 

16 Various definitions of this matrix occur in the literature. We 
use the one given by W. Pauli in reference 3. Summation over 
repeated spinor indices is to be understood in our formulas. 
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Postulate IV, that 


Va(x)Q=0, (16) 


which is in contradiction with Postulate V. 

The case of no interaction is again a specialization. 
Whereas our analysis proceeds along parallel lines for 
spin zero and spin one-half, Pauli’s proof proceeds 
rather differently in the two cases. For half-integral 
spin his deduction rests very heavily on Postulate ITI. 
In our own analysis, on the other hand, this postulate 
does not play a more important role here than it did in 
the case of integral spin. It should also be pointed out 
that Pauli’s argument requires a modification in the 
case of Majorana fields, since the c-number expression 
for the energy vanishes identically in that case. 


4. NON-HERMITIAN FIELDS 


As explained in the Introduction, we regard non- 
Hermitian fields as reasonable concepts only in the 
presence of some gauge invariance, i.e., if the theory is, 
for spin-zero fields, invariant under the transformation 
(1). From this postulate of gauge invariance it follows 
that 

(¢(x) o(y) o= (¢* (x) o*(y))o=0. (17) 
Since our technique is restricted to vacuum expectation 
values of the products of two field operators we can, 
using Postulate II, only try to show that the assumption 


({¢*(x),e(y)})o=0 (E spacelike) (18) 


leads to contradictions with our postulates. Applying 
Postulate I, one concludes from Eq. (18) that 


(9*(x) o(y) + o(x) ¢*(y) o=0 (€ spacelike) ; (19) 


compare the derivation of Eq. (4) from Eq. (3). From 
the Postulate of Gauge Invariance [i.e., Eq. (17) ], one 
then obtains 


(g(x) ¢*(x))(¢(y)+ ¢*(y)))o=0 


(é spacelike); (20) 


the equation is valid both with two plus signs and 
with two minus signs. Postulate III makes this 
equation generally valid. Since both g(«)+ ¢*(x) and 
i(¢(x)— ¢*(x)) are Hermitian fields, Postulate IV leads 
to 


¢(x)Q= g*(x)Q=0, (21) 


which is in contradiction with Postulate V. 

The conclusions for spin one-half run quite parallel. 
Since, however, some formal care is needed we reproduce 
the arguments in detail. The analog of Eq. (17) is 


Wa(x)Wa(y) o= Wa(x)Wa(y) o=0. (22) 
Equation (18) is to be replaced by 
([ya*(x), Waly) ])o=0 (€ spacelike). (23) 


This equation is to be disproved. Since the left-hand 
side transforms like the fourth component of a vector 
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one finds, instead of Eq. (19), 
(Wa* (x) aly) +Wa(x)Pa*(y¥) o=0 


compare the transition from Eq. (13) to Eq. (14). 
Equation (20) is to be replaced by"? 


Nap a(x) Say" (x) Waly) Saha" (y)))o=0 
(é spacelike), 


( spacelike); (24) 


(25), 


where the (symmetric) matric ¢ is the inverse of the 
matrix » defined in Eq. (10) and fas*=mag. Since 
WalX)+fayWy*(x) and t(Wa(*) —fayy*(x)) are Majorana 
fields, one is led to 
Ya(x)Q=P.(x)Q=0, (26) 
which replaces Eq. (21) and contradicts Postulate V. 
7 The formally simpler expressions ((Wa(x)+Wa*(x))Waly) 
+Wa*(y)))o would also vanish for spacelike &. Such expressions, 
however, do not have simple transformation properties under the 


proper Lorentz group and so do not permit application of the 
methods of Hall and Wightman. 
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The analogs of Eqs. (4) and (13) for non-Hermitian 
fields, i.e., 


(Le*(x),¢(y) ])o= ({a* (x) aly)} o=0 
(é spacelike), (27) 


or the stronger relation 
({Va(x), Wa(y)})o=0 (28) 


cannot be derived from Postulate I. To obtain these 
equations one has to invoke Postulate II. 


(é spacelike), 
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The effect of the electromagnetic structure of the proton and neutron upon the hyperfine splitting of S 
states in hydrogen and helium is calculated nonrelativistically. Convenient formulas are given, assuming that 
the charge and moment distributions of the proton and neutron are Gaussian. A summary of calculations of 
nuclear structure effects in deuterium is given and the present experimental situation is reviewed. If there 
is no relativistic or interaction moment contribution to the magnetic moment of the deuteron, the percent D 
state is 3.9, which is, under the same assumptions, consistent with the hyperfine splitting of deuterium. 


I. INTRODUCTION 


UCLEAR structure contributions to the hyperfine 

structure (hfs) of hydrogen and helium have been 
a subject of continual interest. First Bohr,’ and then 
Low’ more carefully, calculated nonrelativistically such 
effects in deuterium, and subsequently there was a 
calculation by Salpeter and Newcomb’ of relativistic 
corrections, while tritium and He* have been investi- 
gated by other workers.*® None of these calculations 
includes the effect of nucleon structure, which is calcu- 
lated in this paper. For the proton there have been a 
number of calculations summarized in the work of 
Zemach.* He has exhibited a general form for the hfs of 





* Supported in part by the National Science Foundation. 
1A. Bohr, Phys. Rev. 73, 1109 (1948). 
2 F, Low, Phys. Rev. 77, 361 (1950). 
3. E. Salpeter and W. Newcomb, Phys. Rev. 87, 150 (1952). 
4E. N. Adams, II, Phys. Rev. 81, 1 (1951); A. M. Sessler and 
H. M. Foley, Phys. Rev. 94, 761 (1954). 

5 A. M. Sessler and H. M. Foley, Phys. Rev. 98, 6 (1955). 

6 A. C. Zemach, Phys. Rev. 104, 1771 (1956). 


hydrogen, which, at least as far as nucleon.structure is 
concerned, is given in terms of the first statistical mo- 
ment of a distribution which characterizes the proton 
structure, and furthermore can be determined by other 
experiments such as electron-proton scattering. Zemach 
rigorously establishes by field-theoretic arguments the 
validity of the nonrelativistic calculation. 

In this investigation the nonrelativistic method of 
Zemach is extended, without field-theoretic justification, 
to H’, H®, He**, and He’. This procedure is equivalent to 
neglecting relativistic and interaction moment contribu- 
tions. In Sec. II the nucleon size contribution to H? and 
H? is derived assuming for convenience of calculation 
that the nucleons can be characterized by Gaussian 
charge and magnetic moment distributions. Although 
this is apparently not true experimentally for the 
proton,’ the difference between a Gaussian and the true 


50 (1958). 
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distribution will make a negligible contribution to the 
hfs.* A numerical example is given employing a central- 
force square-well deuteron wave function where the 
depth and range of the well have been taken to fit the 
binding energy of the deuteron and the triplet effective 
range. In Sec. III the nucleon-size contribution to the 
hfs of He’ is calculated with similar assumptions. 

In Sec. IV the results of Zemach,* and Low and 
Salpeter?* are summarized and compared with the 
present experimental results, with the contribution of 
nucleon size included. The new theoretical value of the 
magnetic moment of the electron” does not alter the 
theoretical value of the hfs of H' which is still in dis- 
agreement with the experimental value as indicated by 
Zemach.* For the ratio of the hfs of H' to H® the experi- 
mental value" of the anomaly is 170.3+.5 ppm; whereas 
the theoretical value, assuming no relativistic and 
interaction moment effects and hence 3.9% D state in 

2, is 210+50 ppm. The large theoretical uncertainty 
of course allows a rather different value for the percent 
D state, with an appropriate relativistic or interaction 
moment contribution to the hfs. The comparison of 
theory with experiment for He’* will be given in a 
forthcoming paper by Novick and Commins." All dis- 
tances are measured in units of 10-* cm, 


Il. DEUTERIUM AND TRITIUM 


The relative correction to the lowest S-state hfs for a 
one proton S-state nucleus due to nucleon structure has 
been calculated by Zemach to be given by the sum over 
nucleons of terms of the form 


A= — (ui/un) (2(r)/a0), (1) 


where yu; is the magnetic moment of the ith nucleon, 
un is the magnetic moment of the entire nucleus, apo is 
the radius of the first Bohr orbit in hydrogen, and 


(= f rfom(t)dr, (2) 


fonlt)= f felr—8)fal(8)ds (3) 


Here f,(r) is the electric distribution of the proton, and 
fm'(r) is the magnetic-moment distribution created by 
the nucleon under consideration. 

For the purpose of this investigation we shall take the 
neutron and proton to be characterized by Gaussian 


® Electron scattering data for the proton are best fitted by 
exponential charge and magnetic moment distributions of rms 
radii 0.8X10-"% cm. The hfs, however, is relatively insensi- 
tive to the shape of distribution for a given rms radius, bei 
— (35/8v3) ((r*)#/a) for the exponential and —[8/ (3x)#]G2)8/a0) 
for the Gaussian—a difference of about 1 ppm in the hfs. For the 
neutron magnetic-moment contribution to the hfs of H? or He’, the 
difference is less than 1 ppm. 

® F. Low and E. E. Salpeter, Phys. Rev. 83, 478 (1951). 

10°C. M. Sommerfield, Phys. Rev. 107, 328 (1957). 

1 P. Kusch, Phys. Rev. 100, 1188 (1955). 

22 R. Novick and E. Commins, Phys. Rev. (to be published). 
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distributions f,(r) for the proton electric distribution, 
fm®(r) for the proton magnetic moment distribution, 
and f,"(r) for the neutron magnetic distribution. The 
neutron electric distribution is taken to be of zero range 
in agreement with the electron-neutron interaction and 
the elastic scattering of electrons by the deuteron.” 

Our calculation can be made assuming that H?’, H’, 
and He’ are entirely in S states, since the resulting error 
will be of the order of the percent D state and hence will 
correspond to a relative correction to the hfs of less than 
ten parts per million. 


a. Proton Contribution in H? 


From Eq. (1) one obtains for the relative correction 
to the hfs due to proton structure in H? 


A p_p= — (up/ma)(2(r) p/a0), (4) 


where, using Eqs. (2) and (3), with Gaussian distribu- 
tions f, and f,,”, we get » 


(r) p= 2(2/3m)'4 5. (5) 


Here 7,” is the sum of the mean square magnetic and 
electric radii of the proton. This is the predominant 
nucleon-structure term for deuterium. 


b. Neutron Contribution in H? 


The magnetic-moment distribution function is now 
given by 


fa! (8) = f v(t) |?fa"(8—x)dr, 6) 


where ¥(r) is the deuteron wave function in relative 
coordinates. Thus for the neutron contribution to hfs 
we obtain, using Eqs. (2), (3), and (6), 


(yaa f rfalt—8)|0(8)|*fur(s—x)axdeds. (7) 
This may be written as 


(ae f 100) |*i(a)as, 
(8) 
i(x)= frat f fr—9)fur(o—)ds, 


18 For a summary of these arguments see Yennie, Lévy, and 
Ravenhall, Revs. Modern Phys. 29, 144 (1957). 

4 The methods of this paper may be used to calculate the effect 
on hfs of a neutron charge distribution. For example, if the neutron 
is assumed to be a delta-function positive charge surrounded with 
a Gaussian distribution of negative charge of root-mean-square 
radius equal to that of the proton electric distribution (an extreme 
assumption), then the proton magnetic-moment contribution to 
the hfs of H? will be increased by An_p evaluated for rn_» set equal 
tor,/2 minus A,_¢ evaluated for rn_p set equal tor, [see Eq. (11)] 
or about 13 parts per million. The effect is unfortunately so small 
as to be masked by other theoretical uncertainties, at the present 
time. 
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in which form the integration over the complicated 
deuteron wave function is deferred until last. Evaluating 
j(x) by elementary means one obtains, after a change of 
variables, 


4 
es f V(x) tad 


x f I¥C(3)'rn-syl%e(y)dy, (9) 


where’ 


1 
(y= —yt+— 
ri 


1 v 
x{ e(-»)+(2+-) f exp(—A)at], (10) 
~~ 


and r,_,’ is the sum of the mean square electric radius 
of the proton and the mean square magnetic-moment 
radius of the neutron. In the limit that f, and f,." 
become delta functions, j(x)= x and the resulting (7) ,_4 
corresponds to the contribution to deuterium hfs due to 
the finite size of the deuteron. This is exactly the effect 
calculated by Low,’ and corresponds to the first term in 
the expression for (r),-¢. One notes that the function 
g(y) is independent of nucleon size and hence can be 
conveniently tabulated for use with any deuteron wave 
function. For small y, g(y)—>2x-!—y; and for large 4, 
g(y)—>(2y)*. 

If u?(r)=4rry(r), then letting A(r),-4 indicate the 
second term in Eq. (9), we obtain for the relative correc- 
tion to the hfs of deuterium due to proton electric size 
and neutron magnetic size: 


Br 2A(r) n— d 


a~-D™= . “y 
Ma do 


(11) 
a ae f ul (8)rn-wyI¢(9)dy. 


This has been evaluated approximately using for u(r) a 
deuteron function which is the eigenfunction of a central 
square well potential. The depth and range of the po- 
tential has been taken to fit the deuteron binding energy 
and the triplet effective range, r,= 1.704. The results are 
indicated in Fig. 1, where 4,_p is plotted against r,_ ». 


c. Nucleon Structure in H* 


In the predominantly S-state structure of H® the two 
neutron spins are paired and consequently do not con- 
tribute to the hfs. The proton size contribution is ex- 
actly the same as in the deuteron, and the relative 


correction to hfs is given by 
A p= — (Hp/mt)(2(7) »/a0), (12) 


where (r), is given by Eq. (5). 


CONTRIBUTIONS TO hfs 
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Fic. 1. Relative contribution to the hfs of deuterium due to 
neutron magnetic and proton electric structure, as a function of 
nucleon size, 7,» measured in units of 10™ cm. 


This term will be almost exactly cancelled, in the ratio 
of the hfs of H® to the hfs of H', by a similar term in H'. 
Thus the conclusions of previous workers‘ will be un- 


altered. 
Ill. HELIUM 


The two protons in He* in the predominant S state 
have opposite spins and hence do not contribute to the 
hfs. For the neutron contribution to hfs Zemach’s result® 
for nuclear structure corrections may be cast into the 
convenient form, 





> Mn 2(r) n—He 
MHe® a 
()-ne= f |¥(y,2) "G(y,2)dyar, (13) 
Gty,a)= f f.8(r+%) fat(y—Hxdxdr, 
where 
3 
aa)=[ ] 
f 2x(r.) 
—3|x—z2|? —3|x+z2/? 
x {exp pep . (14) 
Ur? Ar? 


The mean square radius of the proton electric distribu- 
tion is indicated by (r,”), ¥(y,z) is the He® wave function, 
and the coordinate system is indicated in Fig. 2. The 
integrals in G(y,z) can be carried out, and (r), He cast 
into a form somewhat analogous to Eq. (9), 


Wiccan f IW(rurae) | 
X (rit ret (%) rn pL e( (9) 'n1/rn_p) 


+2((3)'72/rn_ p) }}dydz, (15) 
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Fic. 2. Coordinate system for He’. 


where the function g(y) is given by Eq. (10). Again the 
terms not involving r,_, represent the contribution for 
point nucleons, which has already been evaluated®; we 
denote the remaining terms by A(r)n_ne. For an ex- 
ponential wave function the integrals are readily per- 
formed. We take 


16x*\ 3 
virsrse)=(—) expl —3x(ritrotp) |, (16) 


and introduce dimensionless variables «= (3)!r7;/rn—>», 
y= ($)'r2/ra_p, 2=(3)'p/rn-p, and a parameter 
w= (3)'kr,_». After an angular integration, we find that 


16 ww o 2 
A(r) »-He=— ~ f vax f ydy 
7 x % 0 


(z+y) 
x fader noroLg(s)-+209)] 


| z—y!| 


16 iT x 
=— — xdxe*** g(x) (1+-px+ fux*) 


= 


4‘ sK 0 


8 13 
on Lerten coe jn 
7x’ 12 


23 
+ (7-4 2yu‘— w) 


xexpi) f exp(—A)dt| (17) 


We obtain for the relative correction to hfs in He* due to 
proton electric structure and neutron magnetic structure, 


Ln 2A(r) n—He 
A,-He= — we -) 
He’ ao 








where A(r),_1e is given by Eq. (17). 





(18) 


MILLS 


We have evaluated A,_n- as a function of r,_, for 
two values of x. The value x = 0.74 is obtained by equating 
the difference in binding energy between H* and He’* to 
Coulomb energy, and using y to evaluate the average 
value of 1/p.!* With this determination of x the function 
is probably quite adequate for our purpose. The larger 
value of x is obtained by a crude variational calculation’® 
and is certainly an upper bound on x. In Fig. 3 we have 
plotted the negative of A,_n- against 7,_, for these two 
values of x. 

The term Ay_ne is to be added to the theoretical 
formulas? for the hfs of He* and He** before comparison 
is made with experiment for the purpose of obtaining 
information about the interaction moment distribution 
in He*.” 


IV. CONCLUSION AND DISCUSSION 


The best values for the size of the neutron and proton 
are, for the proton,’ 


(1?) mt =(r?) 4 =0.80-+0.04 ; 
and for the neutron,’® 
(m4 =0.70+0.10. 


These yield for the quantities r, and r,_», defined with 
reference to Eqs. (5) and (9), r,=1.130.06, r,_,=1.06 
+0.07. 

A comparison of calculated and observed values of the 
hfs for H' may be made as in Zemach’s work,® using the 
value of the fine structure constant (a?=137.0390 
+0.0006) implied by Sommerfield’s recent correction to 
the theoretical expression for the electron magnetic 
moment.'!? It is to be noted that if @ is deduced from 
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Fic. 3. Relative contribution to the hfs of He® due to neutron 
magnetic and proton electric structure, as a function of nucleon 
size for two He* wave functions, r,_» measured in units of 10~* cm. 


1°V. Hughes and G. Weinreich, Phys. Rev. 91, 196 (1953). 

16 M. R. Yearian and R. Hofstadter, Bull. Am. Phys. Soc. Ser. 
IT, 3, 50 (1958). 

17 The correct theoretical expression for the electron magnetic 
moment is now pe/uo= 1+ (a/2x) —0.328(a2/x*). The most heavily 
weighted experimental result determining a [R. Cohen, J. W. M. 
DuMond et al., Revs. Modern Phys. 27, 363 (1955)] is the 
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the fine-structure splitting of deuterium, there will be no 
change from Zemach’s value for the hfs, since a and the 
anomalous part of wu, appear in the same way in the 
expressions for the hfs ard the fine structure. There thus 
remains a disagreement with experiment" of about 
20 ppm. 

For H? the best experimental results for the hfs’ may 
be expressed in the form 


VH _ 4p My 
=i) 
Yp » hae Mp 

Aexp = 170.340.5 ppm. 


(19) 


The major contribution to A is from deuteron structure,’ 
which we will call Apow (and which equals e+en+ ez in 
Low’s notation). This has been evaluated using the 
accepted value for the deuteron binding energy, and 
triplet effective range = 1.704, and is plotted against the 
percent D state in Fig. 4, the estimated error being +10 
ppm.’ Combining deuteron structure terms with all 
other known terms, we obtain 


Atheoretical = Atowt Amass-correction t+ 4n—-p +A p-D 
Aprotont+ Ainterac tion-moment a Avelativistics 


where the mass correction is given by Salpeter and 
Greifinger'* as 80+30 ppm, A, p=16.6+2 ppm, App 


2 2p, —2 *P, level separation in deuterium, measured by Dayhoff, 
Triebwasser, and Lamb [Phys. Rev. 89, 106, (1953)]: var 
= 10971.59-+0.10 Mc/sec (following Cohen and DuMond, we take 
for the standard error half of the quoted limit of error). The 
theoretical expression for this is related to that for the electron 
magnetic moment, and must therefore now read: v4 ¢= yga*Rpcl 1 
+ fa?+a/x—0.656(a?/x*) ], The present uncertainties in Rp and c 
amount to about 1 ppm, and are here nearly negligible. Taking the 
1955 values (Cohen, DuMond, et al.) of Ra, D/Ma and c, and the 
value of vag quoted above, we obtain a= 137.0390+0.0006. 
This procedure differs in logic from that of Sommerfield, but yields 
the same numerical result. 

18H. A. Bethe and E. E. Salpeter, Handbuch der Physik 
(Springer-Verlag, Berlin, 1956), Vol. 35, p. 200. The quoted error 
selies only to a uncertainties in the terms explicitly 
calculated [E. E. Salpeter (private communication) ]. The pres- 
ence of other ha. rms which have not been calculated and whose 
magnitude has not been estimated makes a precise comparison 
between theory and experiment impossible at the present time. 
Salpeter has also pointed out that it should now be possible to 
make a more careful calculation of the mass correction terms. 
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Fic. 4. Relative correction to the hfs of deuterium due to 
deuteron structure alone (point nucleons), as a function of the 
percent D state. 


= —128+7 ppm, Aproton is due to the proton-structure 
effect on the hfs of H', and is just —2(r),/ao= —3942 
ppm, and the last two terms represent the effects of 
interaction moments and relativistic moments on the 
hfs of H®. Assuming no relativistic or interaction mo- 
ments, and hence 3.9% D state in H?, leads with the aid 
of Fig. 4 to Atheoretical= 210+50 ppm. Thus it is seen 
that this analysis is in agreement with that of Sugawara,” 
which led by field-theoretic arguments to 341% D 
state. The large theoretical uncertainty of course allows 
a rather different value for the percent D state, with an 
appropriate relativistic or interaction-moment contribu- 
tion to the hfs. 
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The matrix elements involved in the calculation of electron-electron and positron-electron scattering 
are written down explicitly for a complete set of initial and final spin states of the particles. This permits 
the evaluation of the cross section for any polarization combination desired, with a minimum of labor. 





WO papers have recently appeared in which the 

polarization-sensitive parts of the electron-elec- 
tron and the positron-electron scattering cross sections 
are calculated.” In both these calculations the spin-sum 
method is used. This method is not simpler than the 
direct calculation of matrix elements when all polariza- 
tions are summed over’ and has the feature of becoming 
more complicated the greater the specialization of 
initial and final states, as more projection operators 
must be used. All variables summed over are irre- 
trievably lost. 

This note provides a set of matrix elements from 
which any electron-electron or positron-electron scat- 
tering cross section may be calculated, complete with 
instructions for such calculations. 

We deal with an “‘initial” state containing two elec- 
trons described by spinors u(p:) and u(p2). u(pi) is a 


TABLE I. Values of 4/*M for electron-electron scattering. 








3 component of spin 





of particle 

1 3 2 4 4p°M 
FE 

ee ee —— cot?(9/2)—1 

m?* 7 

iE 

ae a ae —[cot (6/2) —tan (6/2)] 
m 
iE 

i - = ae —[cot (6/2) —tan (6/2) ] 
m 

P+? 
ok a +4 - —1+——— tan?(0/2) 
me 

iE 

& re 4. = —{[cot (6/2) —tan (6/2) ] 
m 

=f bth - ~2 
P+pP 7 

se ee ris + ——{cot (0/2)+tan (6/2) P—2 

m? 

iE 

en sins 4 - —{cot (6/2) —tan (6/2) ] 


m 











1A. Bincer, Phys. Rev. 107, 1434 (1957). 

2G. W. Ford and C. J. Mullin, Phys. Rev. 108, 477 (1957). 

? See comment by H. A. Kramers, Quantum Mechanics (North 
Holland Publishing Company, Amsterdam, 1957), p. 479. 





positive-energy spinor describing the target electron. 
u(p2) is of positive energy for the electron-electron 
scattering problem, where it represents the incident 
electron, and is of negative energy for the positron- 
electron problem where it represents the scattered 
positron. Similarly «(p3) is of positive energy and u(p,) 
is of positive or negative energy, so that the “final” 
state is specified by these two spinors. The matrix 
elements of interest have the form 


: 1 
M= | (G(bs)yum(p1))(U( ps) st p2))}——— 
whey (pi- ps)? 





1 
— G(pdru( pA pdn6(D))-———]._ (1) 
(po— ps)” 
M depends on the four spins associated with the 
momenta p: +: p,. 

To calculate these matrix elements it is convenient 
to use the center-of-momentum reference system and to 
let the momenta of the incident particles lie along the 
3 axis, the momenta of the scattered particles lie in the 
23 plane. Then we may write, for the electron-electron 
problem, 


u(p:)=exp(—asx/2)i1, 

u(p2) =exp(asx/2)u2, 

u(ps)=exp(—ie 0/2) exp(—asx/2)us, 
u( ps) =exp(—i0;0/2) exp(asx/2)us, 


(2) 


where coshy = E/m, E being the energy of a particle in 
the center-of-momentum system, and @ is the scattering 
angle in this system. The spinors “;—, then represent 
particles at rest. We choose to make them eigenvectors 
of «3 which is diagonal in the commonest representation 
of the Dirac matrices.‘ 

In the positron-electron problem the operators occur- 
ing in the expressions for u(p2) and u(p,) are inter- 
changed. Thus in the electron-electron problem the 
spins of #, #2 being + means that the incident electrons 





‘We use the normalization #,7«u,.=6,, for our rest spinors. If 
7, are the Pauli matrices (k=1, 2, 3), then 


(9 -in\ . _f1 0 
tae ir, 0 » =O wey | 


_f{0 wt. ter, 0 
a=(1 3) (5 2) 
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have their spins in the +3 direction, and m3, 4 being 
+ means that the scattered electrons have their spins 
along the + direction of an axis rotated through 6 
from the +3 direction. In the positron-electron problem 
the spins of #, wu, being + means that the incident 
electron has its spin in the +3 direction and the incident 
positron has its spin in the —3 direction, and similarly 
for 13, U2 relative to the inclined axis. 

The quantities to be calculated now have the form 


(3) 


The calculations are all made with the spin of the 
incident particle travelling in the +3 direction positive. 
The matrix elements are invariant under a reversal of 
all spins, so this is sufficient. Table I contains the results 
for electron-electron scattering; Table II, those for 
positron-electron scattering. The spins tabulated in 
Table II are those for the electron (1 and 3) and for 
the positron (4 and 2), not for the hole which represents 
the positron. 

As an example of the use of these tables, we reproduce 
Ford and Mullin’s cross section for the scattering of a 
longitudinally polarized electron by an electron whose 
spin is in the direction defined by polar angles y, ¢.° 
To do this we must express the spinor u,’, describing 
the target spin, as a superposition of the two spin states 
represented in Table I. We obtain mu,’ from u, by two 
rotations; 


us exp (asx /2) exp(io)0/2)7, exp(—asx/2)m. 


uy’ =exp(—ioxp/2) exp(—iow/2)u, 
=au,+bu_, (4) 
with 
a=exp(—i¢/2) cos(y/2), 
(S) 


b= —i exp(ig/2) sin(y/2). 


The cross section is now obtained by taking the linear 
combinations {aXelement in row 1+ Xelement in 
row 5}, etc., squaring absolutely, adding, and multi- 





m 


+e 
1+ co: 


2 sin’é 





OF ELECTRON-ELECTRON SCATTERING 


P4+p iE 2 | GE 
4— cot(o/2)~1] + [cot (6 2)— tan(6/2)} + |a—{cot (6/2) —tan(0/2) ]+6(—2) 
m | m 
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TABLE II. Values of bail M for positren- -electron scattering. 








3 component of 
spin of particle 








1 3 4 2 4p°M 
2p? 
+++ 4+ -cor/2| 14 cot) 
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iE 2p 
+++ - ~ cot /2f 1 sit 
m I og 


iE 2p? 
+ — + + ——cot(@/2)} 1—— sin*(@/2) 
rk 


m 


2p? 
+ — + — —1+— sin?(6/2) 
m? 
iE 2p? 
—- + + + =——cot(@/2)] 1-— sin*(6/2) 
m | 
m? 2p 
-~ + + - —|—+— cov@/2) 
FP FP 
app 
—-——-— + + “Ft 
m FF 
P+p 2p 
—cot?(6/2)| —-_—-——— sin?(@/2) 
m? Ee 
ik 2p? 
—- — + — ~—cot(6/2)| 1—-— sin?(@/2) 
m 2 








plying by the factor 
ré(y+1) 
27's" 
which contains all necessary factors w, densities of 


states, etc. ro is the classical electron radius. The first 
part of the procedure leads to 


\2 





| iE E+ p 2 
+ |a—[cot (6/2)—tan(6/2) ]+6 —, Loot o/2)+tan(0/2) 72 
m m 


| 


Hea SD (16y?-+4y—4) sin’*#+2(72—1) sin )+—— (16° 
2 sin‘? 


~ 


a+ p |" 
- 1+—— tan? (0/ 0/2) +o (6/2) — tan( /2))) 


m 


(12y—4) sin?(@/2)—4(y—1) sin‘9} 


y+1\! 
-87-("—) con sin. (6) 


sin cos¢ 


2 sin? 








sd Equations (7) of reference 2. Note that a factor 4 is omitted before sin% in the second term of this equation. The factor is 


correct in the previous equation, Eq. (6). 








1460 P. 


This does indeed lead to, Ford and Mullin’s result. The 
quantities y and 6 used above refer to the laboratory 
frame, while Ford and Mullin’s refer to the center-of- 
momentum frame. The connection is 


Yiab = 2y*0.2.— 1. 
All angles are center-of-momentum angles. 


In a similar way the cross section for any combination 
of incident and scattered polarized electrons or posi- 
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trons can be constructed. The depolarization of elec- 
trons or positrons scattered from polarized electrons 
may be found, a result not obtainable from the spin-sum 
calculations published, as can the scattering of trans- 
versely polarized electrons. So many possible combina- 
tions occur that it is best to await the need for a cross 
section before carrying out the combination of the 
parts, rather than make ali possible combinations now. 
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Integral Representations of Causal Commutators 


FREEMAN J. Dyson 
Institute for Advanced Study, Princeton, New Jersey 
(Received February 26, 1958) 


An integral representation is found for the matrix element, between given states, of the commutator of two 
field operators. The representation makes use of the information derivable from the local commutativity of 
the operators and from the mass spectrum of the fields. The representation was discovered by Jost and 
Lehmann and proved by them for the case of two fields of equal mass. It is here extended to the case of 


unequal masses. 


The mathematical basis of this work is the fact that every function f(g) of a four-vector g, with a Fourier 
transform f(x) which vanishes for space like x, has a unique extension which is a solution of the wave 


equation in six dimensions. 


I. STATEMENT OF THE PROBLEM 


OST and Lehmann! have introduced an integral 
representation for matrix elements of causal commu- 

tators. Their representation is a powerful tool for in- 
vestigating the analytic behavior of scattering ampli- 
tudes as a function of all relevant momentum and 
energy variables. In particular, Lehmann? was able to 
obtain a proof of dispersion relations, shorter and 
simpler than the original proof of Bogolyubov.’ Un- 
fortunately, the Jost-Lehmann analysis applied only to 
the commutator of two fields of equal mass. The 
Lehmann proof of dispersion relations was restricted to 
the scattering of equal-mass particles, and for this 
reason remained unpublished. In this paper we extend 
the integral representation to the case of unequal masses. 

A more important task for the future is to explore 
systematically the analytic consequences of causality, 
not restricting attention to the special type of informa- 
tion which can, be embodied in dispersion relations. 
Progress in this direction has already been made by 
Killén and Wightman,! using only the causality condi- 

1R. Jost and H. Lehmann, Nuovo cimento 5, 1598 (1957). 

2H. Lehmann (private communication). Note added in proof.— 
Lehmann has used the results of this paper to prove that certain 
scattering amplitudes are analytic functions of the momentum 
transfer (to be published in Nuovo cimento). 

8 Bogolyubov, Medvedev, and Polivanov, Uspekhi Math. Nauk 
(to be published). 

4G. Kallén and A. S. Wightman (private communication to W. 
Pauli). See report by G. Kallén in Proceedings of Seventh Annual 
Rochester Conference on H tg Nuclear Physics, 1957 (Inter- 
science Publishers, New York, 1957, Session IV, p. 17. 


' 


tion and assuming nothing about particle masses. We 
hope that the integral representations here established 
may make it possible to extend the Killén-Wightman 
analysis so as to include detailed information about the 
mass spectrum. 

We are concerned with two fields A(x) and B(x), 
obeying the causality principle 


[A (x),B(x’)]=0 for (1) 


Here x and «’ are 4-vectors, and the scalar product is 
defined by 


X* Y= Xoyo—X° Y= Xoyo— Xiyi — Laya— Lays. 


(x—2')? <0. 


(2) 


The problem is to determine the analytic form of the 
function 


F(x)=i(P, a|[A (x), B(—4x)]|0, 6), (3) 
or of its Fourier transform 
1 ; s 
fa=—— faccemm(—ianf). 


Here | P,a) and |Q,8) are any two states specified by the 
energy-momentum vectors P and Q and by other 
quantum numbers a and £. 

By Eq. (1), the function f in x space has the property 


f(x)=0 for 2<0. (5) 
From Eqs. (3) and (4), the function f in g space also has 
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the property of vanishing in a large region. The two 
terms of the commutator give 


{M=h(g—-h@, (6) 


where fi(g)=0 unless [4(P+Q)—q] is the energy- 
momentum vector of a state |) for which 


(P,a|A(0)|n)¥#0, (n|B(0)|0,8)40, (7) 


and f:(qg)=0 unless [3(P+Q)+q] is the momentum 
vector of a state with 


(P,a| B(O)|n)#0, (n|A(0)|0,6)#0. (8) 
Suppose that all states |) for which Eq. (7) holds have 


mass not less than 6, and that all for which Eq. (8) holds 


have mass not less than c. The values of b and ¢ depend 
mainly on selection rules restricting the numbers of 
particles of various types which can be present in the 
state |m). So long as A(x) and B(x) are distinct fields, 
the values of the masses 6 and c will in general be 
different. Without loss of generality we may choose a 
coordinate system in which 


4(P+0Q)=[4,0,0,0], a>0. (9) 
Then from Eq. (6) we see that f/(¢)=0 for all g= (qo,q) 
satisfying 
a—[@+P }t<qo<[q?+c}!—a. 
Theorem 2 in the paper of Jost and Lehmann! runs as 
follows. 


Theorem.A (Jost-Lehmann).—The class of functions 
f(q) which vanish in the region 


\go| <[a’+c*}!—a, (11) 


and have Fourier transforms /(x) vanishing for x°<0, 
is identical with the class of functions of the form 


(10) 


n= f io dk? e(qo)8Lqo'— (q—u)*— 


X [61 (u,k*)+-qobo(u,k’) J, (12) 


with the functions #,(u,k’) and $)(u,k’) each vanishing 
except in the region 


lul<a, k>c—(a’—w’)!. (13) 


This theorem provides a representation for functions 
f(q) vanishing in the region (10), only in the symmetric 
case b=c. The symmetry in go played an essential part 
in the Jost-Lehmann proof. One cannot expect a 
representation like Eq. (12), with the parts even and 
odd in go specified by independent functions #2 and #,, 
to hold for an unsymmetric region. The analog of Eq. 
(12) in the unsymmetric case must treat the four com- 
ponents (40,91,92,93) on an equal footing. The difficulty 
in extending the representation to unsymmetric regions 
arises precisely from the fact that in the symmetric case 
Eq. (12) has a somewhat accidental and misleading 
simplicity. 
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For later reference we also state, as a lemma, Theorem 
1 of Jost and Lehmann. 
Lemma 1 (Jost-Lehmann).—The class of functions 
f(q) satisfying Eq. (5), and vanishing in the region 


\gol-+1a—v1 <2, (14) 


is identical with the class represented by Eq. (12) with 
the functions ; and #, vanishing in 


k?+-(u—v)?<)?. (15) 


The deduction of Theorem A from the Lemma is 
immediate, since the region (11) is a union of regions 
(14), and the region (13) is the complement of the union 
of the corresponding regions (15). 


2. REPRESENTATIONS ON A GENERAL SURFACE 


We define the class C to consist of all functions f(g) 
whose Fourier transforms F(x) vanish for #7<0. We 
require a representation for a function in C which also 
vanishes in some region R in g space. It is convenient to 
divide the problem into two parts. In this section we find 
representations for all functions of C. Restrictions on 
the behavior of f(g) in g space will be considered in 
Sec. 3. 

The key to the problem® is to extend the four- 
dimensional x and g spaces to six dimensions. The two 
additional dimensions are to be spacelike. Let z denote 
the six vector (209=%0, 21=%1, %2=X2, 23=%3, %4=Y1, 
Zs=y2), and r the six vector (ro=qo, 1=91, f2=2, 
¥3= 3, 4= Pi, 15= Pr). The metric is defined by 


(16) 


The special six-vector (¢0,91,92,93,0,0) will be denoted by 
g. In general, Greek suffixes will be summed from 0 to 5, 
Latin suffixes from 0 to 3. 

By Eq. (5), the six-dimensional function 


F(z) = 4 f (x)8(22— y*) = 4a f (x)5(2*) 


determines the four-dimensional f(x); in fact, 


9 9 9 9 9 
2=Pf—y=x9—x£—xf—xP—yl—y?’. 


(17) 


ae P(2)\dy’=— | P(2)doy. 18 
(2) —f Oita f Peay (18) 


Taking the Fourier transform of Eq. (17), we obtain 


1 
fe i(r-2) F(z) dz 
(2r)® 


m f f(@D\(r—d da, 


F(r)= 





(19) 


where D'(r) is the even invariant function in six 
dimensions, 


D\(r)= 





D 1 
few rerae-—, - (20) 
ie (29)5 mr 


5 For the idea of going into six dimensions I am indebted to 
Dr. Jost. 
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The functions D'(r) and F(r) are solutions of the wave 
equation 


OsD'(r)=0, OsF(r)=0, (21) 
0 0 oe a a P 
6? (22) 
Ore or? Or? or;? Or? Ors? 
From Eqs. (4), (18) and (19), we have 
{Q=F, (23) 


so that F(r) isa simple extrapolation of the function f(g) 
from four to six dimensions. 

As a solution of the wave equation, F(r) can be ex- 
pressed in terms of its value and its normal derivative on 
an arbitrary spacelike surface = in r space. In fact, 





te) 
ro)= fax] Fo), pe], (24) 
Ora! 
where the bracket notation is defined by 
0 dD OF 
E —p|-F -D—, (25) 
Ora’ Ora Ora 


the surface element dz, is a six-vector normal to the 
surface in the hyperbolic metric, and D(r) is the odd 
invariant function in six dimensions, 


D(r)= (1/2n*)€(10)8' (1°). (26) 
In particular, Eqs. (23) and (24) give 
a 
fla) fa Fe, —Dir-i)|, (27) 
Ore 


which is the desired representation of f(g) on a general 
surface >. 

Suppose that © is a special surface independent of the 
(74,75) coordinates. We then write 


(28) 
(29) 


(¥0,71,72,73,7 4,15) = (140,%1,U2,M3,P1,P2), 
s=pr+p?, 


and regard = as a surface in the four-dimensional u 
space. Equation (27) reduces to 


fo=— fe 


fi afr ), aw ge0(u—9)*—5)]}, (30 
x ' s a asa go)8’((u—g) | (30) 
with F(u,s) given by Eq. (19), 


1 
Fus=— ff (31) 


1 
———--—--dyg 
[(u—g)’—s} 


As a still more special case, let = be the surface up=0. 
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Then Eg. (30) becomes identical with Eq. (12), pro- 
vided we take 


id 
*; (u,s) passe —[0(s)F, (u,s) ], 
m ds 











(32) 
1& 
,(u, oe za Fate, s)], 
F,(u,s)=— — (33) 
: = | i a a 
= ( dig. (34) 
F,(u,s) = om eh a “q 


All the integrals containing singular kernels are to be 
interpreted in the distribution-theory sense,® i.e., they 
are to be integrated by parts repeatedly until the 
singularity disappears. 

We now prove the uniqueness of the representation 
(27). By this we mean that if a function f(g) in the class 
C is given, and the surface = in r space, and if f(g) hasa 
representation (27) with any function F(r)=F(u,s) 
which depends on (14,75) only in the combination s, and 
if F(r) satisfies the wave equation (21), then F must be 
identical with the function defined by Eq. (19). To 
prove the uniqueness, observe first that for any F(r) 
satisfying the wave equation, the right side of Eq. (27) 
is independent of 2. Suppose if possible that there exists 
a, and a function F(r) satisfying the stated conditions, 
such that the right side of Eq. (27) vanishes for all g. 
Then the right side of Eq. (27) vanishes for all 2, and 
in particular for the special surface u#9=0. Therefore the 
right side of Eq. (12) vanishes, when #; and #» are 
defined by Eq. (32), and F,(u,s) and F2(u,s) are the 
normal derivative and value of F(u,s) on u)=0. But the 
uniqueness of the representation (12) was already 
proved by Jost and Lehmann.' Therefore , and #, 
must be zero, and by integrating Eq. (32) from s=0 it 
follows that F;=F.=0. But F(u,s) satisfies the wave 
equation, and the vanishing of F and of its normal 
derivative on %9=0 implies that F=0 everywhere. 

The conclusion of this section is that there is a one-to- 
one correspondence between functions f(g) of the class 
C and solutions F(r) of the wave equation in six 
dimensions with rotational symmetry in the (45) plane. 
Each f(g) has a representation (27) in which F(r) 
appears as a weight function: And the representation is 
unique, the weight function being determined by Eq. 
(19) when f(q) is given. 


3. GENERAL UNSYMMETRIC REGIONS 


We take as the widest convenient generalization of 
the region (10) a region R bounded by any two spacelike 








®L. Schwartz, Théorie des Distributions (Hermann et Cie, 
Paris, 1951), Vol. 1, Chap. 2. 
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surfaces o}, 72 in g space. R is defined by 
f(a) <qo<g(q), 

where / and g are functions satisfying 

|f(a)— f(a’) < |a-a’|, |g(a)—g(a’)| < |a—a’]. (36) 


We consider the class Cz of functions f(qg) which belong 
to C and also vanish in R. 
We call a hyperboloid 


(q—u)’—s=0, 


(35) 


520, (37) 


admissible if its upper sheet does not come below a; and 
its lower sheet does not come above a;. Such hyperboloids 
correspond to points r= (%,%;,%2,U3,Pi,p2), S=pr+p’, 
lying in a certain region S of r space. For every r in S, 
the function D(r—@) defined by Eq. (26) is zero for all 
q in R. This suggests that we look for a representation 
of f(g) in Cr by an integral (27) with the points r 
confined to S. Every integral (27) with r in S belongs to 
Cr. Our main result will be that the converse is also 
true, so that every f(g) in Cr has a representation (27) 
using only admissible hyperboloids. 
The region S is defined by 


m(u,s)<uoSM(u,s), s=pr+p-’, (38) 

with 
m(u,s)=maxa{g(q)—[(q—u)*+s ]}}, (39) 
M(u,s)=ming{ f(q)+[(q—u)*+s]!}. (40) 


The right sides of Eqs. (39) and (40) are necessarily 
finite because of Eq. (36). S is bounded by two surfaces 
21, 22 in r space. Since these surfaces are envelopes of 
two families of hyperboloids, they are also spacelike. 
Define the region T by 

(41) 


M(u,s)<to<m(u,s), s=prtp’. 


For r to belong to T, the hyperboloid (37) must be 
doubly inadmissible, i.e., its upper sheet must come 
below a and its lower sheet above o;. The decisive step 
in our argument is contained in the following: 

Lemma 2.—The function F(r)=0 for each point r 
in T. 

In proving the lemma, we may choose the origin of 
coordinates in g space so that the point ris (0,0,0,0,p1,p2), 
with ‘= p,"+p2. The hyperboloid g’=/ is doubly in- 
admissible, and we are required to prove that F(0,/)=0. 

There exist two points g; and g2 such that q; lies above 
a, and below the lower sheet of g’=1, while q2 lies below 
a, and above the upper sheet. Without loss of generality 
we may assume also 

gr =q2=\*>1. (42) 

By a Lorentz transformation in the g space we can 
choose a coordinate system in which 

Gi=Q2=V, geo= qu0=(v?+A?)!. (43) 


In this coordinate system we represent f(g) in the 
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Lehmann-Jost form (12). Since g; is above a; and qo 
below a2, the whole of the double cone 


igo! +|a—v! < (V+?) (44) 
is interior to R. Therefore f(g) vanishes in the region 
(44), and Lemma 1 states that &(u,s) vanishes for 


s+ (u—v)*<v?-+)?, (45) 
But ,(u,s) is related to F2,(u,s) by Eq. (32), and 
F,(u,s) is the value of F(u,s) on u9=0. Therefore F(u,s) 
vanishes for 


u=0, st+(u-—v)?*<v?+?, (46) 


and by Eq. (42) this implies in particular that F(0,/)=0. 
Consider the representation (27) of the function f(q). 
We choose for © the surface 


uo=4[m(u,s)+M(u,s)], s=prt+p, 


with m and M given by Eqs. (39) and (40). The precise 
position of = is unimportant; we might use any 2 which 
is spacelike and lies evérywhere between the surfaces 2, 
and 2». The essential point is that, by Eqs. (38) and 
(41), every point of = belongs either to S or to T. But 
we have proved that F(r)=0 in T. Therefore 


(47) 


0 
fo= f @LF0),—vo-a| (48) 
8 Ora 

where the integral extends only over the part of = 
included in S. We summarize this result in the following : 

Theorem B.—A function f(g) belongs to the class Cr 
if and only if it is representable in the form (48), with 
the surface = defined by Eq. (47) and the set S by 
Eqs. (38), (39), and (40). 

In the proof of Theorem B, it was essential to choose 
a definite surface 2 and to use the uniqueness of the _ 
representation on 2 in order to remove from the 
integration the part of 2 lying outside S. For applica- 
tions of the theorem, the specification of = inside S is an 
unnecessary encumbrance and the uniqueness is unim- 
portant. The following theorem, while apparently 
weaker than Theorem B, is for practical purposes 
equivalent to it. 

Theorem C.—For a function f(g) to vanish in the 
region (35) and to have a Fourier transform vanishing 
for x°<0, it is necessary and sufficient that 


f(g= f des f ds e(qo—ua)8[(g—u)*—s (us), (49) 


where ¥(u,s) is a function vanishing outside the region 
S defined by Eqs. (38), (39), and (40). 

The representation (48) is a special case of (49), but 
every representation (49) can be projected back to the 
form (48) by using Eq. (27). 

Theorem C substantiates our earlier statement that 
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every function f(g) vanishing in R has a representation 
by means of admissible hyperboloids.’ 


4. SPECIAL UNSYMMETRIC REGIONS 


We now specialize the conclusions of Sec. 3 to the case 
of the unsymmetric region (10). The calculations are 
elementary and we give only the results. Without loss of 
generality we assume 0< b<c. 

The region S defined by Eq. (38) is now 


[u’+ (c—k)’ }#—a< wo a—[w’+ (6—k)?}}, 


O<k<b, (50) 
[u?+(c—k)*}}—aguKa—|ul, b<&k<c, (51) 
|u| —a<um<Ka—|ul, k2c, (52) 
where we have written 
k=s'=[p’+p2}}. (53) 


The values of u and & allowed by Eqs. (50)-(52) are 
restricted by 


jul<a, |k| 2K(u), (54) 

where the function K(u) is 
K(u)=A—a[i—(u’/B)}', |u| <(B*/a), (55) 
K(u)=c—2[a(a—|u|)}', (B*/a)< |u| <a, (56) 
A=}(b+0), B=a’—}(b—c)’. (57) 


7It is an interesting mathematical question (but irrelevant to 
the physical applications) whether any restriction at all on the 
shape of the region R is necessary. I conjecture that for any open 
point-set R, every function f(g) of class C vanishing in R has a 
representation of the form of Eq. (49), with ¥(u,s) nonzero only 
when the hyperboloid (g—u)?=s is completely outside R. This 
conjecture would have the interesting consequence that, for every 
f(q) of class C, the closure of the set of points g for which f(¢) #0 
must be a union of hyperboloids. I am able to prove the conjecture 
only if R is a region bounded by two spacelike surfaces (the case 
treated in the text) or if R is a union of several such regions 
Ri, Ro, «++, with every pair of points in (Ri,R;), i#7, separated 
by a timelike interval. 
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When B is negative, K(u) is given by Eq. (56) for all 
|u| < a, 

Theorem C states that every f(g) of class C and 
vanishing in the region (10) is representable in the form 


ja)= f dew f ae €(qo— Uo) 6 (q—u)?— kW (u,k*), (58) 


with W(u,k?) vanishing except for (u,k) satisfying Eqs. 
(50), (51), and (52). The allowed values of (u,k) also 
satisfy Eq. (54), which is a generalization of Eq. (13) to 
the unsymmetric case. Theorem C thus provides the 
complete solution to the problem stated in Sec. 1. 

An interesting consequence of Theorem C arises in 
the case B?<0. In this case neither Eq. (50) nor Eq. (51) 
can be satisfied for any (u,k) with k<c—2a, and it 
makes no difference to the region S if we give b any 
value from zero up to c—2a. Theorem C therefore 
implies the following: 

Corollary.—Suppose a function f(g) of class C vanishes 
in the region 


a—[q@ +h }§<go<[q+e}}—a, 
with b<c—2a. Then f(g) vanishes in the larger region 
a—[q?+(c—2a)*}!<go<[q@?+e}!—a. (60) 


The corollary can easily be generalized to regions of 
arbitrary shape. The effect of it is to ensure that, if a 
function f(g) in C is known to vanish in a region R with 
a sharply re-entrant “nose,” we can enlarge the region 
by rounding off the tip of the nose. That a statement of 
this kind should be valid was first conjectured by Jost 
(private communication). 


(59) 
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EVERAL experimental methods have been found 

for observing individual dislocations in crystals.’~* 
Most of these methods involve special etching tech- 
niques and/or procedures for decorating the dislocations 
with foreign atoms which in some way make the 
dislocations detectable. A. R. Lang has recently de- 
scribed a method for the examination of crystal sections 
using characteristic short-wavelength x-radiation from 
a microfocus source.’ The purpose of this note is to 
show that a simple x-ray diffraction method, sometimes 
called the Berg-Barrett (B-B) technique,’ is capable of 
showing the positions of individual undecorated screw 
dislocations emerging from a polished surface of a 
silicon crystal. This method has the advantage of being 
nondestructive with regard to the specimen as a whole 
as well as to the dislocations themselves, since no 
decoration is necessary. The method also has the 
advantage that the positions of the dislocations are 
found with respect to the specific topography of the 
specimen surface. Furthermore, since the method is 
direction-sensitive, the direction of the Burgers vector 
of the observed dislocations can be determined by 
proper choices of the x-ray reflections which are used 
to form the B-B image. 

A crystal of five-pass zone-refined silicon was grown 
by the Czochralski technique in a quartz crucible under 
an atmosphere of argon gas at atmospheric pressure. 
The crystal was grown with its long direction parallel 
with [111 ]. A specimen having the shape of a parallele- 
piped measuring about 3X 3X25 mm was cut from the 
crystal with a diamond saw. The sides of the specimen 
were approximately parallel with (111), (112), and 
(116). The specimen was then chemically polished and 
twisted about its long [111] axis. During this operation 
the sample was held at about 900°C in air for less than 
5 minutes. Subsequent etching in Dash’s etch (1 HF, 
3 HNO;, 10 glacial acetic acid) developed several 
straight rows of etch pits on the (110) and (112) 
surfaces. These rows extended in directions parallel 
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Fic. 1. This specimen was cut from a larger rod which had 
been twisted about the long [111] axis. Dislocation loops have 
spread from the surface sources as indicated. 


with the (111) face. The specimen was then cut into 
four similar rods with axes parallel with the long [111] 
axis of the original specimen. The sketch in Fig. 1(a), 
showing one of these rods, indicates the etch pits and 
the associated dislocation loops subsequently found by 
decorating the dislocations and examining the specimen 
by infrared microscopy according to the method de- 
scribed by Dash.! The specimen was sectioned through 
the apparent source of one of the sets of loops as indi- 
cated by the dashed line in Fig. 1(a). The new (112) 
surface on piece A was polished mechanically [Fig. 
1(b) ] and immersed for a few minutes in Dash’s etch. 
This treatment revealed rows of etch pits (see Fig. 2) 
which were associated with those on the (110) surface 
as indicated in Fig. 1(b). After the etch pits were 
photographed, the (112) surface was ground well below 
the bottoms of the etch pits and was carefully finished 
on a metallographic lap. An x-ray diffraction micro- 
graph (or B-B photograph) was then made from this 
surface. The B-B image of the surface was formed. by 
the 022 reflection of Cr K, radiation. With the specimen 
13 cm from the target of a standard CA-7 x-ray tube 
operated at 40 kv and 20 ma, the exposure times were 
of the order of 40 minutes. The image was recorded 





Fic. 2. Etching revealed two rows of pits on the previously 
polished (112) surface. The rows correspond with the two rows on 
the original (110) surface. Magnification 20X. 
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(b) 


Fic. 3. A B-B photograph of the repolished (112) surface shows 
two rows of spots which correspond with pits on the formerly 
etched surface. (a) B-B image optically magnified twenty times; 
(b) B-B image optically magnified 115 times; (c) Light micrograph 
of the etched (112) surface corresponding to the area in Fig. 3(b). 
Magnification 100X. 


on a high resolution spectrographic plate. The B-B 
photograph is shown at two magnifications in Fig. 
3(a), (b). A light micrograph of the etched area corre- 
sponding to Fig. 3(b) is given in Fig. 3(c). The corre- 
spondence of B-B spots and etch pits is evident. 

The extra diffracted intensity which renders visible 
the dislocations in the B-B image is probably due to a 
reduction in x-ray extinction induced by the pertur- 
bation of lattice periodicity normal to the reflection 
planes at dislocation sites.* Experimental conditions 
were chosen so as to maximize the effect of lattice 
distortion, due to the dislocations, upon the B-B image. 
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Since the leg of the dislocation loop which emerges 
from the (112) surface is largely made up of screw 
dislocations with [011] Burgers vectors, the loss of 
lattice periodicity at the dislocation sites would be 
expected to be high in the [011] direction. The extinc- 
tion effect is, therefore, expected to be large for the 
(022) reflection. 

As a test for this hypothesis the specimen was 
mechanically polished on the (110) surface and a B-B 
photograph was made (from that surface) using the 
(220) reflection. It was found that spots, corresponding 
to surface pits which developed on subsequent etching, 
did appear on the B-B photograph but were much less 
distinct than_those observed in the (022) reflection 
from the (112) surface. This result is consistent with 
the idea that the dislocations in the leg emerging from 
the (110) surface have a small [220] component of 
Burgers vector. 

Conclusion —By means of x-ray reflection micros- 
copy, emergent screw dislocations can be seen on the 
polished surface of a single crystal of silicon. Since the 
method depends upon x-ray extinction, the best con- 
trast is obtained when a reflection is used which has a 
large component of the dislocation Burgers vector 
normal to the reflecting planes. 

The writer is grateful to W. C. Dash for supplying 
the specimen used in this experiment, for decorating 
and examining the dislocations contained in it, and for 
helpful discussions about dislocations in silicon. Valu- 
able help in preparing the specimen was also given by 
R. F. Reihl, L. J. Keifer, and E. F. Koch. 

1W. C. Dash, J. Appl. Phys. 27, 1193 (1956). 

2 W. R. Hibbard and C. G. Dunn, Acta Met. 4, 306 (1956). 

3S. Amelinckx, Acta Met. 6, 34 (1958). 

4A. R. Lang, Acta Met. 5, 358 (1957). 

5C. S. Barrett, Trans. Am. Inst. Mining Met. Engrs. 161, 
15 (1945). 


®R. W. James, The Optical Principles of the Diffraction of 
X-Rays (G. Bell and Sons, Ltd., London, 1950), Chap. VI. 





Variation Theorem for Excited States* 


Harrison SHULLt AND PER-OLov Léwpin 


Quantum Chemistry Group, Uppsala University, Uppsala, Sweden 
(Received April 7, 1958) 


HE variation theorem’ has proved of utmost 
practical importance in its application to the 
lowest state of each symmetry type in a given system. 
In addition, it has had limited applicability to excited 
states because of a theorem first proved by Hylleraas 
and Undheim? and later by MacDonald,’ that if the 
roots of the secular equation, J;, are ordered such that 
JoSIi&-+++ In, then each such root is an upper 
bound to the corresponding exact eigenvalue: J;2 Fj. 
Eckart! has analyzed the mean square deviation of the 
lowest eigenvector ¢o from the true eigenfunction, Yo, 
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and has shown that 
J \e0-vol*dr=ars (Jo— Eo) /(E\— Ep). (1) 


A similar analysis has not seemed possible for excited 
states, however, and it has been generally believed that 
in order to obtain a good excited state function, one 
must explicitly require it to be orthogonal to the exact 
ground state function. 

In this Letter we analyze the error in a nondegenerate 
first excited state, but as we shall show in a subsequent 
publication the results are easily generalized. We 
conclude that such an explicit orthogonalization is not 
at all necessary. Let ¢» and ¢; be the two lowest 
normalized eigenvectors of a linear variation problem. 
Then 


J oeur=0 and fettoar=0 


By the usual expansion theorem, ¢o= >i doi; o1 
=)°; a:4;. Following precisely the Eckart development 
for the ground state, one arrives at the error expression 
for the first excited state: 


fis-valrar 


=< [(Ji— E:) +410? (E2— Eo) //(F2— Ei). (2) 


To find a limit on ay, we form a new normalized 
function ®=popot+pmid: With wo and yw; arbitrary multi- 
pliers subject to the constraint wo*+1’= 1. It is straight- 
forward to show‘ that 


feuedr=weJotucss = dD: cx Ex, 


where ¢Cx.=podort+uidiz. Now we choose po= @10/ (doo? 
+ a307)4, 41 = — do0/ (@o0?+ a10?)', so as to make co vanish. 
We then have that 

pe + ur) = ie CPE, 2 Ey. 


k>1 


Substituting the chosen values for wo and yw, and 
rearranging the equation, we find® that 


a0°< Qo?(J ;— E;)/ (E,— J) < (J;- E,)/ (E,;—Jo). 
We finally have from (2), 
BS {(Ji— E;)/(E2— Ey)} {14+ (Ex— Eo)/(E:— Jo}... (3) 


Since 8? is in the limit proportional to (J;—£), one 
can make #? as small as one pleases by making J; 
sufficiently close to E; without simultaneously requiring 
that Jo= Eo. 

As an example, we can compare results we have 
obtained for helium using 20 base functions with a 
single orbital exponent of 2.2 (set A), and 1.05 (set B),® 
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with those of Green ef al.,’ using 4 base functions 
composed from hydrogenlike functions with Z=2 
(set C). Using Eo= —2.90372, E,=—2.14600, and 
E.= —2.06130, we find the results summarized in 
Table I. 


TABLE I. Illustrative comparison of wave-function accuracy. 


Set C 


Set A Set B 
Jo — 2.90123 — 2.88245 — 2.84139 
J; — 1.81045 — 2.13392 — 2.13690 
a [Eq. (1) J< 0.0033 0.0281 0.0823 
# LEq. (3) ]< 8.380* 0.306 0.238 


* This meaningless figure from Eq. (3) arises because J: >>E:. From 
other considerations, 0 ¢ 6? <2. 


Although the excited state wave functions are con- 
siderably more in error than the ground state functions 
in these particular calculations, largely because (E2—;) 
is so small, the results clearly demonstrate (1) the 
desirability of using different sets for different states 
and (2) the practicability of obtaining good excited 
state wave functions without using unduly large 
secular equations. 


* Supported in part by the Wright Air Development Center 
of the Air Research and Development Command, U. S. Air Force, 
through its European Office under contract with Uppsala Uni- 
versity. 

t On leave from Chemistry Department, Indiana University, 
Bloomington, Indiana. Some of the data reported here are from 
work supported by the National Science Foundation, the Alfred 
P. Sloan Foundation, and the Research Corporation. 

'C. Eckart, Phys. Rev. 36, 878 (1930). 

2 E, A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930). 

3 J. K. L. MacDonald, Phys. Rev. 43, 830 (1933). 

* Here we use the noninteraction property of $0 and ¢1. 

5 Under the condition that Jp< E). 

*H. Shull and P. O. Léwdin (to be published). 

7 Green, Mulder, Milner, Lewis, and Woll, Phys. Rev. 96, 319 
(1954). 





Resonant Absorption of Sound 
in Metals 


M. S. STEINBERG 


Stevens Institute of Technology, Hoboken, New Jersey 
(Received April 14, 1958) 


LTRASONIC attenuation in metals at low 

temperatures may oscillate with the strength of 
an applied magnetic field.* Although it has been 
generally considered that this phenomenon might arise 
from a spatial coherence of the electron orbits with the 
periodic fields associated with the acoustic wave, the 
mechanism has remained obscure. The purpose of this 
note is to point out that, in ideal metals, magnetic 
oscillations arise from resonance of the electronic 
momentum current with the (negative) acoustic 
velocity gradient, and to deduce from this principle the 
elementary resonance rules observed by Morse, Bohm, 
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and Gavenda (MBG) in recent experiments with 
copper.* 

An acoustic wave dissipates energy to the conduction 
electrons by straining the conductor against their 
nonequilibrium kinetic stress, or (negative) momentum 
current density, 


= — (2mt/I2) f vvEf(v)— fol|v—u|) i. (1) 


Here, /(v) is the electron distribution function. Under 
the influence of collisions it relaxes toward the equi- 
librium (Fermi) distribution fo(v) in the frame of the 
lattice moving with the local acoustic velocity u. When 
u varies as exp[i(wi—q-r) ], the resulting distortion of 
the electron distribution entails a net flow of u mo- 
mentum in the g direction. We set k= wv, and g= k+}ia, 
make the approximation of small departure from 
thermal equilibrium, and ignore the inconsequential 
distinction between the dynamical velocity of sound 2, 
and its static value c,. It then follows from the equation 


of motion, 
pd’s/0?=pc,°V’st+ V -T, (2) 


for the local displacements s that the coefficient of 
energy attenuation per unit length in a conductor of 
density p is approximately‘ 


a=Re(T: Vu*)/po,| u|?. (3) 


In order to have a net attenuation, f(v) must be 
such that the electrons tend to concentrate where 
their contributions mv,2, to the momentum transport 
are 180° out of phase with the lattice velocity gradient. 
An applied magnetic field H circulates the electrons in 
planes perpendicular to its direction. The elementary 
resonance rules for ideal metals are then as follows: 
Maxima in a@ occur at magnetic field strengths such 
that an electron is carried in half an orbit circumference 
into a neighborhood where its contribution to the 
momentum current bears the same phase relationship 
to the velocity gradient as in the original neighborhood. 
Minima occur at magnetic field strengths such that this 
phase relationship is shifted 180° in half a circumference. 
(The diameter for the half-orbit is taken as lying in 
the & axis.) 

A longitudinal magnetic field circulates the electrons 
in planes of constant acoustic phase and, therefore, 
cannot produce resonant attenuation. It is readily 
shown that the attenuation of longitudinal waves is 
not affected at all by a longitudinal magnetic field. 
For transverse waves, it is found that a declines 
monotonically with increasing field strength.® 

A transverse magnetic field circulates the electrons 
across planes of constant phase, thus permitting 
resonance conditions to arise. There are three geome- 
tries of interest. 

When H is parallel to u (Y\ case, in the notation of 
MBG), electrons transporting « momentum are being 
turned laterally in a plane perpendicular to u. Their 
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motion in the u direction remains unaffected by the 
circulation. Therefore, half a circumference, which 
reverses 0, but not v,, reverses the contribution mv,% 
to the momentum transport. Accordingly, half a 
circumference must, for maxima, correspond to a 180° 
phase shift of the lattice wave, or the orbit diameter 
must equal an odd number of half-wavelengths \= 27/k. 
Minima correspond to orbit diameters encompassing 
an even number of half-wavelengths. The resonance 
rules are thus 


maxima: 2r/A=n—}4, (4) 


minima: 2r/A=n, 


where n= 1, 2, 3, --- and is the cyclotron orbit radius 
of an electron at the Fermi surface. Of course, ki (where 
lis the electronic mean free path) must be larger than 
the largest value of for which resonance would occur. 

When H is perpendicular to u (Y, case), electrons 
transporting “ momentum are being turned in the 
u-k plane. Therefore, half a circumference reverses 
both », and 2, leaving mv,v% in the same phase. The 
condition for maximum contribution to the attenuation 
is now that half a circumference take an electron into 
a neighborhood of identical lattice wave phase, that is, 
that the orbit diameter equal an even number of half- 
wavelengths. Apparently, the resonance rules for this 
case are 

senate 2r/A=n, (5) 
minima: 2r/A=n—}. 

For longitudinal waves (X case), the symmetry is 
the same as that for the Y, case. The degeneracy of 
the u and & directions does not alter this. Therefore, 
the resonance rules are just those which apply for the 
Y, case. 

The resonance rules deduced for all three cases are 
those observed by MBG for copper. Their experimental 
identification follows from two considerations: (a) the 
observed resonance rules are reversed for the Y\ and 
Y, cases; and (b) the strongest field (smallest orbit) 
for which a maximum occurs is for the Y\ case. The 
reversal for the two Y cases follows theoretically from 
the fact, noted by MBG, that whereas », and 2 reverse 
in half a circumference for Y,, only 2 reverses during 
circulation for Yj. 

The streaming of the electrons is affected by a 
macroscopic electric field E which develops in response 
to the motion of the lattice relative to the electrons. 
In the frequency region k/>1, the field E groups the 
electron population so as to sustain an attenuation 
which continues to increase with the acoustic frequency 
instead of approaching the asymptotic value which 
collisions could maintain unaided if E were ignored. 
There has been some confusion as to the nature of this 
electric field, it having been proposed that the oscilla- 
tory attenuation is due to resonant acceleration of the 
electrons in the spatially periodic electric field.* It is 
important to realize that E does not dissipate acoustic 
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energy directly, but only through its influence on the 
electronic kinetic stress against which the sound wave 
works. Interestingly enough, the proposed mechanism 
leads to conditions for maxima and minima which are 
just the reverse of those observed by MBG. 

As has been noted, resonant ultrasonic attenuation 
can provide a tool for mapping the Fermi surface.® It 
presents neither the magnetic field strength problems 
of the de Haas-van Alphen effect nor the field pene- 
tration problems of microwave cyclotron resonance. 
These desirable qualities are shared with resonant 
boundary scattering of the electrons, which produces 
oscillations of the transport coefficients in H~™ rather 
than in H, and which has recently been detected in 
the electrical conductivity of sodium wires.” Doubtless, 
much desirable information can be obtained between 
the two effects. 

The attenuation has been calculated for the three 
geometries of interest, but the “solutions” unfortu- 
nately require considerable numerical work. The Y 
case, for which the simplicity of the electronic motions 
is reflected in the simplicity of the solution, will be 
attempted first. 

The writer is indebted to R. W. Morse and H. E. 
Bémmel for valuable discussions. 

1H. E. Bommel, Phys. Rev. 100, 758 (1955). 

_ @R. W. Morse and H. V. Bohm, Proceedings of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 26-31, 1957 (to be published). 

3 Morse, Bohm, and Gavenda, Phys. Rev. 109, 1394 (1958). 

*M. S. Steinberg, Phys. Rev. 109, 1486 (1958). 

5M. S. Steinberg, Phys. Rev. 110, 772 (1958). 

6 A. B. Pippard, Phil. Mag. 2, 1147 (1957). 
oa and P. G. Siebenmann, Phys. Rev. 107, 1249 
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Moller Scattering of Arbitrarily 
Polarized Electrons 


A. RACZKA AND R. RACZKA 


University of Warsaw, Warsaw, Poland 
(Received April 17, 1958) 


HE electron-electron cross section for arbitrarily 
polarized electrons has been evaluated. The 
covariant form of this cross section is 


da=dayu+dap 
mB y' €,/dQ de,’ 
= 47,~>— wee - 
L (pr: p2)*—m*}}! d(e,’+e,') 
Xm =F[2m'‘+ 2m? (pr: p.+ (pr po)? + (pr: po’)? | 
+ 2m!+ 2m? (pi: po!) + (pr: p2)?+ (pr: pr’)? ] 
+th[4m? (pi: po) +2(pi: po)* J, 


(Xu+Xp), 
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Fic. 1. Angular 
relations in the case 
of measurement of 
the transverse com- 
ponent of the polar- 
ization vector in the 
laboratory system. 














X p= — mL (Si-S2)(pi- pr’)? + (S1- pr’) (Sz: pa’) J 

— mL (S1-S2) (pi— po’)? + (Si: po’) (Se pr’) ] 

— th 2(S1- p2)(S2- pr’) (pr pr’) 

+2(S1- pr’) (So: pi) (po: pr’) 

—2(S1- pr’) (Sa: pi’) (pr po) 

—2(Si-S2) (po: pr’) (pr: pr’) + m?(S1- po) (S2- pr) 

+m? (S\- p2)(S2: pr) +-m?(S1- pr’) (Sa: pi) 
—4m*(S,-S:2) (pr po) J, 


(1) 


where pi=(Dpi,€1), Po=(P2,€2) are initial and py,’ 
= (pr’,e:’), po’=(peo',eo') are final four-momenta of 
the electrons, and ¢;=my;=m/(1—8,)!, t=1/[v2(p: 
— pr’)? ], k=1/[V2(pi-— pr’)? ]. The four-pseudovector' 


(I-p) (I- p) 
S= (1+— nd uit ) 
m(e+m) ™ 


is the covariant polarization vector of the electron. 
doy is the Mller cross section without the polarization, 
and dep denotes the polarization-dependent part of 
the cross section. 

In the particular case of longitudinal polarization 
discussed by Bincer,’ our results are identical with his. 

Let us discuss the possibility of using the Mller 
scattering for measuring the transverse component of 
the polarization vector l,. We can put, in the laboratory 
system, 


(a) Se= (1,0), (b) (So: pi)= (I,- p:) =0, (2) 
(c) (So: pr’) = (1: pi) =0. ” 
The assumption (2a) means that the target electrons 
are at rest. Their polarization vector I, can be fixed by 
the direction of the magnetic field (e.g., in the foil). 
Then the condition (2b) means that the polarization 
vector |, of the target electrons is perpendicular to the 
beam of incident electrons. The meaning of (2c) is 
that the measurement of the momenta of scattered 
electrons p;’, po’ ought to be performed in a plane 
perpendicular to the vector l, (see Fig. 1). 
Because of (2) the cross section has now the following 
much simpler form: 


do=do y+de p=dayt+(S;:S:2)dos, (3) 
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Fic. 2. The ratio dos/doy against the scattering 
angle 6 for different values of 8. 
where 
mB, €;'dQ de,’ [ —m 

dos = 4r,? 





[(pr- ps)?—m*} d(er’+e2/)L2(p.— pr’)? 
ad (be br’) ee) (4) 
2(p:— po’? (pi— pr’)? (pi— pro’)? > 


We see that by virtue of (2) the polarization vectors 
S; and S: enter the cross section only through the 
scalar product S;-S2. 

In order to find the best conditions for the measure- 
ment of the polarization vector, let us investigate the 
ratio 


m 





x= da p/do y= (S1-S2)dos/dom. (5) 


In the laboratory system we have now (S;-S2)= (h-l:) 
and the expression (5) becomes 











x= (1-1) 
1 1—2y 
4 (y—1)*(1—2’) 
xX ’ 
a 4 3 y—1\? 4 
cae) 
(y—1)PL(1—2)? 1-2 2y 1-—x 
(6) 
where 


1—x?=2(y+1) sin?20/[2+ (y—1) sin’#}’, 


and @ is the angle between p; and p,’ in the laboratory 
system. In Fig. 2 the ratio dos/doy is plotted against 
the angle of measurement for different values of 8. 
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The curves show strong maxima in the vicinity of 
6=4n, which with increasing 8 move towards smaller 
angles. Besides, one sees that the polarization effects 
increase with decreasing 8. At any rate we see that the 
Mller cross section doy is never smaller than | dap}. 

To calculate the transverse component of the 
polarization vector ],, we find it convenient to introduce 
the ratio 


dom+ (Si-S:)dos dom (l,-1)dos 


a= = —, 
dou— (S1°S2)dos dou— (1,-1,)dos 





which is the ratio of the cross sections for two opposite 
spin orientations of the target electrons under the 
assumption that both target and beam electrons are 
completely polarized. In the case of partial polarizations 
of the incident electrons and target electrons, the I’s in 
(7) are to be replaced by 


lL’ =e, 1.’ = calle, (8) 


where ¢; and cz denote the degrees of polarization and 
the vectors 1, and |, are unit vectors pointing in the 
directions of the average polarizations of the electrons. 
Then a is the value which can be found experimentally. 

In the laboratory system the product (h’-I,’) can be 
expressed from (7) by the formula 


(h,’-1.’) 
=¢,C2(I,-1:) 


(—)— (—) 
“Nabil des Sahl 
7 4 3 y—1\? 4 
cartel 
(y-B)L(—2)? 1-2 dy 1—-x 


1 1—2y 
ae 
4 (y—1)*(i—2*) 








(9) 


If the constants c,; and c, are known, the transverse 
components of I,’ can be obtained from measurements 
of a for two independent directions of I,’. 

A paper by Ford and Mullin® dealing with a similar 
problem has recently been published. The general 
expressions for the cross section given by these authors 
[formulas (4) and (5) of reference 3] differ in some 
respects‘ from our formula (1). Contrary to the state- 
ment made by Ford and Mullin (reference 3, p. 479, 
footnote 7) their results also differ from those of 
Bincer.?* Moreover it can be shown that for some other 
particular cases, e.g., 


S2-pi=0, Se: pi'=0, p-0, 6=}r, S,S2=1, 


their cross section (4) and (5) becomes negative, 
showing that these equations are not correct. 
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We would like to thank Dr. J. Werle, under whose 
direction this work was carried out, for suggesting the 
topic, for helpful discussions, and for critical remarks. 


1H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 

* A. Bincer, Phys. Rev. 107, 1434 (1957). 

3G. W, Ford and C. J. Mullin, Phys. Rev. 108, 477 (1957). 

‘ Note added in proof.—We have been informed that the differ- 
ences between our results and those of Ford and Mullin are due 
to two og ange errors in their paper. See G. W. Ford and 
C. J. Mullin, Phys. Rev. 110, 1485(E) (1958) this issue. 





Number of 3d Electrons in the 
Transition Metals* 


RicHARD D. DESLATTES 


The Florida State University, Tallahassee, Florida 
(Received May 5, 1958) 


T a recent conference, values were presented for 
the number of 3d electrons in Cu, Ni, Co, Fe, 
and Cr,' in the solid state as obtained from absolute 
measurements of the scattering factor for x-rays. 
Inasmuch as the results differ considerably from the 
well-known atomic configurations, they occasion some 
curiosity, as the authors have remarked.' Furthermore, 
the configurations advocated in reference 1 are difficult 
to reconcile with self-consistent calculations for the 
valence band-wave functions of the transition elements.” 
The interpretation of the experiments by Weiss and 
DeMarco rest on two assumptions. First, it is assumed 
that the contribution to the scattering by the “argon 
core” electrons may be assessed by means of a self- 
consistent field calculation for the free atom. Next, it 
is assumed that the extent of the 3d wave functions is 
greatly exceeded by that of the 4p and 4s so that the 
latter may be neglected. It is then the case that the 
scattering in excess of that for the “argon core” is due 
only to the 3d electrons. The last assumption may 
possibly be questioned and it would seem desirable to 
obtain some independent information on the number of 
3d electrons per atom in the transition elements in the 
solid state. It is the purpose of this note to point out 
that some such information exists already in the 
literature and tends to favor the conventional configu- 
rations assigned to the atoms in the metal over those 
suggested by Weiss and DeMarco. 

Several years ago Nilsson* observed that the excita- 
tion function for K series characteristic x-radiation 
from the transition elements exhibited a region fairly 
rich in structural detail over a few tens of volts from 
the excitation potential. A particular feature of interest 
here was termed by Nilsson the ‘‘/ structure.” It gives 
the appearance of a partially resolved “line” occurring 
slightly below the Fermi energy as determined from 
the results of Beeman and Friedman.‘ Nilsson inter- 
preted this line as due to ionizing transitions in which 
the electron final! state lies in the unfilled part of the 
3d band. Its intensity would then be expected to vary 
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with the filling of the 3d band and Nilsson observed 
this to be the case, assuming conventional configurations 
appropriate to the atoms in the metal. 

A specific example may be taken from a comparison 
of Co and Fe. According to the assignments of Weiss 
and DeMarco, the line would be expected to be about 
four times as intense in Fe as in Co. The observed 
factor is approximately § which would have been 
expected on the basis of conventional atomic configu- 
rations in the metals. 

It is suggested that since in the scattering experi- 
ments there are no selection rules effective in sorting 
states of a special symmetry, those experiments yield 
only some measure of the total extent of the electron 
cloud. Distinction among symmetry types is more 
properly sought in spectroscopic measurements. 

* Supported by the Air Force Office of Scientific Research. 
(9s8)” Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 

2 J. Callaway (private communication). 


3A. Nilsson, Arkiv Fysik 6, 513 (1953). 
4 W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 





u-Mesonic Molecular Ions and 
Nuclear Catalysis* 


STANLEY ConeNn, Davin L. Jupp, AND RoBeERT J. RIDDELL, JR. 


Radiation Laboratory, University of California, Berkeley, California 
(Received April 21, 1958) 


HE experimental! observation!” of the catalysis of 
nuclear reactions by u mesons in liquid hydrogen® 
created interest at a number of laboratories and led to 
several independent theoretical investigations of the 
processes involved.‘ Although it soon became clear 
that this phenomenon could not lead to the production 
of useful power, some of the estimates. of particular 
reaction rates were in wide disagreement, primarily 
because of the gross approximations made. Because of 
the intrinsic interest in the effect, and in order to obtain 
a more satisfactory understanding of these processes, 
we have made a detailed investigation of the molecular 
systems involved in these reactions. 
It is assumed that nuclear catalysis proceeds through 
the following processes : 


(1) .The » meson is slowed down by collisions in the 
liquid hydrogen and captured by a proton, forming a 
(pu) atom. 

(2) The (pu) atom migrates and encounters a deu- 
teron which captures the meson by exchange. Owing 
to the difference in reduced mass, this process releases 
135 ev to the system. 

(3) The (du) atom slows down by collisions and forms 
a (pud)* molecular ion by a process of electron ejection. 

(4) The nuclear reaction p+d—He'+y (5.5 Mev) 
occurs. The y ray may then eject the meson. 
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In all these processes there is competition with the 
natural decay of the meson, while in processes (2) and 
(3) there is also a competition with the formation of 
other molecular ions, such as (pup)* and (dud)*. 

In our investigations of the molecular ions, we have 
used the Born-Oppenheimer approximation’ as a start- 
ing point for a variational calculation of the bound-state 
and scattering wave functions of the three-body 
system. In this calculation, corrections to first order in 
the ratio of mesonic to nucleonic mass were included. 


TABLE I. Calculated binding energies of bound states 
of u-mesonic molecular ions. 








Binding energy 








System State (ev) 
(pup)* L=0 2771 

L= 2624 
(pud)* L=0 2878 

L=1 2754 
(dud)* L=0 2986, 2845 

L=1 2887 

L=2 2746 


In the unequal-mass case, (pud)*, this leads to a pair 
of coupled second-order differential equations, while in 
the equal-mass cases, (pup)*+ and (dud)*, the two 
equations are not coupled. The solutions to these 
equations were carried out numerically by use of an 
IBM-701 computer. The wave functions and eigen- 
values for all the bound molecular-ion states were 
obtained. These binding energies relative to the totally 
separated systems are given in Table I. 

The free-state wave functions were also calculated, 
and the energy dependences of the scattering cross 
sections were investigated. The results of these calcu- 
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Fic. 1. The energy dependence of elastic-scattering cross sections 
for 4-mesonic atoms from protons and deuterons. 
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lations are shown in Fig. 1. Of particular interest is the 
anomalous behavior of the scattering cross section for 
(du) atoms on protons. For energies in the thermal 
range this cross section is extremely small, correspond- 
ing to a scattering length ~0.08 times the mesonic 
Bohr radius. The unusually long gaps between the 
ending of the initial meson track and the beginning 
of the secondary track which were observed experi- 
mentally! can probably be explained by such a Ram- 
sauer effect. In addition, the exchange cross sections 
were calculated, giving for process (2) an exchange 
rate R., near zero energy of 11.5X10° sec™ in pure 
liquid deuterium. 

From the wave functions, estimates for rates of 
molecular-ion formation at low energies were also 
obtained. These are as follows: 


(pu) +H—-(pup)t+e, 
Rom=8X 10° sec (in liquid hydrogen) ; 


(du) +H—-(dup)t+e, 
Rim= 3X 108 sec (in liquid hydrogen). 


By a phenomenological analysis of the experiments 
one can determine the ratio R.x/(Ren+R,), where R, 
is the natural meson-decay rate. Our calculated value 
for this ratio is 1.3X10*, in good agreement with the 
experiments. 

A full account of these calculations will be published. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Alvarez, Bradner, Crawford, Crawford, Falk-Vairant, Good, 
Gow, Rosenfeld, Solmitz, Stevenson, Ticho, and Tripp, University 
of California Radiation Laboratory Report UCRL-3620, Decem- 
ber 1956; Phys. Rev. 105, 1127 (1957). 

2 Ashmore, Nordhagen, Strauch, and Townes, Proc. Roy. Soc. 
(London) 71, 161 (1958). 

3F. C. Frank, Nature (London) 160, 525 (1957); Y. B. Zeldo- 
vich, Doklady Akad. Nauk S.S.S.R. 95, 493 (1954). 

‘T. D. Jackson, Phys. Rev. 106, 330 (1957); T. H. R. Skyrme, 
Phil. Mag. 2, 910 (1957). 

5M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 





Measurement of Spins of Levels Excited 
by Slow Neutron Capture* 


J. D. Fox, R. L. Zomerman, D. J. Hucues, H. PALevsky, 
M. K. BrussEL, AND R. E. Curren 
Brookhaven National Laboratory, Upton, New York 
(Received April 24, 1958) 


HE spectrum of the gamma rays following neutron 
capture in individual resonances can be used to 
determine the spin of the levels corresponding to the 
resonances in certain favorable cases.1 We are here 
reporting results in which the method has been success- 
fully applied to the determination of the spins of 
several levels in W'™. For the target nucleus W!*, the 
gamma-ray transitions from the capturing state in the 
compound nucleus W'™ to the ground state are strongly 
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allowed for those levels with /=1 and forbidden for 
J=0, the only possible level spins following capture of 
slow neutrons. The ground state configuration of W'* 
is expected to be p; and the measured spin is indeed 
found? to be 4; thus states resulting from slow neutron 
capture will have spins of either 0 or 1 and negative 
parity. The spins and parities of the first few low-lying 
states in W'™ have been determined’ and Kinsey and 
Bartholomew‘ have measured the energy of the ground 
state gamma ray as 7.42 Mev. This gamma ray has a 
higher energy than the ground state transitions in any 
of the other isotopes of tungsten. The gamma-ray 
transitions from the capturing states with spin 1 to 
either the 0+ ground state or the 2+ first excited 
state are allowed by the gamma-ray selection rules. 
Conversely, the transitions from the spin-0 capturing 
states to the 0+ ground state are forbidden while 
transitions to the first excited state are relatively 
disfavored.’ Thus the presence of the ground state 
gamma in the radiation from capture in a resonance 
establishes its J as 1, and absence of the ground state 
gamma establishes a J of 0. 

The time-of-flight method was used to select the 
neutron energy corresponding to the resonances in W'* 
and the gamma radiation was detected by NalI(TI) 
scintillators. The sample consisted of a normal turigsten 
sheet 3 in.X5 in.X0.03 in. placed in the neutron beam 
at a distance of 10 meters from the Brookhaven fast 
chopper. Placed around the sample but out of the 
direct neutron beam were three scintillators 3 in. in 
diameter by 3 in. thick, and one 5 in. in diameter by 
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TABLE I. Analysis of tungsten resonances. The areas of the 
resonance peaks are tabulated and the ratio of high bias to low 
bias is normalized to a corrected thermal! neutron capture spec- 
trum. 


(Counts/volt)/ (High bias/low bias) J 
A 40 hours normalized tothermal W'* 
E (target) High bias Low bias capture spectrum resonances 

4.15 182 19.8+12 3910 0.073+0.03 
7.62 183 127+10 1580 1.14 +0.11 1 
18.8 186) . 
21.2 182/ 22.8412 6410 0.05 +0.03 
27.1 183 62.548 1190 0.76 +0.10 1 
46.6 183) - « ‘0 (1) 
48.1 183/ 44.5+8 1520 0.41 +0.08 44 (0) 





2 in. thick. The pulses from the detectors were added, 
amplified, and pulse-height-analyzed with a single- 
channel analyzer, with the output fed into the 1024- 
channel time analyzer normally used with the fast 
chopper. The four scintillators were shielded from the 
room with 6 in. of Pb and from the sample with 1 in. 
of boron carbide and paraffin mixture, so that neutrons 
scattered by the tungsten resonances would not be 
captured in the iodine of the scintillators and detected. 
With the pulse-height channel centered on 2.8 Mev, the 
known low-energy tungsten resonances were observed 
as shown in the lower portion of Fig. 1. Resonances in 
the even isotopes at 18.8 and 21.2 ev and in W'® at 
46.6 and 48.1 ev were unresolved. The isotopic assign- 
ments* are indicated in the figure. With the pulse-height 
channel centered on 7.2 Mev so that only the highest 
energy transitions in W'™ were detected, the resonances 
due to capture by the even-A isotopes were no longer 
detected, as is obvious in the upper portion of Fig. 1. 
For the resonances in W'®, only those with J/=1 should 
appear at high bias; clearly the 7.6- and 27-ev levels 
have J=1, but an analysis of the actual strength or 
area of the peaks is necessary. 

An analysis of the measurements is contained in 
Table I. The expected intensity at high bias of the 
resonances in the even-A isotopes is zero because the 
energy release from neutron capture in these isotopes 
is less than for capture in W'®. It is observed that the 
counting rate ratios (normalized from a corrected 
thermal neutron capture gamma-ray spectrum) are 
quite close to unity for the 7.62-ev and 27.1-ev reso- 
nances, establishing J=1 for both levels, but this ratio 
is 0.41 for the unresolved 46.6- and 48.1-ev resonances. 
Because of their relative strengths, the ratio for the 
combined levels is expected to be about 0, 3, 7, or 1, 
depending on whether neither one, or both of these 
resonances has J=1. The present results show that one 
or the other of these two resonances has spin 1, but not 
both, and that there is a slight preference for assigning 
J=1 to the 48.1-ev level. The results for the 27.1- and 
46.6-ev resonances are in general agreement with the 
spins determined from total cross-section measure- 
ments’:*—a technique that is possible for these partic- 
ular levels because of their very large neutron widths. 
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Further work is being done to extend the measurements 
to the other resonances of W'* and to other nuclides 
as well. 


* Work performed under contract with U. S. Atomic Energy 
Commission. 

1H. H. Landon and R. Rae, Phys. Rev. 107, 1333 (1957). 

2 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

3D. Strominger, University of California Radiation Laboratory 
Report UCRL-3374, 1956 (unpublished). 
aan Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 

5 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 647. 

6 Schwartz, Pilcher, and Schectman, Bull. Am. Phys. Soc. Ser. 
II, 1, 187 (1956). 

7R. Chrien and R. L. Zimmerman, Bull. Am. Phys. Soc. Ser. 
II, 3, 19 (1958). 

. B. Simpson and R. G. Fluharty, Bull. Am. Phys. Soc. Ser. 
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Antiproton-Hydrogen Scattering and 
Inelastic Scattering from 
Complex Nuclei* 


Gerson GOLDHABER,t THEODOR KALOGEROPOULOS, 
AND REIN SILBERBERG 


Department of Physics and Radiation Laboratory, 
University of California, Berkeley, California 
(Received April 21, 1958) 


N the study of antiproton interactions in nuclear 

emulsions a total of 413 antiproton annihilation 
stars have been found to date.‘ Most of these data 
come from emulsion exposures to enriched antiproton 
beams*® at the Bevatron. In all this work the anti- 
protons are incident on the emulsion stacks with a 
kinetic energy of 200 to 250 Mev. As described earlier, 
the antiproton tracks are picked up near the entrance 
edge of the stack and followed along the track until 
they either interact in flight or come to rest.! Of the 
413 antiproton stars observed, 217 came to rest and 
gave annihilation stars at rest, while 196 annihilated in 
flight (see Table I for further details). The interactions 
in flight, which determine the cross section, range in 


TABLE I. Number of antiproton interaction events observed and 
emulsion path length scanned. 








Number of interactions 





p-annihil. Dp 
Emul- Path h h ~ stars ine- 
sion length Path length (g cm~) in at p-H lastic 
type (cm) Ag Br C,O,N H flight rest scatt. scatt. 
GS, KS 2286" 4180 3110 1380 122 124 1589 7 3+1 
GS5,3x 
diluted> 1506¢ 1390 1140 1360 114 2 & 3 5 
Total 3792 5570 4250 2740 236 196 217 10 8+1 








* This path length includes 602 cm from work with unseparated anti- 
proton beams (Antiproton Collaboration Experiment, reference 1; Rome 
group, reference 2; Uppsala group, reference 3) as well as results with a 
separated antiproton beam (1394 cm) reference 4 and doubly separated 
antiproton beam (290 cm) (reference 5). 

b Ilford GS 3X diluted is an a with three times the normal 
gelatine concentration, density =2.66 g cm 

¢ This path length comes entirely —y stack 88 exposed in the doubly 
separated antiproton beam (reference 5). 
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TABLE IT. Antiproton- ae tongpe santtaring events.* 








scatt angle p energy 

Event c.m, system) (lab system) 
number (degrees) (Mev) 
38-34 17.6 175 
38-326 30.8 120 

3-26 33.4 72 

6-6> 44 175 
38-22 48.5 184 
38-38 50 142 
3S-244 50 230 
3S-140 53 135 
38-1002 79 161 
38-293 117.8 208 








* Five of these events have been reported in della 4. 
> From Uppsala Group (reference 3). 


kinetic energy from 230 to 20 Mev with an average 
energy (weighted according to path length) of ~150 
Mev. In this note we would like to discuss the rare 
types of antiproton interactions that do not lead to 
annihilation, namely the j-H scattering events and 
the antiproton inelastic scattering events. The elastic 
scattering of antiprotons from free hydrogen nuclei 
can be identified uniquely in photographic emulsions 
from the kinematics of the events. 

Ball and Chew have recently proposed a model for 
the antinucleon-nucleon interaction in terms of a 
modified nucleon-nucleon potential. Their results, 
owing to the nature of the approximation methods 
used in the evaluation of the phase shifts, are valid at 
moderate energies, namely 7,5 200 Mev. In addition 
Fulco’ has evaluated the differential cross section based 
on the Ball and Chew phase shifts. The angular distri- 
bution is characteristic of a single diffraction peak, 
with a minimum at 6..m.~90° and a very small cross 
section in the backward direction. The integrated 
forward-to-backward cross-section ratio is about 14 to 
1. At present our statistics are still very limited; 
however, the agreement with the above predictions is 
excellent. From the 10 j-H elastic scattering events 
found in emulsions to date, we obtain a scattering 
cross section ¢%-H scatt= 712+” mb. As is shown in 
Table II, nine of the events lie in the forward hemi- 
sphere while one lies in the backward hemisphere in 
the c.m. system. A j-H scattering event can be recog- 
nized reliably when the recoiling proton is at least 3 4 
in range. This introduces a cutoff angle for antiproton 
scattering Of 0¢.m.=4.3° at 230 Mev and 6..m,=5.4° 
at 150 Mev (our average energy), and @..m.=12° at 
30 Mev. For purposes of this experiment the effect on 
the cross section is negligible. 

The j-H annihilation events can, in general, not be 
uniquely identified in photographic emulsions. How- 
ever, we can single out that group of stars which must 
contain the j-H annihilation events. The requirement 
is for a star in flight with an even number of charged 
pions and no visible nuclear excitation. Among 219 
stars in emulsion analyzed to date,* 93 of which occurred 
in flight, we have found 5 stars which fulfill those 














‘ 
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TABLE III. Inelastic antiproton scattering events from complex nuclei. 








T;’ 
6 , a a 

. Dp anak angle Pp a P aa 

Event (lab system) incident scattering 
number ! (degrees) (Mev) (Mev) AT;/T5 Additional prongs® 
38-294 11 ~260 246 0.05 One; 7 +=5.2 Mev, 9+ 1ab) =53°. Deviation from coplanarity 1°. 

1-4* 16 ~224 ~210 0.06 Two; 7 +=5.8 Mev, and recoil 1.6 uw. 
38-254 16 ~200 188 0.06 One; T+=1.2 Mev, 65+(1s»)=70°. Deviation from coplanarity 16°. 
38-1022 28 67+5 31 0.5 None. 
38-228 37 ~150 115 0.2 Two; 7+=2.2 Mev, and recoil 5 x. 

3-20 47 163+ 10 132 0.2 Two; T,+=1.3 Mev and T,+=0.6 Mev. 
38-249 47 ~35 17.5 0.5 Two; T,+=1.2 Mev and 7,.=0.7 Mev. 
38-312 64 ~46 31.5 0.3 One; T+=6 Mev, 65+ 1a») = 49°. Deviation from coplanarity 14°. 
38-88 O+ 160+ 10 133 0.2 One; recoil 2 yu. 





* Published previously (reference 1). In this event the antiproton leaves the stack after scattering and its identity as an antiproton can thus not be 


uniquely established. We will count it as 0.5 event here. 
> Published previously (reference 1). 


¢ The energies are assigned on the assumption that the observed prongs are protons. 


conditions: two with charged-pion multiplicity V,+= 2, 


two with V,+=4, and one with V,+=6. These events 
thus represent an upper limit to the number of p-H 
annihilation events.’ The corresponding path length in 
hydrogen is 97 g cm~, giving a p-H annihilation cross 
section, 05-H annihS 86_37+*® mb. 

In addition to the above-mentioned events we have 
observed 8 or 9 inelastic scattering events of antiprotons 
with complex nuclei (see Table III). In general these 
correspond to rather small energy loss and a fairly 
large scattering angle. In comparing these with the 
elastic scattering events from complex nuclei,!® we have 
found about 100 events in the angular interval 2 degrees 
to 25 degrees but only one event with a scattering 
angle greater than 25 degrees. Thus the larger-angle 
scattering appears to be principally inelastic. Our 
criterion for the inelasticity of a scattering event was 
visible nuclear excitation or ionization change corre- 
sponding to an energy loss of AT;/7T,;20.2. It is, 
however, possible that some additional inelastic scat- 
tering events with A7;/753<0.2 may be present among 
the elastic scattering events observed. 

On an independent-particle ‘model the inelastic scat- 
tering events correspond to the elastic scattering from 
a single bound nucleon. As such it should reflect the 
antiproton-nucleon elastic scattering cross section. We 
see that although o 5-H scatt ANd 5-H anni are roughly 
comparable, the inelastic scattering is strongly sup- 
pressed, and amounts to ~4.3% of the annihilation 
events in flight. The suppression of the inelastic scat- 
tering process must be due to two effects: (a) the Pauli 
exclusion principle, which is particularly effective here 
because of the strong forward peaking of dog. seat:/d2; 
(b) the high annihilation probability, which frequently 
leads to the annihilation of an antiproton in the same 
nucleus as that in which scattering took place. The 
effect observed here is similar to that observed in the 
antineutron production in complex nuclei by charge 
exchange of antiprotons, viz. p+‘p’—7i-+n." The 
latter also involves the re-emission of an antinucleon 
from the complex nucleus and has been shown to be 


independent of the nuclear size. Such re-emission can 
presumably occur only in a fringe collision in the 
low-density region of the nucleus. The inelastic scat- 
tering cross section per emulsion nucleus (excluding 
hydrogen) is o% inet=45_16*”? mb and is to be compared 
with 9-H seatt=71_21* mb. We see that the two 
cross sections are comparable within the experimental 
error, which is consistent with an optical-model calcu- 
lation performed for antineutron production.” 

We wish to acknowledge the help given in the expo- 
sure to the enriched antiprotons beams by Professor 
Emilio Segré and members of his group and in particular 
by Mr. Lewis Agnew. The help by Dr. Edward Lofgren 
and members of the Bevatron crew is also greatly 
appreciated. Finally, this work would not have been 
possible without the conscientious efforts of Mr. Jim 
Glass, Mrs. Lora Langner, Mr. Kirmach Natani, Mrs. 
Evelyn Rorem, Mrs. Elizabeth Russell, Mrs. Mary 
Lou Santos, Miss Charlotte Scales, and Mrs. Louise 
Shaw. 


* Work supported by the U. S. Atomic Energy Commission. 

ft Supported in part by the Adolph C. and Mary Sprague Miller 
Institute of Basic Research of the University of California. 
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Elastic Scattering of Antiprotons 
from Complex Nuclei* 


Gerson GOLDHABERT AND JACK SANDWEIsSt 
Physics Department and Radiation Laboratory, 
University of California, Berkeley, California 
(Received May 5, 1958) 


N continuing the study of the interactions of anti- 

protons in nuclear emulsions, we have examined a 
total length of 16.0 meters of antiproton path in the 
energy region 50 to 200 Mev. We report here on our 
measurements of the elastic scattering of antiprotons 
in nuclear emulsion. The total path length was obtained 
from the various exposures to the unseparated anti- 
proton beam! and from a separated-beam exposure.” 

In these experiments, stacks of 600-micron Ilford G.5 
nuclear emulsion have been exposed to antiprotons 
from the Berkeley Bevatron. For the purposes of the 
elastic-scattering measurement we have selected only 
tracks due to antiprotons identified by means of an 
annihilation star. In the range interval corresponding 
to 50 to 200 Mev, these tracks were carefully examined 
for scattering events with projected angle of scattering 
greater than 2°. A scattering event was accepted as 
elastic if there was no visible change of grain density 
and no visible recoil or excitation of the struck nucleus. 
The grain-count criterion adopted eliminates inelastic 
scattering events with AT;/7;20.2. However, some 
slightly inelastic scattering events (AT;/T;<0.2) may 
still be present in our data. Scattering from free 
hydrogen in the emulsion and inelastic scattering from 
complex nuclei are discussed in a separate communi- 
cation.* 
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Fic. 1. Number of scattering events with projected angle 
greater than 1.5° as a function of the space angle of scattering. 
The solid histogram shows the results on 8.1 meters of antiproton 
track in the energy range 50 to 200 Mev, and the dashed histogram 
shows the distribution expected from point-nucleus Rutherford 
scattering. 
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TaBLe I. Numbers of antiproton scattering events with pro- 
jected angle >2° observed per 30-Mev interval in a 16-meter 
path length in emulsion. 











Space angle of Energy interval (Mev) 





scattering Total, 
(degrees) 50-80 80-110 110-140 140-170 170-200 50-250 
2-4 18 7 11 8 7 51 
4-6 6 6 6 6 3 27 
6-9 4 + 4 2 2 16 
9-12 3 2 1 2 2 10 
12-18 1 2 1 0 0 4 
18-24 0 0 2 0 0 2 
24-180 0 1 0 0 0 1 
2-180 32 22 25 18 14 111 
Path length (cm) 146 414 508 1600 


222 = 310 


We have checked our scanning efficiency both by 
rescanning and by measuring a sample in which we 
included projected angles greater than 1.5°. In the 
latter case we may compare the results with point- 
nucleus Rutherford scattering. Figure 1 shows the re- 
sults on 8.1 meters of antiproton track. For scattering 
events with projected angle greater than 2° the scanning 
efficiency is 100%. A total of 111 such scattering events 
were found in 16 meters of path length. Table I lists 
the number of antiproton scattering events for various 
antiproton energy intervals as well as the corresponding 
path-length distribution. The number of events ob- 
served in this experiment is insufficient to allow a 
comparison with theory in the separate energy intervals; 
we shall thus consider the data in the entire energy 
interval 50 to 200 Mev. The histogram in Fig. 2 shows 
the experimental angular distribution (see Table II). 
Of the 111 scattering events, only one occurred at an 
angle greater than 25°. The solid curve represents the 
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Fic, 2. The angular distribution for the entire energy interval 
50 to 200 Mev. The histogram shows the observed number of 
elastic scattering events with projected angle greater than 2°. 
The solid curve shows the distribution expected from the charged- 
black-sphere model. Solid-angle corrections, to take account of 
the 2° cutoff criterion in projected angle, have been applied to 
the computed curve. 
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TaBLe II. Comparison of the experimental data for elastic 
antiproton-nucleus scattering with calculated values for a charged- 
black-sphere and for point-nucleus Rutherford scattering. (T= 50 
to 200 Mev, projected angle > 2°.) 








Number of events 








Angular Point-nucleus 
interval Charged-black- Rutherford 
(degrees) Experiment sphere scattering* scattering® 
2-6 78 86 79 
6-12 26 27 12 
12-24 6 10 2.4 
24-180 1 reed 1.2 


2-180 111 94.6 


*A solid-angle correction due to the 2° cutoff in projected angle has 
been applied to these values. 

> The backward scattering, which rises again for this model (reference 4), 
has not been evaluated. 


angular distribution expected from a “charged-black- 
sphere” model‘ for the antiproton-nucleus interaction. 
That is, we assume that all partial waves with /</mex 
are completely absorbed, with 


Imax= {KRE1+ (2Z/1378KR) ]}!—3}. (1) 


The quantity R appearing in Eq. (1) is the radius of a 
sphere corresponding to the measured annihilation 
cross section as observed for nuclei in nuclear emulsions 
in the energy region 50 to 200 Mev. In order to deduce 
the value of R for the individual elements in emulsion, 
we have assumed an A! dependence for R. 

Writing R=1r,A}, we obtain ro= (1.64+0.05) X 10-" 
cm. Here R is to be regarded as a measure of the 
number of partial waves being absorbed by the nucleus 
rather than as a measure of the nuclear radius. The 
calculated angular distribution was averaged over the 
energy interval considered here as well as for the 
elements in nuclear emulsion (excluding H)—namely, 
Ag, Br, C, O, and N. We do not observe a rise in the 
backward direction, as would be predicted® by the 
charged-black-sphere model, presumably because of 
reflection from the (assumed) sharp nuclear boundary. 
The angular distribution at forward angles, however, 
is not particularly sensitive to the details of the nuclear 
edge,® because of the very large absorptive contribution ; 
thus our simplified model should be valid for small 
angles. 

It seems likely, then, that the elastic scattering can 
be fitted within the accuracy of our experiment by a 
model in which all the elastic scattering occurs as a 
consequence of the strong nuclear absorption of anti- 
protons. This conclusion is given considerable support 
by the calculations of Glassgold,’ who has made exact 
computations for the elastic scattering of antiprotons 
of 140 Mev, in nuclear emulsion, for various assump- 
tions about the antiproton-nucleus potential. Glassgold 
has assumed a realistic shape for the antiproton-nucleus 
potential, based on recent proton-nucleus scattering 
data, that takes account of the diffuse nuclear bound- 
ary. He has estimated the imaginary part of the 
potential to be W=—50 Mev, corresponding to strong 
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TaBLe III. Comparison of experimental data for elastic anti- 
proton-nucleus scattering of energy 7,=80 to 200 Mev with 
Glassgold’s calculations at 7p=140 Mev. (Projected angle > 2°.) 





Number of events 


Calculated for Calculated for 





Angular Experimental potential* potential» 
interval (Tz =80 to V =—15 Mev V = —528 Mev 
(degrees) 200 Mev) W = —50 Mev W=-— 50 Mev 
2-6 54 56 71 
6-12 20 17.1 24 
12-24 5 43 10 
24-180 1 1.4 9.5 
2-180 80 78.8 114.5 





® These entries were evaluated from Table IV of reference 7, and a 
solid-angle correction due to the 2° cutoff in projected angle has been 
applied. It should be noted that in Table V of reference 7 neither this 
correction nor the appropriate normalization factors was applied and that 
thus the comparison given there is not fully valid. 


absorption, and has calculated the cross sections for 
two values of the real part of the potential V. One 
value, V=—15 Mev, was taken the same as for proton- 
nucleus scattering; the other value, V=—528 Mev, 
was chosen to compare with the Duerr-Teller calcu- 
lations.*.* When these cross sections are compared with 
emulsion data,’ the second choice appears to be ruled 
out.” In Table III we give a comparison of the two 
calculated differential cross sections with our experi- 
mental results. For this we compare our data between 
80 and 200 Mev (i.e., 140+-60 Mev) with his calculation 
carried out for 140 Mev. As can be seen from Table ITI, 
the agreement for V=—15 Mev is good, whereas the 
high potential, V= —528 Mev, leads to more scattering 
and in particular to excessive large-angle scattering. 
It should be noted that besides the 16 meters of path 
length reported here, another 22 meters has been 
examined for elastic scattering events with @>24°, and 
no additional event was found.’ Thus the discrepancy 
in the interval 24° to 180° is already as high as 25 
events predicted (for the potential V= —528 Mev) to 
one event found. 

In all of the foregoing we have neglected the spin of 
the antiproton. We have studied the azimuthal de- 
pendence of the elastic scattering events and find no 
asymmetry. However, the antiprotons obtained in these 
experiments were produced at very nearly 0 degrees to 
the incoming proton beam, so that we would expect 
the polarization to be essentially zero. We have also 
studied the events in which the same antiproton scatters 
twice. For such events the antiproton can presumably 
be polarized in the first scattering and then be analyzed 
by the second scattering. To date we have observed a 
total of 55 pairs of two successive scattering events. 
Of these, in 33 cases the second scattering occurs in 
the same direction as the first while in 22 cases the 
second scattering occurs in the opposite direction. 
Thus so far no definite conclusion can be reached on 
the polarization of antiprotons by elastic scattering in 
nuclear emulsions. 

We are indebted to Dr. Warren W. Chupp, Dr. 
Harry H. Heckman, and Frances M. Smith for per- 
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mission to analyze their emulsions for the elastic 
scattering events. We should also like to thank Donald 
A. Steinberg for his assistance in programming the 
IBM-650 computer. We are grateful to Dr. Warren 
Heckrotte for several enlightening discussions with 
one of us (J.S.). 

Finally, we are indebted to Dr. A. E. Glassgold for 
a number of helpful discussions of his work. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

7 Supported during part of this work by the Adolph C. and 
Mary Sprague Miller Institute of Basic Research at the Uni- 
versity of California. 

t Now at Physics Department, Yale University, New Haven, 
Connecticut. 
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which is symmetrical about 90°. 

6 See, for example, the calculations reported by R. E. Ellis and 
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Conserved Currents in the Theory of 
Fermi Interactions* 


M. L. GOLDBERGER AND S. B. TREIMAN 
Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received April 25, 1958) 


EYNMAN and Gell-Mann! have proposed a scheme 

in which the vector Fermi interactions are de- 
scribed in terms of an interaction with itself of a vector 
current. In a similar way the axial vector coupling may 
be thought of as a self interaction of an axial vector 
current. Furthermore, they propose to add strangeness- 
violating terms to these currents in order to account for 
strange particle decays. In order to account for the 
almost precise equality of the vector coupling strengths 
in 6 decay and uw decay, Feynman and Gell-Mann sug- 
gest, in analogy with electrodynamics, that the vector 
(strangeness conserving) current is conserved. It is also 
a fact that the axial vector strengths are nearly equal 
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for the two processes. Supposing that this equality may 
turn out to be precise, one might attempt to understand 
this in terms of a conserved axial vector current. With- 
out here going into the subtleties associated with a 
precise definition of the axial vector interaction constant 
in such a circumstance, we shall show that such a con- 
served axial current can be ruled out on experimental 
grounds. We shall also show that a scheme involving 
conserved strangeness-violating currents (either vector 
or axial vector) o{n probably also be ruled out. As for 
the original Feynman Gell-Mann scheme concerning 
the conserved vector current, independent tests have 
been proposed by Gell-Mann.’ 

Consider first the strangeness-conserving axial vector 
current. Taylor’ has made the important observation 
that if the conserved current ideas hold here, then 
m—e+yv and r—u+» are forbidden. This is a desirable 
result as regards the unseen electron mode; as for. the 
u-meson mode, Taylor argues that perhaps the » meson 
does not couple according to the scheme under dis- 
cussion. We think this possibility would remove all 
motivation for the scheme. In any case, a consideration 
of 8 decay shows that electrons cannot couple according 
to the scheme. Let j,4 be the conserved current in 
question. The matrix element for the axial vector part 
of 8 decay would have the structure 


M4=itieyyys(1+75)u,(p| j.4|n), 
where, on general invariance grounds,‘ 
(p| ju4|n)=it,{avyystib(p—n)yys}un. (2) 


The coefficients @ and b are functions of (p—m)’. 
Conservation of j,4 implies 


(p—n),(p| ju4|n)=0; 
b= —2ma/(p—n)’, 


(1) 


(3) 


(4) 


where m is the nucleon mass. From (1) and (2) we find, 
after carrying out reductions, that the matrix element 
for 8 decay contains an axial vector term with coefficient 
ga=a, and a pseudoscalar term with gp=m,b, where 
m, is the electron mass. From (4) it follows that 


hence 


(5) 
This ratio is energy dependent but always very large 
(= 10°) and can surely be ruled out experimentally. 

Let us now turn to the proposed strangeness-violating 
currents. Suppose all hyperons have the same parity, 
taken to be even. Then, as with pion decay, the occur- 
rence of K—>u+yv rules out the idea of a conserved 
vector (axial vector) current if K is scalar (pseudo- 
scalar). To deal with the alternate possibilities, consider 
the processes K>2r+y+v, K-2+e+v. Depending on 
the K-meson parity, the matrix element is 


M ps= tity, (1+75)u,(r| J." |K), 


gp/ga=—2mem/(p—n)’. 


(6) 
or 
M s=tiryyuys(1+7s)u,(r| j.4| K), 
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where a, (/ denoting lepton) is %, or @,, and, on invari- 
ance grounds 


(| ju '4|K)=c(pxtpr)td(px—pr)y, (7) 


where ¢ and d are functions of (px—p,)*. The conser- 
vation law would imply that 








(px—pr)(m| ju"'4|K)=0; (8) 
hence 
mx?—m,? 
= a (9) 
(Px— px)’ 


It is now a simple matter to show that the decay 
rate w is given by 
2 


1 (mK—mr) 
o-—_— [ dn? |c(—d*) |? 
3842°m x? mi? 


x {[(mx-+m,)*—* ][(mx—m,)*—)*}}! 


m, 
+1, (10) 
ro 


3m? 
x {2-—-— 
x 

where m, is the lepton mass (m, or m,). The coefficient 
c depends on the pion energy through \*=mx*+m,’ 
—2mxE, (in the K rest system). Although this function 
is unknown, it is clear that the present scheme implies 
rigorously p=w,:/w,:>1. If one supposes that c is a 
constant, then p=2.5. Experimentally, this ratio ap- 
pears to be smaller than unity.’ To the extent that 
this can be firmly established, one can rule out the 
scheme of conserved strangeness-violating currents. 

* Work supported in part by the Office of Scientific Research, 
Air Research and Development Command. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

2 M. Gell-Mann (to be published). 

3]. C. Taylor, Phys. Rev. 110, 1216 (1958). 

‘ M. Goldberger and S. B. Treiman (to be published). 


5 Alexander, Johnston, and O’Ceallaigh, Nuovo cimento 3, 478 
(1957). 





Possible Method of Investigating Gyro- 
magnetic Ratios of Short-Lived 
Nuclear States with Fast 
Neutral Beams* 


L. E. BeGHiaAN AND R. P. SCHARENBERG, Physics Department 
and Laboratory for Nuclear Science, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 
P. H. Rose, High Voltage Engineering Cor poration, 
Burlington, Massachusetts 
AND 


R. W. Wanrek, Cambridge Electron Accelerator, Harvard University 
and Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


(Received April 28, 1958) 


T is well known that nuclear reactions, e.g., proton 
capture or Coulomb excitation, produced by a 
charged particle beam incident on unaligned nuclei, 
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will in general produce a partial alignment of the 
product nuclei. Thus, for example, any gamma radiation 
emitted by the product nucleus may have an anisotropic 
angular distribution with the beam direction as the 
axis of symmetry. Further, if a magnetic field B is 
placed perpendicular to the beam direction, the excited 
product nucleus will precess with the Larmor frequency 
around the axis of the field with angular frequency 


wr=g(un, ‘h) B, 


where g is the gyromagnetic ratio and uy is the nuclear 
magneton. This assumes that the effect of interatomic 
fields can be neglected. Thus at decay the axis of 
symmetry for gamma-ray emission is rotated through 
an angle 

6=w1xt, 


where ¢ is the time the individual product nucleus 
spends in the magnetic field! For t~10~° sec and 
values of the gyromagnetic ratio g~1, a value of B of 
the order of 300 000 gauss would result in a precession 
angle of about 10 degrees. 

Such high magnetic fields can be obtained by the use 
of pulsed magnets.’ However, under these conditions, 
the deflection of the incident charged particle beam by 
the fringe field of the magnet would become excessive 
and obscure the precession effect. 

To overcome this difficulty, it is proposed to use a 
fast atomic hydrogen beam H° in the 1-2 Mev range, 
which will remain undeflected by the fringe field. On 
entering the target material the atomic hydrogen is 
immediately stripped. Since the range of the resultant 
proton beam in the target is of the order 10~* cm, the 
effect of the field on this portion of the particle trajec- 
tory is small. For example, a value of B of 300 000 
gauss would turn a 2-Mev proton beam through an 
angle of 1 degree. The incident beam direction is 
therefore largely preserved. 

We have generated a 1-Mev H?® beam in the following 
way. An H,* beam of 2-Mev energy was disassociated 
by allowing it to pass through a hydrogen gas stripper, 
thus producing an H® and an H* beam. The H* beam 
was swept away by a magnetic field leaving only the 
H® beam. The conversion efficiency for the process at 
this energy was found to be about 9%. Hence conven- 
tional high-voltage accelerators can be used to produce 
fast atomic hydrogen beams whose intensity is of order 
10* particles per second. 

It is intended to use such beams in conjunction with 
pulsed fields of 500 000 gauss to investigate gyromag- 
netic ratios of states whose lifetime is of order 10~ sec. 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

1A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 
986 P. Furth and R. W. Waniek, Rev. Sci. Instr. 27, 195 

956). 
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Note on Relations between Baryon-Meson 
Coupling Constants 


A. Pals 
Institute for Advanced Study, Princeton, New Jersey 
(Received May 7, 1958) 


N a previous paper’ it has been shown that the 
existence of certain baryon-meson coupling constant 
relations leads to directly verifiable connections between 
observables. The relations discussed state in essence 
that the 2 and A particles are coupled with the same 
strength, whether to x or to K mesons. In the notation 
of I this is expressed by 


G2=G:3, F\=F,, F3=F,, (1) 


(2) 


Connections were then established between the various 
amplitudes A for = or A production in z-nucleon 
collisions, namely (in obvious notation) 


or 


G2= —G:;, F\= —Fp, F3=—F,4. 


(3) 
(4) 


The near equality signs refer to the neglect of 
5=(Mz—M4)/M, in making these statements. [This 
quantity is not much bigger than the ratio {m(m*) 
—m/(x°)}/m(x°). Thus one should not be much worse 
off in the present case than in neglecting 7-mass 
differences in meson phenomena, as long as one is not 
too close to threshold. ] 

For a further study of the strong interactions it seems 
interesting to know whether any other relations between 
the constants could possibly lead to practically useful 
connections between the production amplitudes. Here 
one has in mind connections stronger than the triangle 
relations between the = amplitudes which are already 
implied by charge independence. Thus one may 
envisage either or both of the following relations: 


A ata A otasA_ = 0, 
A ota;A_=0, 


Aa= —Ao, 


A oV2= —A_. 


(5) 
(6) 


where aj, @2, a3 are numbers. The relations (3) and (4) 
are special cases of (5) and (6). It is the purpose of this 
note to state the following theorem: 

In order to establish nontrivial equations of the type 
(5) and/or (6), the relations (1) or (2) are not only 
sufficient, but also necessary. 

In other words, the relations (1) and (2) exhaust the 
possibility of establishing stronger connections than 
those following from charge independence. Because of 
the complexity of the interactions this result is perhaps 
not obvious at once, but it is not very surprising: for 
only when the conditions (1) or (2) are met does one 
deal with a stronger invariance (four-dimensional 
rotation group) for al/ baryon-meson couplings than 
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charge independence. (As was noted in I, it is not 
necessary to have stronger relations than (1) or (2) 
and further mass degeneracies* to establish this four- 
invariance.) 

It is clear that the above statement does not mean 
that relations like (5) or (6) and other than (3), (4) 
could not be established. What is implied is that further 
dynamical arguments would be needed to achieve this. 

It has been noted* that for the case G;=0 the inter- 
action allows for an additional substitution invariance 
if 5=0 and if the F relations (1) or (2) are satisfied. 
Unfortunately this has no physical consequences as the 
substitution in question does not leave the free-field 
terms and the anticommutation relations invariant. 

To prove the theorem it is legitimate to consider an 
expansion in Feynman diagrams. One groups together 
in one term all contributions where particles of the 
same multiplet occur in an equivalent way virtually, 
the = and A states being considered to belong to one 
multiplet. It suffices to consider the following terms: 
the two second-order ones (crossed and uncrossed 
term), and the fourth-order terms obtained from these 
two by inserting a virtual z-line, of which there are 
six. Now one must require the relations (5) and/or (6) 
to hold for each type of term. After having shown that 
the cases in which one or more of the constants occurring 
in Eq. (1) vanish do not lead to a desired relation, one 
then finds that the consistency conditions (F';G2-- FG;) 
=0, G.’=G;,’ must be met. This completes the argument 
apart from the cascade couplings F3, Fy. Inserting these 
in simple ways one gets F,\/;—F2/,=0 as a further 
necessary condition. Thus one is led to the set (1) or (2). 
Note that the above statement is independent of 
whether or not other strong interactions (such as 
quadrilinear ones) are present. 

A similar result holds true for K-nucleon scattering. 
Also for this case a result was found in I which is 
stronger than the triangle relations for this type of 
scattering: it was shown that if (1) or (2) is valid, the 
charge exchange cross section vanishes in the approxi- 
mation 6=0. It can again be seen that the necessary 
and sufficient conditions for obtaining a result stronger 
than the K-nucleon triangle are the relations (1) or (2). 
The study of K~ capture leads to the same conclusion. 

The relations (1) or (2) also have consequences for 
photoproduction of K particles. From the definition of 
the electric charge operator given in I, it follows that 
the quantum numbers 5}, S2 introduced in the previous 
paper remain good also in the presence of electro- 
magnetic interactions. Hence it is easily seen that 


A,?=—Ao’, 


where the A” are the amplitudes for the reactions 
yt+p-At+ Kt, 2°+K?*, respectively. The above theorem 
also applies to photoproduction. 

Finally it may be reiterated that this as well as the 
previous work are based on the assumptions that 2 and 
A have the same spin, that the (2,A) parity is even, 
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that charge independence in the conventional sense 
holds true, and that the baryon spectrum is complete. 

The author is grateful to Professor Niels Bohr for 
the hospitality extended to him at the Institute for 
Theoretical Physics, Copenhagen, where this work was 
done. He is indebted to Nordita (Nordisk Institut for 
Teoretisk Atomfysik) for a grant. 


1A. Pais, Phys. Rev. 110, 574 (1958), quoted here as I. 

*The symmetries and degeneracies considered by M. Gell- 
Mann, Phys. Rev. 106, 1296 (1957) and J. Schwinger, Ann 
phys. 2, 407 (1957) in their treatment of the x couplings, actually 
correspond to an invariance with respect to the direct product of 
three unitary unimodular groups. 

4 d’Espagnat, Prentki, and Salam, Nuclear Phys. 3, 446 (1957), 
Eq. (2.1). 

* Apart from the self-energy terms. Not all six terms are needed 
for the argument. 





Decay of K Mesons as a Test of the 
Universal Fermi Interaction* 


F. ZACHARIASEN 


Stanford University, Stanford, California 
(Received March 10, 1958) 


N the basis of current experimental evidence, 

there is no distinction between » mesons and 
electrons other than a difference in rest mass. Electro- 
magnetic interactions are identical since electrons and 
u mesons have the same charge, and the hypothesis of 
a universal Fermi interaction, which asserts that they 
couple in exactly the same way in the weak interactions, 
has received corsiderable support by comparing 8-decay 
phenomena with the decay of free 4 mesons and yu 
capture in nuclei. An at least equally fruitful series of 
experiments for reassuring one about the validity of 
the universal interaction idea is the analysis of the 
decays of x and K mesons into electrons and uw mesons. 
The details of such individual decays are not easily 
obtained theoretically, since they presumably involve 
strongly coupled virtual particles; however, the ratio 
of decay rates into electron modes and u-meson modes 
may often be calculated exactly with no assumptions 
beyond saying that the weak interaction is local and 
may be treated in first order, and that the weak 
interaction is the same for electrons and u mesons. 

If the universal coupling is taken as V+A, such 
analyses predict theoretically that in most cases the 
electron decay mode should be far less prevalent than 
the u-meson mode, and (qualitatively at least) experi- 
ments support this conclusion. The only experimental 
situation in which the electron decay mode and the 
u-meson decay mode are both actually observed is in 
the K,; and K,; decays of K* mesons. It would seem 
to be valuable, therefore, to use this process as a 
further test of the universal interaction hypothesis. 

Decays into electrons are observed in the process 


Kt-et+v+7n". 
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Fic. 1. Diagram representing 
the decay K*—+e*+-»+7°. 





This is to be compared with the decay 
K*—p*+v+9° 


which is also observed. With the V+A coupling 
hypothesis,? Lorentz invariance arguments give the 
following for the form of the electron-decay matrix 
element (see Fig. 1): 


M(K-e+ +7) 


=(tip,| fpx(1Aiys)+gm.(1Fiys) | vp). (1) 


Here f and g are functions of px-p,/mx, mx, and m,, 
where p, and p, are the 4-momenta of the K meson 
and pion, respectively. If the K decays from rest one 
has px ps/m.=E,, the energy of the pion. The Dirac 
spinors up, and vp, describe a neutrino of momentum 
p, and a positron of momentum #,, respectively. If 
time-reversal invariance holds, f and g are real func- 
tions. 
The decay rate then is given by 
d’w(K—e+r+7) 1 1 


dE.JE, (2s) 4a 
xX { Pm? (4E.E,— mr’ —m?+m?+2mxkE,) 





+g'm?(mx?+m,?—m2—ImKE,) 


—2fgmmx(2m.E,)}. (2) 
Here E, and £, are the positron and neutrino energies; 
we of course have 


mx=E,+E,+Ez. (3) 


On the assumption of a universal V+A interaction, 
the decay rate for the process K—u+v+7 is given by 
the same expression with the index e replaced by the 
index yu. Since the functions f and g depend only on E,, 
and since they are the same in both the e- and u-decay 
modes, it is possible to test the universal coupling 
hypothesis by measuring the u-decay rate at a fixed 
value of E, for two values of £, and thus determining 
f and g. Then the e-decay spectrum for the same value 
of E, may be predicted uniquely and compared with 
experiment. A violation of this predicted spectrum by 
the experimental results must imply a violation of the 
assumption of a V+A universal coupling. 

At the present time, unfortunately, the experimental 
information is too meager to do this, but it is to be hoped 
that the data will exist before too long. 

An estimate of the ratio of the total lifetime of the 
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K.3; and K,; modes may be made from Eq. (2) by 
neglecting m, (and m,) compared to m,. This gives 
the ratio (accurate to probably 30%) 


w(K—e+1+2)/w(K-p+7+7)~1, 


which is quite consistent with experiment.’ 
I would like to thank S. Drell for several valuable 
conversations. 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research. 

’ ee Bilenky, and Logunov, Nuclear Phys. 5, 383 
(1958). 

2R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1956) ; E. C. G. Sudarshan and R. E. Marshak (to be published). 

’ For further discussion of the K.; and K,3 decay modes, see 
A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957); J. J. 
Sakurai, Nuovo cimento 5, 649 (1958); J. J. Sakurai, Phys. Rev. 
109, 980 (1958). 





Decays of the u Meson in the Inter- 
mediate-Meson Theory* 


G. FEINBERG 
Brookhaven National Laboratory, U pton, New York 
(Received May 8, 1958) 


HE idea of a universal Fermi interaction has 

received some attention recently, partly as a 
result of various proposed symmetry principles! which 
restrict the form of the 4-fermion interaction, and 
partly because of a number of experiments’ which 
indicate that the couplings which appear in the 6 decay 
are V—A, in agreement with those already found in the 
uw decay. It has further been suggested that this uni- 








Y 
Fins tale “<3 (a) 
’ \ 
/ ‘ e 
cs , 
Vv 
I 
ara Bee Y (b) 
P . 
‘ 
/ \ 
lad ARR. E28 
V 
I 
FS 7. 
a 
Y Mg ~~ (c) 
/ \ 
ia Bf! ,€ 





Fic. 1. Feynman diagrams for u.—e+~y through an intermediate 
boson. J labels the intermediate boson field. 
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versality may come about through the interaction of a 
current with itself by exchange of a heavy charged 
boson,! which will be referred to as an intermediate 
meson. One advantage of such a mechanism is that 
direct 4-fermion interactions involving 4-charged or 4- 
neutral fermions cannot arise through the exchange of 
such a boson. These interactions could lead to unob- 
served decays like u+—e++e++e~— and K+~n++ r+ 3. 
However, as we shall see, the existence of the decay 
u*—et+et+e to a small extent, as an indirect 
process, is implied by the intermediate-boson hy- 
pothesis in its usual form. 

It is the purpose of this note to point out that the 
existence of such a heavy boson, with the properties 
required to give the known Fermi couplings, will itself 
lead to the occurrence of decays which are not found 
in nature, and which would not occur in any detectable 
amount if there are no intermediate bosons. Specifically, 
we consider the hypothetical decay y—e+y. This 
alternate decay mode of the uw has been looked for by 
Lokanathan and Steinberger,* who have found that the 
branching ratio for it compared to the ordinary yu decay, 


p=R(uet+y)/R(uet vt 9), 


is less than 2X 10-°. 

If the intermediate meson exists and is coupled to 
the uv and ey pairs as has been suggested, then the 
decay u—e+~7 can proceed by the following chain of 
virtual processes : 


1. u—intermediate meson and neutrino. 
2. Intermediate meson—intermediate meson+ photon. 
3. Intermediate meson+neutrino—electron. 


There are two similar chains in which the electron or u 
meson emits the photons. The three Feynman graphs 
which represent this process in lowest order are given 
in Fig. 1. 

The point to note‘ is that the coupling constant gy 
for the interaction of the intermediate mesons with the 
fermions is proportional to the square root of the 
Fermi coupling constant G, and therefore the matrix 
element for the decay u—e+7 via the chain 1-3 will be 
of order Ge, whereas the matrix element for the ordinary 
u decay is of order G, so that one would expect a 
measurable branching ratio for u—e+y¥. This is to be 
contrasted with the case when only the four-fermion 
couplings with 2 charged and 2 neutral fermions exist, 
where the matrix element for u->e+vy will involve at 
least G?, and where the decay will therefore be very slow. 

An evaluation of the graphs of Fig. 1 has been made 
for intermediate mesons of spin 1. The interaction of 
the intermediate mesons with leptons was taken as 


eld lt+ysWoptc.c.} ' 
+arlbev(lt+r)bop,te.c.}, (1) 
where p is summed from 1 to 4, and ¢, are the 4-meson 


field operators. This interaction gives an effective 
4-fermion coupling of the required V—A form with 
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correction terms which are very small provided that 
the heavy meson mass is large compared to the mo- 
mentum transfers irfvelved in the 8 and yu decays. 

The diagrams 1(b) and 1(c) contribute only non- 
gauge-invariant terms of the form 


Verp(at+ bys uA oy. 


which are exactly cancelled by similar terms coming 
from 1(a). The remaining terms coming from 1(a) are 
gauge invariant. The matrix element is 


M = 03(1—Ys) ul as(gi?/m*) (mye/96r)N, 


(1) 


(2) 


provided m= 3m,>>m,, where m, is the u-meson mass, 
m is the intermediate-meson mass, and N is a numerical 
factor. It may be seen that the coupling constant gy 
and the heavy-meson mass m appear only in the 
combination g;*/m*, which is the same combination 
appearing in the matrix element for the » decay into 
electron and neutrinos, so that these parameters refer- 
ring to the intermediate meson cancel in calculating 
the branching ratio p. This branching ratio is obtained 
in the usual way from the matrix element (2) and is 


p= (a/24r) N°. (3) 


The value of NV is somewhat ambiguous because of the 
possibility of giving the intermediate meson an anoma- 
lous magnetic moment. For mesons with the ‘‘normal”’ 
magnetic moment of one magneton, the value of NV 
diverges 'ogarithmically. If a cutoff factor A*/(A?+ k’) 
is introduced into the integrals® and A is taken to be 
the mass m of the intermediate meson, then JN is 1. If 
the meson is given a magnetic moment of 2 magnetons, 
N is finite without a cutoff and again equal to 1. This 
value of N=1 gives p=10™, or 5 times the experi- 
mental upper limit. The cutoff parameter A? must be 
taken <u? to reduce the branching ratio to be con- 
sistent with experiment.® 

These results indicate that this kind of intermediate- 
meson theory is probably inconsistent with the experi- 
mental absence of the u—-e+~y decay mode, whereas 
the universal couplings which the intermediate meson 
is supposed to generate are not. It would be interesting 
to try and obtain more precise experimental infor- 
mation about the branching ratios to see how serious 
the discrepancy is. Theories in which there are explicit 
selection rules forbidding y—-e+y and containing 
intermediate bosons are of course not ruled out.’ 

It may also be noted that the existence of an effective 
coupling of the kind in Eq. (2) between y, e, and 
photon will imply the occurrence of the process u=—e+ 
+e++e by the internal conversion of the photon. 
The rate of this decay compared to the decay u—-e++y 
can be obtained from the result of Kroll and Wada,* 
and is 


R(u*—e*#+e++e-) “| (=) 11 1 
n 


R(u+—e*+7) = 


64 150 





3 M. 
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When this is combined with the previous result, 
p=10-~, it gives 


R(ut—et ++ +e-)/R (y+ e*#+0+ 1)~10-*. 


I would like to thank Dr. A. Pais for his aid and 
encouragement, and Dr. R. Behrends, Dr. T. D. Lee, 
and Dr. G. C. Wick for helpful discussions. 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. i 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 
109, 1860 (1958); J. J. Sakurai, Nuovo cimento 8, 649 (1958). 

2 Goldhaber, Grodzins, and Sunyar, Fhys. Rev. 109, 1015 
(1958); Hermannsfeldt, Maxson, Stehelin, and Allen, Phys. Rev. 
107, 641 (1957). 

3S. Lokanathan and J. Steinberger, Phys. Rev. 98, 240(A) 
(1955). 

‘See for example the discussion in R. P. Feynman and M. 
Gell-Mann, reference 1, where it is shown that, in our notation, 
gr/m?=(14/8)G. This result will hold provided that nonlocal 
effects are sufficiently small that the Fermi coupling is described 
by the interaction of reference 1, (44/8)GWiyy(1t+ys)WoWar, 
X(1++7s)¥s, which would mean that the intermediate meson 
mass is large compared to the momentum transfer involved. 

5 R. P. Feynman, Phys. Rev. 76, 769 (1949). 

6 Intermediate mesons of spin zero, coupled to spinor fields 
directly or with derivatives, give effective scalar and pseudoscalar 
Fermi couplings, in disagreement with experiment. The branching 
ratio p for such intermediate mesons has been computed and 
found to be finite and again equal to 10~‘. The equality of the 
direct and derivative couplings here both for the effective Fermi 
couplings and for p follows from the equivalence theorem. 

7 Such selection rules were first proposed by E. J. Mahmoud 
and H. M. Konopinski, Phys. Rev. 92, 1045 (1953). They essenti- 
ally consist of giving opposite lepton numbers to wu and ¢. 
See also J. Schwinger, Ann. phys. 2, 407 (1957). These theories 
require 4-component neutrinos to give the correct u-decay 
spectrum. 

8N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 
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Electron Scattering by Polarized Nuclei, RoGER 
G. Newton [Phys. Rev. 109, 2213 (1958) ]. There 
is another change in © due to the fact that the 
components of uw no longer commute and hence 
uXux0. This gives rise to an additional term 
which depends on the electron polarization. The 
result is that © in (3) must be replaced by 

(7) 
depending on whether it goes into ¢,, or ¢__, and 
where @ is given by (5). 

It should be noticed that in consequence of (7) 
there is a term proportional to uw? which nevertheless 
changes sign when the nuclear spin is reversed. In 
other words, even though the electron interacts 
with the nuclear spin only via the nuclear magnetic 
moment, it is able to distinguish between the 
directions of the former and the latter. This at first 
sight surprising result is, of course, due to the 
conservation of angular momentum. 


0, = 0+s""' sin (36) cos(S, py— px) 
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Comparison of the Reactions p+d—-H'+ 2+, p+d— 
He*+=-° as a Test of Charge Independence, 
KENNETH C. BANDTEL, WILSON J. FRANK, AND 
Burton J. Moyer [Phys. Rev. 106, 802 (1957) ]. 
We are indebted to Dr. Sigurd Kéhler of CERN 
for bringing to our attention an error in the reduc- 
tion of our data. The final ratio of the (t,r+) to 
(He’,x°) cross sections is raised from 2.3+0.3 to 
2.6+0.35. The ratio of 2 predicted by assuming 
charge independence is now two standard deviations 
from the measured value. 

In recalculating the ratio of the cross sections we 
used the latest mass values for pions. Because only 
88.7-Mev total energy is available in the center-of- 
mass system for these reactions, the kinematics are 
sensitive to small mass differences such as the 
m+—a° mass difference. The bombarding proton 
energy was taken to be exactly 340 Mev. 





Particle Mass (Mev) Particle Mass (Mev) 
proton 938.23 He’ 2808.27 
deuteron 1875.53 at 139.63 
triton 2808.80 a 135.04 


The heavy particle was observed at 10.5° in the 
laboratory. The newly calculated angles and ratios 
are now 

at, 50.1°; 


wr, 47.7°; 


H?, 129.9°; 
He’, 132.3°. 


R,= (the raw experimental data) = 2.86(+11%), 
do 





da 
R= (xt, 47.77) [———(r 50.1°) 
dQ 


““c.m. 


dQe.m. 
= 1.08(+8%), 


Arad Aap 
(xt, 50.1°) / (x, 47.7°) =0.86, 
0 








R; sail 
dQ, .m. dQ. -m. 


R=R,R2R;=2.6(+14%). 


Problem of Spin Arrangements in MnO and 
Similar Antiferromagnets, F. KEFFER AND W. 
O’SuULLIVAN [Phys. Rev. 108, 637 (1957) ]. We 
wish to acknowledge a prior publication by Loeb 
and Goodenough,! parts of which we unknowingly 
duplicated in parts of our paper. They give the 
general form for the dipolar anisotropy energy of 
ordering of the second kind [our Eq. (2) ], and they 
also make a very good estimate of the value of the 
multiplicative constant. Also Loeb* has independ- 
ently discovered the proportionality between the 
dipolar interaction energy and the powder neutron 
diffraction shape factor, and hence he has also noted 
that the neutron diffraction data cannot distinguish 
among the possible minimum-energy dipolar con- 
figurations. Loeb and Goodenough present an inter- 
esting discussion of other sources of anisotropy, 
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and our general discussion is similar to theirs in a 
number of points. However, the MnO uniaxial 
antiparallel spin arrangement which they present 
is quite different from the Kaplan* arrangement 
which formed the basis of our model. 


? Arthur L. Loeb and John B. Goodenough, Proceedings of the 
Conference on Magnetism and Magnetic Materials, Boston, October, 
1956 (American Institute of Electrical Engineers, New York, 
1957), pp. 55-68. 

2A. L. Loeb, Congress of International Union of Crystallography, 
— July 10-19, 1957; published in Acta Cryst. 10, 780 
(1957). 

3 J. I. Kaplan, J. Chem. Phys. 22, 1709 (1954). 


Circular Polarization of Bremsstrahlung from 
Polarized Electrons in Born Approximation, KIkK 
W. McVoy [Phys. Rev. 106, 828 (1957) ]. Figure 1, 
giving the circular polarization of bremsstrahlung 
emitted in the forward direction, is incorrect and 
should be replaced by the figure presented herewith. 
The degree of polarization is seen to rise much less 
rapidly with photon energy than was indicated in 
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Fic. 1. Circular polarization of the forward bremsstrahlung from 


2-Mev “spin-forward”’ electrons. 


the earlier figure; this appears to agree somewhat 
better with the experimental curve (Fig. 2, lower 
part) of Goldhaber, Grodzins, and Sunyar.! 

The error was due to an incorrect sign which 
arose in the angular integration, and I wish to 
express my thanks to Dr. C. Fronsdal and Dr. H. 
Uberall for pointing it out to me. It should be 
noted that this error did not affect any of the 
expressions [including Eq. (8) ] given in the Letter. 


1 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, 826 (1957). 


Pseudoscalar Interaction and the Beta Spectrum 
of RaE, M. E. Rose anp R. K. Osporn [Phys. 
Rev. 93, 1315 (1954) ]. In Eq. (62), the factor 3! 
which appears as a coefficient of the AP inter- 
ference term should be deleted. 











LETTERS TO 
Positron Decay of Cu’ and Cu®! and Energy Levels 
in Ni®** and Ni®', J. W. BuTLer Aanp C. R. Gossett 
[Phys. Rev. 109, 863 (1958) ]. As the result of a 
change made in page proof (without the authors’ 
knowledge) Figs. 5, 6, and 7 are incorrectly arranged 
in the text. What is now called Fig. 5 should have 
appeared logically in Sec. V (Discussion) instead 
of in Sec. III. Also, with the actual figure numbering 
that appears in the article, the reference to Fig. 5 
on the fourth last line of the second column of 
page 865 should read ‘‘Fig. 7.”’ 


Scattering of Polarized Dirac Particles on Electrons, 
G. W. Forp anv C. J. Muir [Phys. Rev. 108, 
477 (1957) ]. In the last three lines of Eq. (5), m’? 
should be replaced by 4m’. In Eq. (6), p’ and p 
should be replaced by p’/m and p/m, respectively. 
In line 2 of Eq. (7), (sin*@+sin*@) should read 


THE 


EDITOR 1485 
(sin’¢+4 sin’@). Correction of these typographical 
errors does not alter any of the other results in 
the paper. 

We are grateful to P. Stehle and to A. Raczka 
and R. Raczka [Phys. Rev. 110, 1469 (1958), this 
issue | for calling these errors to our attention. 


Polarization of Cosmic-Ray u Mesons : Experiment, 
GEORGE W. CLARK AND JUAN HeErsIL [ Phys. Rev. 
108, 1538 (1957) ]. The first sentence of the second 
paragraph of Sec. II should read: “If polarized u 
mesons come to rest in a field of a strength such 
that their Larmor precession period is small com- 
pared to their lifetime of 2.09 usec, any effect of 
the dependence of the decay electron intensity on 
the angle between the direction of decay and the 
direction of polarization will be greatly reduced.” 
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Production of F!8 and Na* in irradiations of various targets 
with protons between 1 and 6 Bev, A. A. Caretto, J. 

- Hudis, and G. Friedlander—1130 

Production of He*® by high-energy protons, F. S. Rowland 
and R. L. Wolfgang—175 

Production of K mesons and hyperons in H by 1.95-Bev 
protons, Robert Lea, Earle C. Fowler, and Henry L. 
Kraybill—748 

Resonant absorption of y radiation from Si**(p,y)P*' re- 
action, P. B. Smith and P. M. Endt—1442 
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Nuclear Scattering (see Scattering) 
Nuclear Spectra (see also Nuclear Reactions; Radioactivity) 

Additional data on radioactive decay of Ho! (27 hr), Nd", 
and Sm!5, J. M. Cork, M. K. Brice, R. G. Helmer, and 
R. M. Woods, Jr.—526 

8-y correlations from polarized Mn**, E. Ambler, R. W. 
Hayward, D. D. Hoppes, and R. P. Hudson—787(L) 

8-y correlations with resonance fluorescence, R. R. Lewis 
and R. B. Curtis—910 

Coulomb corrections to Fermi nuclear matrix element, 
William M. MacDonald—1420 

Coulomb excitation of medium-weight even-even nuclei, 
P. H. Stelson and F. K. McGowan—489 

Decay scheme of 50-day Re'*4, C. J. Gallagher, Jr., D 
Strominger, and J. P. Unik—725 

Energy levels of Be’, C!#, and C4, C. D. Moak, A. Galonsky, 
R. L. Traughber, and C. M. Jones—1369 

Er'”! decay, F. P. Cranston, Jr., M. E. Bunker, and J. W. 
Starner—-1427 

Evidence for presence of E0 in direct competition with M1 
and E2, T. R. Gerholm and B. G. Pettersson—1119 

Gyromagnetic ratio of 2* rotational states, G. Goldring 
and R. P. Scharenberg—701 

Inhibition of M1 y transitions with AT =0 in self-conjugate 
nuclei, G. Morporgo—721 

Inner bremsstrahlung and magnetic moment of neutrino, 
Wallace Gold and Larry Spruch—290(L) 

Investigation of four resonances in reaction Si**(p,y)P*, 
C. Van der Leun and P. M. Endt—96 

K capture—positron ratios for first-forbidden transitions: 
Sb!22, Rb*, 1126, As’4, M. L. Perlman, J. P. Welker, and 
M. Wolfsberg—381 

K* half-life, Felix Schweizer—1414 

Lifetime of first excited state of B'!, F. R. Metzger, C. P. 
Swann, and V. K. Rasmussen—906 

Lifetime of 6.14-Mev 3~ state of O'* by recoil method, D. 
Kohler and H. H. Hilton—1094 

Lifetime of 473-kev level in Tm", E. N. Hatch and D. E. 
Alburger—1116 

Lifetimes of 4.43-Mev excited state of C'* and 4.46-Mev 
excited state of B'!, V. K. Rasmussen, F. R. Metzger, 
and C. P. Swann—154 

Ly, Lu, Lizz, and M internal conversion lines of the 411.8- 
kev transition in Hg!**, D. Reitmann, H. Schneider, and 
I. J. van Heerden—1093 

Mass, half-life, and excited states of B*, K. L. Dunning, 
J. W. Butler, and R. O. Bondelid—1076 

Measurement of spins of levels excited by slow neutron 
capture, J. D. Fox, R. L. Zimmerman, D. J. Hughes, 
H. Palevsky, M. K. Brussel, and R. E. Chrien—1472(L) 

N'6 B-ray spectrum, G. Brunhart, V. P. Kenney, and B. D. 
Kern—924 

Natural radioactivity of V® and Ta™, E. R. Bauminger 
and S. G. Cohen—953 

9.51-Mev level in N“, D. M. Zipoy—-995(L) 

Nuclear levels excited by inelastic neutron scattering, F. I. 
Boley, E. H. Thorndike, and A. T. Moffet—915 

Nuclear levels in P®, S*#*, and S**, P. M. Endt and C. H. 
Paris—89 

Nuclear resonance fluorescence in As’, Franz R. Metzger— 
123 

Nuclear structure effects in internal conversion, T. A. Green 
and E. M. Rose—105 

Polarization effects following 8 decay, H. Frauenfelder, H. 
D. Jackson, arid H. W. Wyld, Jr.—451 

Polarization of positrons from Ga®, Ga®*, P?*, and Al?*, 
R. S. Preston and S. S. Hanna—1406 

Positron decay of Cu®® and Cu®! and energy levels in Ni5® 
and Ni®, J. W. Butler and C. R. Gossett—1485(E) 


Possible analogy between excitation spectra of nuclei and 
those of superconducting metallic state, A. Bohr, B. R. 
Mottelson, and D. Pines—936 

Pseudoscalar interaction and 6 spectrum of RaE, M. E. 
Rose and R. K. Osborn—1484(E) 

Recoil effects in K capture and 8 decay, S. B. ‘Treiman—448 

Resonant absorption of y radiation from Si*°(p,7)P* re- 
action, P. B. Smith and P. M. Endt—1442 

Se7? decay, James B. Cumming and Noah R. Johnson—1104 

Te!*? decay, G. D. Cheever, W. S. Koski, D. R. Tilley, and 
Leon Madansky—922 

Time-reversal invariance and §-y angular correlation. II, 
M. Morita and R. S. Morita—461 

Zr® nuclear structure, N. H. Lazar, G. D. O’Kelley, J. H. 
Hamilton, L. M. Langer, and W. G. Smith—513 

Nuclear Structure Theory (see also Nuclear Reactions; 
Nuclear Spectra) 

Center-of-mass motion in nuclear shell model, H. J. Lipkin— 
1395 

Connection between nuclear shell model and unified model, 
S. A. Moszkowski—403 

Hfs of deuterium and nucleon-nucleon spin-orbit potentials, 
A. M. Sessler and H. M. Foley—995(L) 

Nuclear radii by scattering of low-energy neutrons, K. K. 
Seth, D. J. Hughes, R. L. Zimmerman, and R. C. Garth— 
692 

Nuclear structure widths and spacings, Sydel Blumberg 
and Charles E. Porter—790(L) 

Polarization of nucleons elastically scattered by nuclei, 
Keiichi Nishimura—1166 

Rotational-optical model for scattering of neutrons, D. M. 
Chase, L. Wilets, and A. R. Edmonds—-1080 

Single-particle energy and effective mass and binding 
energy of many-body systems, Keith A. Brueckner—597 

Single-particle interpretation of proton spectra from (d,p) 
reactions, J. P. Schiffer, L. L. Lee, Jr., J. L. Yntema, and 
B. Zeidman—1216(L) 

Spin-orbit contributions in low-energy 1-p triplet potentials, 
Roger G. Newton and James H. Scofield—785(L) 

Theory of finite nuclei, K. A. Brueckner, J. L. Gammel, © 
and H. Weitzner—431 

Variational wave function for nuclear matter, Manuel 
Rotenberg and Lawrence Wilets—1126 


Optical Instruments (see Methods and Instruments) 
Optical Properties (see also Luminescence) 
Birefringence caused by edge dislocations in Si, R. Bullough 
—620 
Color center in KCl containing Lit or Na*, Masakazu 
Ishiguro and Etsu Sugioka—1070 
Dichroism of F and M bands in KCl, Hiroshi Kanzaki—1063 
Fast-neutron-induced changes in quartz and vitreous silica, 
William Primak—1240 
Optical constants of Ge: 3600 A to 7000 A, R. J. Archer— 
354 
Optical properties of hexagonal ZnS single crystals, W. W. 
Piper, D. T. F. Marple, and P. D. Johnson—323 
Photoconductivity of ZnSe crystals and correlation of 
donor and acceptor levels in II-VI photoconductors, 
Richard H. Bube and Edward L. Lind—1040 
Quantum theory of refractive index, C. A. Mead—359 
Symmetry of H center in KCl and KBr, Dale W. Compton 
and Clifford C. Klick—349 


Pair Production (see Electrons and Positrons) 

Parity (see Elementary Particle Interactions; Field Theory; 
Nuclear Spectra) 

Phosphors and Phosphorescence (see Luminescence; Semi- 
conductors) 

Photoconductivity (see Electrical Conductivity and Resistance) 

Photodisintegration (see Nuclear Photoeffects) 
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Effect of gravitional field, due to rotating body, on plane of 
polarization of electromagnetic wave, N. L. Balazs—236 

Effect of imprisonment of resonance radiation on excitation 
experiments, A. V. Phelps—1362 

Electron and photon polarization in bremsstrahlung and 
pair production, Haakon Olsen and L. C. Maximon— 
589(L) 

Inelastic scattering of photons in Y*, E. Silva and J. 
Goldemberg—1102 

Lifetimes of 4.43-Mev excited state of C!* and 4.46-Mev 
excited state of B™, V. K. Rasmussen, F. R. Metzger, 


Photoelasticity (see Elasticity and Plasticity) 

Photoelectric Effect (see Electrical Properties) 

Photography and Photographic Emulsions (see Methods and 
Instruments; Optical Properties) 

Photometry (see Methods and Instruments; Optical Proper- 
ties) 

Photons (see Radiation) 

Photovoltaic Effect (see Electrical Properties; Semiconduc- 
tors) 

Piezoelectric Effect (see Dielectrics and Dielectric Properties) 

Plasma (see Crystalline State; Electrical Conductivity and 
Resistance; Electrical Discharges; Fluid Dynamics; and C. P. Swann—154 
Statistical Mechanics and Thermodynamics) Nuclear resonance fluorescence in As”, Franz R. Metzger— 

Plasticity (see Elasticity and Plasticity) 123 

Polarization, Electrical (see Dielectrics and Dielectric Proper- Scattering of y rays by static electric field, A. M. Bernstein 
ties) and A. K. Mann—805 

Polymers (see Molecular Aggregates) Scattering of light by protons, W. J. Karzas, W. K. R. 

Positronium (see Atomic Structure and Spectra; Electrons Watson, and F. Zachariasen—253 
and Positrons) Scattering of 25-87 Mev photons by protons, C. L. Oxley— 

Positrons (see Electrons and Positrons) 733 

Probability (see Mathematical Methods) Radio Waves (see Radiation) 

Protons (see Elementary Particle Interactions) Radioactivity (see also Nuclear Spectra) 





Quantum Electrodynamics (see also Field Theory) 
Bremsstrahlung of very low-energy quanta in elementary 
particle collisions, F. E. Low—974 
Calculation of electron-electron scattering, P. 
1458 
Circular polarization of bremsstrahlung from polarized 
electrons in Born approximation, Kirk W. McVoy— 
1484(E) 
Dispersion relations for Compton scattering, R. E. Prange— 
240 
Electron and photon polarization in bremsstrahlung and 
pair production, Haakon Olsen and L. C. Maximon— 
589(L) 
Energy shifts in Feynman formalism, Leonard S. Rodberg 
277 
Inner bremsstrahlung and magnetic moment of neutrino, 
Wallace Gold and Larry Spruch—290(L) 
Nucleon size contributions to hfs of H and He, A. M. Sessler 
and R. L. Mills—1453 
Quantum Mechanics 
Cooperative phenomena in quantum theory of radiation, 
A. Gamba—601 
Energy levels of asymmetric rotor, J. G. Baker—282(L) 
New recursion relation for Clebsch-Gordan coefficients, J. 
D. Louck—815 
Quantum theory of refractive index, C. A. Mead—359 
Simplified derivation of binary collision expansion and its 
connection with scattering operator expansion, A. J. F. 
Siegert and Ei Teramoto—1232 
Tensor formalism for Coulomb interactions and asymptotic 
properties of multipole expansions, Laurens Jansen—661 
Variation theorem for excited states, Harrison Shull and 
Per-Olov Léwdin—1466(L) 
Quenching of Radiation (see Radiation) 


Stehle— 


Radar (see Methods and Instruments; Radiation) 
Radiation (see also Gamma Rays; Range and Energy Loss; 
X-Rays) 
Bremsstrahlung of very low-energy quanta in elementary 
particle collisions, F. E. Low—974 
Circular polarization of bremsstrahlung from polarized 
electrons in Born approximation, Kirk W. McVoy— 
1484(E) 
Cooperative phenomena in quantum theory of radiation, 
A. Gamba—601 
Dispersion relations for Compton scattering, R. E. Prange— 
240 


K* half-life, Felix Schweizer—1414 
Natural radioactivity of V® and Ta!®, E. R. Bauminger 
and S. G. Cohen—953 
Prompt-neutron emission from spontaneous-fission modes 
of Cf?52, William E. Stein and Stanley L. Whetstone, Jr.— 
476 
Pseudoscalar interaction and 8 spectrum of RaE, M. E. 
Rose and R. K. Osborn—1484(E) 
Raman Spectra (see Molecular Structure and Spectra) 
Range and Energy Loss of Particles (see also Scattering) 
Effects of contamination on characteristic loss spectrum of 
tungsten, C. J. Powell, J. L. Robins, and J. B. Swan—657 
Electron loss cross sections for He atoms in kinetic energy 
range 100-450 kev, Samuel K. Allison—670 
Recombination (see Molecular Structure and Spectra) 
Rectifiers (see Electrical Conductivity and Resistance; Semi- 
conductors) 
Relativity and Gravitation 
Effect of gravitational field, due to rotating body, on plane 
of polarization of electromagnetic wave, N. L. Balazs— 
236 
Energy and momentum of cylindrical gravitational waves, 
Nathan Rosen—291 (L) 
Enumeration of true observables in gauge-invariant theories, 
James L. Anderson—1197 
Past-future asymmetry of gravitational field of point parti- 
cle, David Finkelstein—965 
Zero curvature tensor in Einstein’s unified field theory, 
Max Wyman and Hans Zassenhaus—228 
Resistance, Electrical (see Electrical Conductivity 
Resistance) 
Resonance Radiation (see Radiation) 


and 


Scattering, General (see also Diffraction; Elementary Particle 
Interactions; Nuclear Reactions; Range and Energy Loss 
of Particles) 

Electron loss cross sections for He atoms in kinetic energy 
range 100-450 kev, Samuel K. Allison—670 

Identical scattering from causal and noncausal interactions, 
S. Gasiorowicz and M. A. Ruderman—261 

Polarization of nucleons elastically scattered by nuclei, 
Keiichi Nishimura—1166 

Scattering of nucleons from nuclei at high energies, H. 
McManus and R. M. Thaler—590(L) 

Scattering of polarized Dirac particles on electrons, G. W. 
Ford and C. J. Mullin—1485(E) 

Semiclassical limit for excitation of rotational motion by 
scattering, David M. Chase—673 
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Simplified derivation of binary collision expansion and its 
connection with scattering operator expansion, A. J. F. 
Siegert and Ei Teramoto—1232 

Scattering of a Particles (see also Nuclear Reactions Induced 
by @ Particles and He*) 

Elastic and inelastic scattering of 18-Mev a particles from 
Ne, A, and Xe, L. Seidlitz, E. Bleuler, and D. J. Tendam 
—682 

Scattering of Atoms and Molecules (see Atomic and Molecular 
Beams) 

Scattering of Deuterons and Tritons (see also Nuclear Re- 
actions Induced by Deuterons and Tritons) 

Scattering of Electrons and Positrons (see also Electrons and 
Positrons) 

Calculation of electron-electron scattering, P. Stehle—1458 

Depolarization of positron beam by multiple scattering, 
S. M. Neamtan—173 

Effect of degree of orientation and crystal size on scattering 
of 20-kev electrons by Al, L. Marton, J. Arol Simpson, 
J. A. Suddeth, M. D. Wagner, and Hiroshi Watanabe— 
1057 

Effect of imprisonment of resonance radiation on excitation 
experiments, A. V. Phelps—1362 

Effects of contamination on_characteristic loss spectrum of 
tungsten, C. J. Powell, J. L. Robins, and J. B. Swan—657 

Elastic scattering of electrons by He and H atoms in ground 
quantum states, Vladimir SachI—891 

Electron and photon polarization in bremsstrahlung and 
pair production, Haakon Olsen and L. C. Maximon— 
589(L) 

Electron scattering by polarized nuclei, Roger G. Newton— 
1483(E) 

Energy distribution of inelastically scattered electrons, G. 
W. Ford and C. J. Mullin—520 

Form factor of photopion matrix element at resonance, W. 
K. H. Panofsky and E. A. Allton——1155 

Incoherent electron scattering from nucleons in Be and C 
and magnetic size of neutron, Hans F. Ehrenberg and 
Robert Hofstadter—544 

Magnetic form factor of neutron, M. R. Yearian and Robert 
Hofstadter—552 

Mgller scattering of arbitrarily polarized electrons, A. 
Raczka and R. Raczka—1469(L) 

Scattering of polarized Dirac particles on electrons, G. W. 
Ford and C. J. Mullin—1485(E) 

Scattering of Mesons and Hyperons (see also Mesons and 
Hyperons; Nuclear Reactions Induced by Mesons and 
Hyperons) 

Application of spin-flip dispersion relation to Minami am- 
biguity for pion-nucleon scattering, S. J. Lindenbaum and 
R. M. Sternheimer—1174 

K-meson dispersion relations. I. Theory, P. T. Matthews 
and Abdus Salam—565; II. Applications, P. T. Matthews 
and Abdus Salam—569 

x~-p scattering and dispersion relations, Hong-Yee Chiu— 
1140 

Pion scattering and dispersion relations, J. Hamilton—1134 

Scattering of K*+ mesons by nucleons, Saul Barshay—743 

Scattering of polarized Dirac particles on electrons, G. W. 
Ford and C. J. Mullin—1485(E) 

Scattering of Neutrons (see also Nuclear Reactions Induced 
by Neutrons) 

Back-angle elastic scattering of 14.6-Mev neutrons, J. D. 
Anderson, C. C. Gardner, M. P. Nakada, and C. Wong— 
160 

Elastic scattering of 14-Mev neutrons from Be and C, 
M. P. Nakada, J. D. Anderson, C. C. Gardner, and C. 
Wong—1439 

Neutron nonelastic cross sections from 7 to 14 Mev, William 
P. Ball, Malcolm MacGregor, and Rex Booth—1392 


Nuclear levels excited by inelastic neutron scattering, F. I. 
Boley, E. H. Thorndike, and A. T. Moffet—915 

Nuclear radii by scattering of low-energy neutrons, K. K. 
Seth, D. J. Hughes, R. L. Zimmerman, and R. C. Garth— 
692 

Nuclear structure widths and spacings, Sydel Blumberg and 
Charles E. Porter—786(L) 

Paramagnetic and nuclear scattering cross sections of Ho,O;, 
W. C. Koehler, E. O. Wollan, and M. K. Wilkinson—37 

Rotational-optical model for scattering of neutrons, D. M. 
Chase, L. Wilets, and A. R. Edmonds—1080 

Scattering of slow neutrons by liquid, George H. Vineyard— 
999 

Thermal inelastic scattering of cold neutrons in polycrystal- 
line graphite. II, P. G. Khubschandani, L. S. Kothari, 
and K. S. Singwi—70 

Scattering of Protons and Antiprotons (see also Nuclear 
Reactions Induced by Protons and Antiprotons) 

Anomalous behavior of Al*"(p,a) Mg* differential cross sec- 
tions, G. E. Fischer, V. K. Fischer, E. A. Remler, and 
M. D. Tatcher—286(L) 

Antiproton-hydrogen scattering and inelastic scattering from 
complex nuclei, Gerson Goldhaber, Theodor Kalogero- 
poulos, and Rein Silverberg——1474(L) 

Elastic scattering of antiprotons from complex nuclei, 
Gerson Goldhaber and Jack Sandweiss—1476(L) 

Elastic scattering of 40-Mev protons by deuterons, John H. 
Williams and Morton K. Brussel—136 

Elastic scattering of protons by A, G. D. Freier, K. F. 
Famularo, D. M. Zipoy, and J. Leigh—446 

Interaction of antiprotons with complex nuclei, A. E. 
Glassgold—220 

9.51-Mev level in N'*, D. M. Zipoy—995(L) 

Polarization measurements in p-a elastic scattering, Mary 
Jean Scott—1398 

Polarization of nucleons elastically scattered by nuclei, 
Keiichi Nishimura—1166 

p-p elastic and charge exchange scattering at about 120 
Mev, L. Agnew, T. Elioff, W. B. Fowler, L. Gilly, R. 
Lander, L. Oswald, W. Powell, E. Segré, H. Steiner, H. 
White, C. Wiegand, and T. Ypsilantis—994(L) 

Proton polarization measurements near 18 Mev, Karl W. 
Brockman, Jr.—163 ; 

Scattering of nucleons from nuclei at high energies, H. 
McManus and R. M. Thaler—590(L) 

Theoretical angular distribution of nucleon-antinucleon 
scattering at 140 Mev, Jose R. Fulco—784(L) 

Time-reversal invariance in nuclear scattering, Peter Hill- 
man, Arne Johansson, and Gunnar Tibell—1218(L) 

Scattering of Radiation (see Gamma Rays; Radiation; 
X-Rays) 

Scintillation Counters (see Methods and Instruments) 

Secondary Emission (see Electrical Properties) 

Semiconductors 

Birefringeuce caused by edge dislocations in Si, R. Bullough 
—620 

Breakdown in Si, B. Senitzky and J. L. Moll—612 

Coefficient for self-diffusion determined from rate of pre- 
cipitation of Cu in Ge, P. Penning—586(L) 

Electron-bombardment damage in Si, G. K. Wertheim— 
1272 

Hall and transverse magnetoresistance effects for warped 
bands and mixed scattering, A. C. Beer and R. K. 
Willardson—1286 

High electric field effects in n-InSb, M. Glicksman and M. C. 
Steele—1204 (L) 

Irreversible thermodynamics and carrier density fluctua- 
tions in semiconductors, K. M. van Vliet—50 

Isotopic and other types of thermal resistance in Ge, T. H. 
Geballe and G. W. Hull—773(L) 

Lifetime in p-type Si, J. S. Blakemore—1301 
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Semiconductors (Continued) 
Magnetic properties of As-doped Si, E. Sonder and D. K. 
Stevens—1027 
Magnetoresistance oscillations in single-crystal and poly- 
crystailine InAs, R. J. Sladek—817 
Magnetoresistance symmetry relation in n-Ge, Colman 
Goldberg and W. E. Howard—1035 
Magneto-surface experiments on Ge, Jay N. Zeme! and 
Richard L. Petritz—1254 
Method for detection of dislocations in Si by x-ray extinction 
contrast, J. B. Newkirk—1465(L) 
Optical constants of Ge: 3600 A to 7000 A, R. J. Archer— 
354 
Oscillatory galvanomagnetic effects in n-type InAs, H. P. 
R. Frederikse and W. R. Hosler—880 
Predicted intervalley scattering effects in Ge, William 
Shockley—1207 (L) 
Rate processes and low-temperature electrical conduction 
in n-type Ge, Seymour H. Koenig—986(L) 
Recombination of thermal electrons in n-type Ge below 
10°K, Seymour H. Koenig—988 (L) 
Temperature dependence of internal friction in Ge, P. D. 
Southgate—855 
Theory of experiment for measuring mobility and density 
of carriers in space charge region of semiconductor surface, 
Richard L. Petritz—1254 
Variation of Hall mobility of carriers in nondegenerate semi- 
conductors with electric field, M. S. Sodha and P. C. 
Eastman—1314 
Shock Waves (see Fluid Dynamics) 
Solid State (see Crystalline State) 
Solutions (see Liquids) 
Sound (see Acoustics) 
Spallation (see Nuclear Reactions) 
Spark Discharge (see Electrical Discharges) 
Specific Heat (see Thermal Properties) 
Spectra, Atomic (see Atomic Structure and Spectra) 
Spectra, General 
Spectra, Molecular (see Molecular Structure and Spectra) 
Spectra, Nuclear (see Nuclear Spectra) 
Spectroscopy Technique (see Methods and Instruments) 
Spinor Fields (see Field Theory) 
Standards (see Constants, Standards, Units) 
Stark Effect (see Atomic Structure and Spectra) 
Statistical Mechanics and Thermodynamics 
Analysis of classical statistical mechanics by means of 
collective coordinates, Jerome K. Percus and George J. 
Yevick—1 
Classical theory of transport phenomena in dilute poly- 
- atomic gases, N. Taxman—1235 
Generalized phase rule and symmetry of superfluid state, 
Laszlo Tisza—587 (L) 
Irreversible thermodynamics and carrier density fluctua- 
tions in semiconductors, K. M. van Vliet—50 
Kinetic and potential energies of electron gas, N. H. March 
—604 
Simplified derivation of binary collision expansion and its 
connection with scattering operator expansion, A. J. F. 
Siegert and Ei Teramoto—1232 
Specificity of charge fluctuation forces. I, Herbert Jehle, 
Jerrold M. Yos, and William L. Bade—793; II, Jerrold 


M. Yos—800 

Statistics of Ising ferromagnet, Alfred Levitas and Melvin 
Lax—1016 

Thermal fluctuations in nonlinear system, N. G. van 
Kampen—319 


Statistical Methods (see Mathematical Methods) 
Strange Particles (see Elementary Particle Interactions; 
Mesons and Hyperons) 
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Superconductivity 

Coherent excited states in theory of superconductivity : gauge 
invariance and Meissner effect, P. W. Anderson—827 

Intermediate state of superconductors. Il. Influence of 
crystal structure, A. L. Schawlow and G. E. Devlin—1011 

New method in theory of superconductivity, P. W. Anderson 
—985(L) 

Paramagnetic susceptibility in superconductors, Kei Yosida 
—769(L) 

Penetration depth, susceptibility, and nuclear magnetic 
resonance in finely divided superconductors, M. Tinkham 
—26 

Possible analogy between excitation spectra of nuclei and 
those of superconducting metallic state, A. Bohr, B. R. 
Mottelson, and D. Pines—936 

Superconducting energy gap inferences from thin-film 
transmission data, A. Theodore Forrester—776(L); M. 
Tinkham and R. E. Glover, I1I—778(L) 

Structure of T] and Gd at low temperature, C. S. Barrett— 
1071 

Supersonics (see Fluid Dynamics) 


Thermal Conductivity (see Thermal Properties) 
Thermal Diffusion (see Diffusion) 
Thermal Expansion (see Thermal Properties) 
Thermal Properties 
Classical theory of transport phenomena in dilute poly- 
atomic gases, N. Taxman—1235 
Heat capacity of Cu-Ge alloys below 4.2°K, J. A. -Rayne— 
606 


Isotopic and other types of thermal resistance in Ge, T. H. 
Geballe and G. W. Hull—773(L) 
Lattice conductivity of Sn, M. Garfinkel and P. Lindenfeld 
—883 
Specific heat of He* below 1°K, D. F. Brewer, A. K. 
Sreedhar, H. C. Kramers, and J. G. Daunt—282(L) 
Thermal resistivity of point defects, Arnold M. Toxen 
585(L) 
Thermal Radiation (see Radiation) 
Thermionic Emission (see Electrical Properties) 
Thermodynamics (see Statistical Mechanics and Thermo- 
dynamics) 
Thermoelectric Effect (see Electrical Properties; 
conductors) 
Thermoluminescence (see Luminescence) 
Thermomagnetic Effect (see Magnetic Properties) 
Total Cross Sections (see Electrons and Positrons; Nuclear 
Reactions) 
Transmutation (see Nuclear Reactions) 


Uncertainty Principle (see Quantum Mechanics) 
Units (see Constants, Standards, Units) 


Semi- 


Vacuum Tubes (see Methods and Instruments) 
Van der Waals Forces (see Molecular Structure and Spectra) 
Viscosity (see Liquids) 


Wave Mechanics (see Quantum Mechanics) 
Work Function (see Electrical Properties) 


X-Rays 

Chemical shift effect in inner electronic levels of Cu due to 
oxidation, Evelyn Sokolowski, Carl Nordling, and Kai 
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